Appendix D

Matrix calculus

From too much study, and from extreme passion, cometh
madnesse.

—Isaac Newton [86, §5]

D.1 Directional derivative, Taylor series

D.1.1 Gradients

Gradient of a differentiable real function f(z):R* —R with respect to its
vector domain is defined
of (z)

o1

of(x)
2| om | eRX (1354)

V()

95 ()

8xK

while the second-order gradient of the twice differentiable real function with
respect to its vector domain is traditionally called the Hessian;

[ %f(x)  f(lx) .. (@) T
02z, Ox10z2 Or10zK
) A Pf(x)  Pfx) .. f(x) X
V f(x) = Ox20x1 8212 Ox20xK - S (1355)
Pia)  Pfw) | @)
|l Ozx0r1 Oz 02 02z |
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The gradient of vector-valued function v(z) : R—RY on real domain is
a row-vector

Vo(a) 2 | 40 25 ... 2ul | e RY (1356)

while the second-order gradient is

Vio(e) 2 [ Zu@ Puw . Fwi ] e RY (1357)

Gradient of vector-valued function h(z) : R =R on vector domain is

[ Ohi(z) Ohg(x)  Ohy(x)
8m1 8%1 33@1
A Ohy (x) ahg(aj) .. 8’7,1\](2))
Vh(.il?) =2 Ox2 Oz Oxa
: : : (1358)
Oh1(x) Oha(x) .. Ohy ()
(933}( BIK axK

= [Vhi(z) Vhy(x) --- Vhy(x)] € RF*V

while the second-order gradient has a three-dimensional representation

dubbed cubiz ;P

B Ohi(z) Oha () Ohy (z) ]
\Y 8;1 \ 03;1 VaN—xl
Oh1(x) Oha(x) Ohn ()
V2h<x> é v Oxo v Oxo T V Oxo
: : : (1359)
dhi (z) Oha(z) Ohn (z)
| \ a;:K \ aiK eV a]gV;K

= [V?hi(z) VZhy(z) --- VZhy(x)] € REFNXE

where the gradient of each real entry is with respect to vector = as in (1354).

D-1The word matriz comes from the Latin for womb; related to the prefix matri- derived
from mater meaning mother.
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The gradient of real function g(X) : R***—~R on matrix domain is

99(X)  99(X) 9g(X) ]
0X11 0X12 0Xir,
99(X) 99(X) . 99(X)
Vg(X) 2| X 0Xm X | € REXL
d9(X)  Bg(X) 2g(X)
0Xk1  OXk2 X k1L,

- - - (1360)

where the gradient Vy(.; is with respect to the i*™ column of X. The
strange appearance of (1360) in R***% is meant to suggest a third dimension
perpendicular to the page (not a diagonal matrix). The second-order gradient
has representation

99(X) 99(X) dg9(X) ]
\ 8gXll \ 8gX12 \ BgXlL
99(X) 99(X) dg9(X)
V2g(X) A Ve Vs, Vs, € REXIXExXL
8.(X) 99(X) dg(X)
v ag(Kl \ a‘g(K2 8%(;@

- - - (1361)

_ VVX(;,Q)Q(X) € REXIXLxKXL

VVX(:,L)Q(X”

where the gradient V is with respect to matrix X .
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Gradient of vector-valued function g(X) : R***—=RY on matrix domain

is a cubix
[V g1(X) Ve g2(X) -+ Ve gn(X)
Vg(X) 2 VX(u?)gl(%() VX(:,2)92()'<) VX(:,Q)QN().()
Vi) 91(X) V) 92(X) -+ Ve gn(X) ]
= [V (X) Vg(X) -+ Vgn(X)] € REXNxE (1362)

while the second-order gradient has a five-dimensional representation;

[VVx( 91(X) VV(1)g2(X) - VVx(1 gv(X)
A VVX(;,2)91(X) VVX(:,z)QQ(X) VVX(:,z)gN(X)

V?g(X)

VVX(:,L)91(X) VVX(:,L)92(X) VVX(:,L)QN(X)}

= [V2q1(X) V?q(X) -+ Vign(X)] € R (1363)

The gradient of matrix-valued function g(X) : RF**VSRM*N on matrix
domain has a four-dimensional representation called quartiz

Vi (X) Vgi(X) - Van(X)
Vg(X) A Vggl(X) VQQQ(X) e VggN(X) c RM*NxKxL (1364)
Vo (X) Vaua(X) -+ Vogun(X)

while the second-order gradient has six-dimensional representation

Vig(X) Viga(X) - Vign(X)
V2g(X) = VQQ%l(X) V292_2(X) V292{\7(X) € RMXN*KxLxKxL
Vi (X) Vign(X) - Viguw(X)

(1365)

and so on.
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D.1.2 Product rules for matrix-functions

Given dimensionally compatible matrix-valued functions of matrix variable

f(X) and g(X)

Vx(f(X)"g(X)) = Vx(f) g + Vx(9) f

while [35, §8.3] [205]

(1366)

Vtr(£(X)79(X)) = Vx(tr(F(X)"9(2)) + tr(9(X) £(2)7))|  (1367)

Z+—X
These expressions implicitly apply as well to scalar-, vector-, or matrix-valued
functions of scalar, vector, or matrix arguments.

D.1.2.0.1 Example. Cubiz.

Suppose f(X): R¥*?—R? = XTg and ¢(X): R¥*?—R?* = Xb. We wish

to find
Vx(f(X)"g9(X)) = Vxa"X?b (1368)
using the product rule. Formula (1366) calls for
Vx a’X?b = Vx(X%a) Xb + Vx(Xb) XTa (1369)
Consider the first of the two terms:
Tl = S A (1370)
= [V(XT(J,)l V(XTCL)Q] Xb
The gradient of X”a forms a cubix in R2*2*2
[ 0(XTa), 0(XTa)s i
(x7a) (o (1371)
\\\awﬂm | oXTa) | [ (XD),
8X12 8X12
Vx(XTa) Xb = \ € R>*1x2
o XTa 1 0 XTG« 2
(8X21) (3X21) (Xb)2
\ 9(XTa), (X Ta)s
| 8X22 8X22
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Because gradient of the product (1368) requires total change with respect
to change in each entry of matrix X, the Xb vector must make an inner
product with each vector in the second dimension of the cubix (indicated by
dotted line segments);

aq 0
b1 X1 + b2 X9
b1 Xo1 + o X9

0 a (1372)

. [ a1 (b1 Xq1 + 2 X12)  a1(b1Xo1 + baXoo) 1 c R2*2
| ap(01 X1 + 02 X12)  az(b1Xo1 + b2 Xoo)

= ab’XT

0 a
e B | eneete
a2

where the cubix appears as a complete 2 x 2 x 2 matrix. In like manner for
the second term Vx(g) f

Vx(Xb) XTa = o0 { Xnar + X105

2x1x2
X12a1 + Xogas (1373)
0 bs
= XTab" € R**?
The solution
Vxa'X?h = ab’ X* 4+ XTab” (1374)
can be found from Table D.2.1 or verified using (1367). O

D.1.2.1 Kronecker product

A partial remedy for venturing into hyperdimensional representations, such
as the cubix or quartix, is to first vectorize matrices as in (29). This device
gives rise to the Kronecker product of matrices ® ; a.k.a, direct product
or tensor product. Although it sees reversal in the literature, [211, §2.1] we
adopt the definition: for A€ R™*" and B e RP*?

BHA B12A quA

BglA BQQA BQqA

BRA 2 e RPXan (1375)

BpA BpA -+ ByA
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One advantage to vectorization 1is existence of a traditional
two-dimensional matrix representation for the second-order gradient of
a real function with respect to a vectorized matrix. For example, from
§A.1.1 no.22 (§D.2.1) for square A, BER™™" [96, §5.2] [10, §3]

x vee(X)'(B'®A)vec X = BAT+ BT®A ¢ R %"
(1376)
To disadvantage is a large new but known set of algebraic rules and the

fact that its mere use does not generally guarantee two-dimensional matrix
representation of gradients.

2
vVec X

tr(AXBXT) = V2

ve

D.1.3 Chain rules for composite matrix-functions

Given dimensionally compatible matrix-valued functions of matrix variable

f(X) and g(X) [137, §15.7]
Ve g(f(XO)T) = Vx /T Vg (1577)
Vig(F(X)T) = Vx(Vxf"Vrg) = Vif Vig + Vx [T Vg Vxf (1378)
D.1.3.1 Two arguments
Vxg(f(X)", h(X)") = Vxf"Vig + Vxh" Vig (1379)
D.1.3.1.1 Example. Chain rule for two arguments. [28, §1.1]

g(F @), h(2)T) = (f(2) + h(x)"A(f(2) + h(z)) (1380)

o= o] =] (13s1)
Vglf@ w0 = | o L earangem | § ] Jasangen
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lim V, g(f(2)", h(2)") = (A+ A"z (1384)

e—0

from Table D.2.1. O

These formulae remain correct when the gradients produce
hyperdimensional representations:

D.1.4 First directional derivative

Assume that a differentiable function g(X) : R***—R*" has continuous
first- and second-order gradients Vg and V2g over dom g which is an open
set. We seek simple expressions for the first and second directional derivatives

in direction YERS*L  dg € RM*N and dg? € RM*Y respectively.

Assuming that the limit exists, we may state the partial derivative of the
mn'™ entry of g with respect to the kI*™® entry of X ;

G (X) ~ lm Gmn (X + At egel) — gmn(X)
anl At—0 JAN?

eR (1385)

where ¢, is the k' standard basis vector in R¥ while ¢; is the [ standard

basis vector in RY. The total number of partial derivatives equals K LM N
while the gradient is defined in their terms; the mn ' entry of the gradient is

0X11 0X12 0X1r,
9gmn(X)  9gmn(X) . Agmn(X)
Vgmn(X) = | 0¥ 0% 0w | e R (1386)
09rn(X)  OgmalX) .. Ogma(X)
0X K1 0X ko 0X kL

while the gradient is a quartix

Vo (X) Vgi(X) - Van(X)
Vg(X) _ v.ng(X) ngZ(X) o VQQN(X) € RMXNXKXL (1387)

Vo (X) Vou(X) - Voun(X)
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By simply rotating our perspective of the four-dimensional representation of
the gradient matrix, we find one of three useful transpositions of this quartix
(connoted T7):

99(X) 99(X) 9g9(X)
0X11 0X12 0X11,
. o9(X) 99(X) .. 99(X) FosiLx Mx N
Vg(X)T = | 09X 0Xa OXan | g RFXIXMx (1388)
d9(X)  09(X) 99(X)
6XK1 aXKQ 8XKL

When the limit for At € R exists, it is easy to show by substitution of
variables in (1385)

8Xk;l At—0 At

eR (1389)

which may be interpreted as the change in g,,, at X when the change in Xy,
is equal to Yy, the kI*™™ entry of any Y e R¥*%  Because the total change
in gmn(X) due to Y is the sum of change with respect to each and every

X, the mn'™ entry of the directional derivative is the corresponding total
differential [137, §15.8]

OGmn (X
Agmn(X)|gx_y = ZaTil)Ykz = tr(Vgmn(X)TY) (1390)
k,l
(X + ALY, Yy — gn(X
= S pin JenX AV ee) = gl X) o
1 At—0 At
X +AtY X
At—0 At
= —| gun(X+1tY) (1393)
dt|,_;

where ¢t € R. Assuming finite Y, equation (1392) is called the Gateaux
differential [27, App.A.5] [125, §D.2.1] [234, §5.28] whose existence is implied
by the existence of the Fréchet differential, the sum in (1390). [157, §7.2] Each
may be understood as the change in g,,, at X when the change in X is equal
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in magnitude and direction to Y .P-2 Hence the directional derivative,

dgi(X)  dgi2(X) -+ dgin(X)
—-Y dgo1 (X) dgo(X) --- d X
dg(X) A 921'( ) 922'( ) 92N' (X) c RMxN
dgri(X)  dgar2(X) -+ dgan(X) ] {5y
[ (Vg (X)TY) (Vg (X)TY) - tr(Vgw(X)TY)
_ tr(Vgn(X)TY)  tr(Vgaa(X)TY) - tr(Vgan(X)TY)
| tr(Voan (X)'Y)  tr(Voua(X)'Y) -+ tr(Voaw(X)Y)
P D - g
ol ol ol
dg 2 992Xy, 9g2n (X) 3
= | kLl ol d)_(’“ kol a)_(’” . (1394)
oy, 3oy, . el
e ol ol |
from which it follows . 2g(X)
dg(x) =3 Ty, (1395)

Yet for all X € domg, any YeRX*L and some open interval of t€R

JX+1Y) = g(X) + tdg(X) + o(f2) (1396)

which is the first-order Taylor series expansion about X . [137, §18.4]
(85, §2.3.4] Differentiation with respect to ¢ and subsequent ¢-zeroing isolates
the second term of the expansion. Thus differentiating and zeroing g(X+tY)
in ¢ is an operation equivalent to individually differentiating and zeroing
every entry gm,(X+tY') as in (1393). So the directional derivative of g(X)

in any direction YERX*F evaluated at X € dom ¢ becomes
ey 4 MxN
dg(X) = o g(X+1tY) eR (1397)
t=0

D-2 Although Y is a matrix, we may regard it as a vector in REL.



D.1. DIRECTIONAL DERIVATIVE, TAYLOR SERIES 511

~

fla+ty)
Vi f(a)

_’vacf(a)

1df(a)

1>

Figure 97: Drawn is a convex quadratic bowl in R2x R ; f(z)=2Tz: R? >R
versus x on some open disc in R?.  Plane slice 9H is perpendicular
to function domain. Slice intersection with domain connotes bidirectional
vector y. Tangent line 7 slope at point (a, f (e)) is directional derivative
value V,f(a)Ty (1424) at « in slice direction y. Recall, negative gradient
—V,f(z) e R? is always steepest descent direction [248]. [137, §15.6] When
vector v€ R? entry wvs is half directional derivative in gradient direction at o

and when { 51 } = fo(a) , then —v points directly toward bowl bottom.
2

(177, §2.1, §5.4.5] [25, §6.3.1] which is simplest. The derivative with respect
to t makes the directional derivative (1397) resemble ordinary calculus

Yy
(§D.2); e.g., when g(X) is linear, dg(X) = g(Y). [157, §7.2]

D.1.4.1 Interpretation directional derivative

In the case of any differentiable real function f(X):RX*LSR | the
directional derivative of f(X) at X in any direction Y yields the slope
of f along the line X+¢Y through its domain (parametrized by ¢ e R)
evaluated at ¢t =0. For higher-dimensional functions, by (1394), this slope
interpretation can be applied to each entry of the directional derivative.
Unlike the gradient, directional derivative does not expand dimension; e.g.,
directional derivative in (1397) retains the dimensions of g.
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Figure 97, for example, shows a plane slice of a real convex bowl-shaped
function f () along a line a+ ty through its domain. The slice reveals a
one-dimensional real function of ¢ ; f (a+ty). The directional derivative
at x=a in direction y is the slope of f(oz+ ty) with respect to ¢ at
t=0. In the case of a real function having vector argument h(X): R¥ =R
its directional derivative in the normalized direction of its gradient is the
gradient magnitude. (1424) For a real function of real variable, the directional
derivative evaluated at any point in the function domain is just the slope of
that function there scaled by the real direction. (confer §3.1.1.4)

D.1.4.1.1 Theorem. Directional derivative condition for optimization.
[157, §7.4] Suppose f(X): R*** =R is minimized on convex set C C RP*k
by X*, and the directional derivative of f exists there. Then for all X € C

—>2(—X*
df(X) >0 (1398)
o
D.1.4.1.2 Example. Simple bowl.
Bowl function (Figure 97)
f2) RESR 2 (z—a)T(x—a)—b (1399)

has function offset —b € R | axis of revolution at = = a, and positive definite
Hessian (1355) everywhere in its domain (an open hyperdisc in R¥); id est,
strictly convex quadratic f () has unique global minimum equal to —b at
r=a. A vector —v based anywhere in dom f x R pointing toward the
unique bowl-bottom is specified:

I - CL K
vo{{f(x)—i—b}ER x R (1400)
Such a vector is A
Vo f(x)
U = v (1401)
sdf(x)

since the gradient is
V. f(zx) =2(x — a) (1402)
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V(X)) =
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and the directional derivative in the direction of the gradient is (1424)

—Vz f(x) .

Af(@) = % f @)V f(2) = Az — ) (v —a) = 4(f() +b)  (1403)

O

D.1.5 Second directional derivative

By similar argument, it so happens: the second directional derivative is
equally simple. Given g¢(X) : RE** S RM*Y on open domain,

B 829mn(X) 829mn(X) . a2gmn(X) 7]
0X110X11  0Xp0X12 0X 110X 11,
2 2 2
0 X ov X O gmn(X)  Ogmn(X) | Ogmn(X)
gmn( ) — gmn( ) = 0Xp10X21  0Xp0Xa2 0X10Xor e REXL (14()4)
anl anl . . .
0%gmn (X) Fgmn(X) . Pgmn(X)
L 0Xi0XKk1 OXp0Xko 0XpOXkr
B Ogmn (X) 8gmn()() . agmn(X) T
\ 0X11 v 0X12 \ 0Xir
VQan(X) — 0Xo1 X290 0Xor, c RKXLXKXL
Ogmn (X) 9gmn (X) . 9gmn (X)
\ 0X K1 \Y 0X k2 \ O0X kL,
(1405)
T OVgmn(X)  OVgmn(X) . OV gmn (X)
0X11 0X12 0X1r
OVgmn(X)  OVgmn(X) . 9IVgmn(X)
= 0Xo21 0Xo22 0Xor,
OVgmn(X)  OVgmn(X) . OV gmn (X)
L 0XKk1 0X K2 OXKL

Rotating our perspective, we get several views of the second-order gradient:

Vi (X) Vig(X) - Vigy(X)

V292'1(X) Vzgz.Q(X) VQQQ{V(X) e RMXNXKXLXKxXL (1406)

V29M1(X) V29M2(X) V29MN(X)
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dg(X) 9g(X) dg(X)
v (99)(11 V ag)(lg v a‘?XlL
99(X) 9g9(X) 9g9(X)
VQQ(X)TI _ \Y 59)(21 \% agXQQ V@?Xu c RKXLXMXNXKXL (1407)
00(X) o DaX) 99(X)
\Y 3§(K1 \ 8%(K2 \Y 8AgXKL
oVg(X) 09Vg(X) oVg(X)
0X11 0X19 0X1r,
0Vg(X) 0Vg(X) oVg(X)
VQQ(X)TQ — 0Xo1 80X Y TOXa c RKXLXKXLXMXN (1408)
OV(X) OVgX) .. 0Vg(X)
8XK1 8XK2 aXKL

Assuming the limits exist, we may state the partial derivative of the mn'®

entry of ¢ with respect to the kl*" and 5" entries of X ;
Pgmn(X) _ 3 gmn(X+Ate, el +AT e, eT)—gmn(X+At e, el )—(gmn(X+AT e, eT)—gmn (X))
X 0Xi;  ArAfo0 AT At

(1409)

Differentiating (1389) and then scaling by Y;

8gmn(X+At Ykl €k€lT)—agmn(X)

8sz 09X, axoox YuYi = Alir_r}O 09X, At Yy (1410)
. Imn (X+At Yy e,e] Ty AT Yijee: ) gmn (X+At Yy €€ )7(gmn(X+AT Yij e;ej )7gmn(X))
= lim :
AT, At—0 AT At

which can be proved by substitution of variables in (1409). The mn'®

second-order total differential due to any Y€ R**¥ is

a mn
dzgmn Nax—y = Z Z J Ylei]- = {r <VX tr(ngn(X)TY)TY> (1411)
i,

0X 10X
B  Ogn(X 4 ALY) — 9gmn(X)
mnX 2AtY) — 2Gmn (X + ALY mn (X
d2
- | gmn(X—i- tY) (1414)

Hence the second directional derivative,
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A’ (X)  d%i2(X) - dPqn(X)
Doy s | FeX) doX) o dan(X) || e
d*ga (X)  d2gu2(X) v (X) | |y
(V r(Van(X) ) tr(Vtr Vgi2(X Y)TY) tr(Vtr(VglN(X)TY)TY)
tr(Vt (v921( )'Y) (Ver(Ven(X)Y)Y) ot (Vir(Ve (X)) 'Y)
(Vi (Voun (X)) 'Y ) tr (T Vonra(X Y)Y (Vo (X)TY)'Y)
o &l 8%qin (X 7]
SRR Yy DY R o DS Y
o 6l 8%gon (X
- ZZ@XZ?(‘JS; wYij Zzaxi?a(? mYij o ~ an,j;Va(X; YiaYi
2
ZZ g)?gé)f)y’flygﬂ ZZ g)?,fg())(() YiuYiy - 2 g)‘?ﬁ%()f)Ykmj
L 7 Z7-] 7 27] ’ -
(1415)
from which it follows
—Y 82 (X) o =Y
dg*(X) = I vy, = dg(X) Y 1416
Yet for all X edomg, any YERX*L and some open interval of t€R
Y 1 —Y
g(X+tY)=g(X) + tdg(X) + =t?dg*(X) + o(t?) (1417)

2!
which is the second-order Taylor series expansion about X . [137, §18.4]
[85, §2.3.4] Differentiating twice with respect to ¢ and subsequent t-zeroing
isolates the third term of the expansion. Thus differentiating and zeroing
g(X+1tY) in t is an operation equivalent to individually differentiating and

zeroing every entry ¢pm,(X +tY) as in (1414). So the second directional
derivative becomes

dg*(X) = pTe

(177, §2.1, §5.4.5] [25, §6.3.1] Wthh is again simplest. (confer(1397))

(X+tY) € RMxN (1418)
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D.1.6 Taylor series

Series expansions of the differentiable matrix-valued function g¢(X), of
matrix argument, were given earlier in (1396) and (1417). Assuming g(X)
has continuous first-, second-, and third-order gradients over the open set
dom g, then for X €domg and any Y€ RX*F the complete Taylor series
on some open interval of p€R is expressed

Y —Y —Y

GOXCHuY) = g(X) + pdg(X) + S dg’(X) + s dg*(X) + o(u*) (1419)

or on some open interval of [|Y]|

LY-X —Y-X —Y-X
9(Y) = 9(X) + dg(X) + 5dg*(X) + 51dg’(X) + o(|Y]")  (1420)
which are third-order expansions about X . The mean value theorem from
calculus is what insures the finite order of the series. [28, §1.1] [27, App.A.5]
125, §0.4] [137]
In the case of a real function g¢(X):R***—=R | all the directional
derivatives are in R:

—Y

dg(X) = tr(Vg(X)"Y) (1421)
ggg(X) = tr(VX tr(Vg(X)TY)TY> = tr(VX Eg(X)TY) (1422)

—Y

dg*(X) = tr <VX tr <VX tr(Vg(X)TY)TY> TY) = tr <VX c?gYQ(X)TY> (1423)

In the case g(X):R¥ =R has vector argument, they further simplify:

dg(X) = Vg(X)TY (1424)
JgY?(X) =Y'V3g(X)Y (1425)
1g°(X) = Vx (YTV2(X)Y)"Y (1426)
and so on.
D.1.6.0.1 Exercise. log det. (confer [39, p.644])

Find the first two terms of the Taylor series expansion (1420) for logdet X .
\4
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D.1.7 Correspondence of gradient to derivative

From the foregoing expressions for directional derivative, we derive a
relationship between the gradient with respect to matrix X and the derivative
with respect to real variable ¢ :

D.1.7.1 first-order

Removing from (1397) the evaluation at ¢t =0 ,P-3 we find an expression for

the directional derivative of ¢g(X) in direction Y evaluated anywhere along
a line X+ tY (parametrized by t) intersecting dom g

Y d
dg(X+1tY) = Eg(X—i—tY) (1427)

In the general case g(X): R RM*N  from (1390) and (1393) we find

d
tr(Vy grmn (X +tY)TY) = %gmn(X +tY) (1428)

which is valid at ¢ =0, of course, when X € domg. In the important case
of a real function g(X): R¥*Y =R | from (1421) we have simply

tr(Vx g(X+tY)'Y) = %g(X—i— tY) (1429)

When, additionally, g(X): R¥ =R has vector argument,

d
Vxg(X+tY)'Y = ZI(X+1Y) (1430)

D-3 Justified by replacing X with X+¢Y in (1390)-(1392); beginning,

OGmn(X+1tY
dgmn(X"FtY”dXHY :Z%M)Ykl

k.1
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D.1.7.1.1 Example. Gradient.
9(X) = w'XTXw, XeR*** weR" Using the tables in §D.2,

tr(Vx g(X+tY)TY) = tr(2uw”(XT+tYT)Y) (1431)
= 20T (XTY+tYTY)w (1432)

Applying the equivalence (1429),

d d

Eg(XHY) = EwT(X+tY)T()<+tY)w (1433)
= w (XY +Y'X +2tY"Y)w (1434)
= 20T (XTY +tYTY)w (1435)

which is the same as (1432); hence, equivalence is demonstrated.
It is easy to extract Vg(X) from (1435) knowing only (1429):

tr(Vyg(X+tY)'Y) = 20T(XTY+tYTY)w
= 2tr(ww(XT+tYT)Y)
tr(Vx g(X)TY) = 2tr(ww’X7Y) (1436)
=
Vxg(X) = 2Xww?
(]
D.1.7.2 second-order
Likewise removing the evaluation at ¢ =0 from (1418),
—Y 2
dg*(X+tY) = ﬁg(X—l—tY) (1437)

we can find a similar relationship between the second-order gradient and the
second derivative: In the general case g(X) : RF** S RM*N from (1411) and
(1414),

d2
tr(VXtr(VX G (X + tY)TY)TY> = 5 gun(X+1Y) (1438)

In the case of a real function g(X) : RE*L R we have, of course,

d2
tr (thr(VXQ(X+ tY)TY)TY> = 59X +1Y) (1439)
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From (1425), the simpler case, where the real function g(X): R =R has
vector argument,

2

—59(X+ 1Y) (1440)

T2 —
YIVRgX+1Y)Y =

D.1.7.2.1 Example. Second-order gradient.
Given real function ¢(X)=logdet X having domain 1ntS , we want to
find V2g(X)eREFXEXE From the tables in §D.2,

h(X) 2 Vg(X) = X 'eintS¥ (1441)

so V2g(X)=Vh(X). By (1428) and (1396), for Y € S¥

tr (VA (X)Y) = di B (X4 1Y) (1442)
= ( X+tY)) (1443)
= ( X+tY) ) (1444)
= X YX N, - (1445)

Setting Y to a member of the standard basis Ey=e¢,e] , for k,le{l... K},
and employing a property of the trace function (31) we find

V29(X) bt = tY(thn(X)TEkl) = Vhp(X)w = —(X'Ex X1,
(1446)
Vi(X)u = VA X))y = —(X "By X7") e RF*E (1447)
O

From all these first- and second-order expressions, we may generate new
ones by evaluating both sides at arbitrary ¢ (in some open interval) but only
after the differentiation.
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D.2 Tables of gradients and derivatives

[96] [43]

When proving results for symmetric matrices algebraically, it is critical
to take gradients ignoring symmetry and to then substitute symmetric
entries afterward.

a,beR",  z,yeR", A BeR™", X YeR™F" ¢ ucR,
1,7, k, 0, K,L,m,n, M, N are integers, unless otherwise noted.

x# means §(6(x)*) for p€R ; id est, entrywise vector exponentiation.

§ is the main-diagonal linear operator (1036). z° 21, X027 if square.

_d_
A dxy —Yy —Y
% =2 d , dg(z), dg*(z) (directional derivatives §D.1), logz,
dzy,

sgnz, sinx, z/y (Hadamard quotient), \/x (entrywise square root),
etcetera, are maps f : R¥ — R¥ that maintain dimension; e.g., (§A.1.1)

%x_l 2 v, 175(z) 11 (1448)

The standard basis: {Ey = e,ef € R |k (e{l...K}}

For A a scalar or matrix, we have the Taylor series [45, §3.6]

=1
A _ k
et =) A (1449)
k=0
Further, [215, §5.4]
e=0 VvVAes™ (1450)

For all square A and integer k

det" A = det A* (1451)

Table entries with notation X € R?*? have been algebraically verified
in that dimension but may hold more broadly.
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D.2.1 Algebraic
Vyz =Vl =T e R VxX = VyXT & J ¢ REXLxKxL (identity)

V,(Az —b) = AT

V. (2TA - b7) = A

Ve (Az —b)" (Az — b) = 2AT(Az — b)

V2(Az —b)T (Az — b) = 2474

V. (zTAz + 22"By + yT Cy) = (A+ AT)z + 2By

V2 (zTAz + 22"By + yTCy) = A+ AT

V, aTzTxb = 22a™b

V. aTzxTh = (ab” + baT)x
V,aTxTza = 2zaTa

V, aTzxTa = 2aa™x
V. ayzTh = ba™y
Ve alyTzb = ybla
V. alzy™h = abTy

Ve a’zTyb = ya™b

Vyx aTXb = Vx bTXTa = abT
Vy a?X?b = XTabT + abT XT
VyafX1p= —XTapTX T

Cox!
- 0Xw

Vx (X_l)kl = —X_lEkl X! R confeT(1388)(1447)

Vx a’XTXb = X (ab” + ba™)
Vx a?XXTb = (ab” + ba™) X
Vy a?XTXa = 2Xaa™

Vy aTXXTa = 2aaT X

Vx aTYXTh =baTY

Vx aTYTXb=Yab"

Vx aT XYTh = abTY

Vx a’ XTYb=Yba™
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Algebraic continued

L(X+tY)=Y

LIBT(X+tY)"A=-BT(X+tY)'V(X+tY) A
4BT(X+tY) TA=-BT(X+tY) TYT(X+tY)TA
IBT(X+tY)A=.., -1<p<l, X, YesY

CRT(X+tY) " A=2BT(X+tY) 'Y(X4+tY) 'Y (X+tY) A
L(X+tY)TAX+1tY)) = YIAX + XTAY + 2t YTAY
C((X+tY)TAX+1Y)) = 2YTAY

L((X+tY)A(X+1tY)) = YAX + XAY + 2t YAY

C(X+tY)A(X+1Y)) = 2YAY

a2

D.2.2 Trace Kronecker

Viee x tt(AX BXT) = Vieex vee(X)T(BT® A)vec X = (B AT + BT ®@ A) vec X

V2. xtr(AXBXT) = V2 vec(X)T(BT® A)vecX = BRAT + BTe A

ve ve
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D.2.3 Trace

Vepzr=ul

Vo1T8(z) 11 = L7t = g2
Ve 115(x) 1

d
dzx

h = pxh— 1
Ve(b—aTz)™t = (b—aTz)"%a
T

Vo (b —aTz)* =

VeaTy=V,yTo =y

—u(b—aTz)ta

VxtrpuX =Vxptr X =pl

VxtrX—1=-Xx—2T

Vxtr(X1Y)=Vxtr(YX 1) = - XTyTx-7T

Vy tr X" = MX(/L—l)T 7 X € R2*2
Vy tr X7 = jx0-DT

Vx tr((B — AX)™1) = ((B — AX)~24)"

Vx tr(XTY) = Vy tr(Y XT) = Vy tr(Y7X) = Vy tr(XYT) = Y
Vx tr(AXBXT) = Vx tr(X BXTA) = ATXBT + AXB

Vx tr(AXBX) = Vxtr(XBXA) = ATXTBT 4 BTXTAT

Vx tr(AXAXAX) = Vy tr(XAXAXA) = 3(AXAXA)T
Z (XzYkalfz)
=0

Vx tr(YX*) = Vx tr(X*Y) =

Ux tr(YTXXTY) = Vx tr(XTYYTX) = 2YYTX

Vx tr(YIXTXY) = Vx tr(XYYTXT) = 2XYYT
Vxtr(X+ V)T (X +Y)) =2(X+7)

Vxtr(X +Y)(X+Y)) =2X+Y)7

Vx tr(ATXB) = Vxtr(XTABT) = ABT

Vx tr(ATX1B) = Vx tr(X " TABT) = - X TABT X T

Vxa’Xb = Vx tr(baTX) = Vx tr(Xba®) = ab”
Vx bTXTa = Vy tr(XTabT) = Vy tr(abTXT) = ab”
Vyx aTX~1b = Vy tr(X " TabT) = — X TabTX T
Vxa™X"b = ...
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Trace continued

Lirg(X+tY)=trd g(X+1tY)

Ltr(X+tY)=1trY

LI (X+tY) =t (X +tY)trY

(X +tY) =jtr(X+tY)71Y) (V)
tr(X+tY)Y) = trY?

Tt (X+tY)Y) = Str(YV(X+tY)H) = ktr(X+tY)1Y?) | ke{0,1,2}
( ) ( )

dt

Lir((X+tY)'Y) = Lar(Y(X+tY)k) = trlg(XthY)iY(XthY)k—l—iY
r(X+tY)7'Y) =—t((X+tY) 'Y (X+tY)'Y)
r(BT(X+tY)'A) = —tr(BY(X+tY)'Y(X+tY)'A)
(BT(X+tY)TA) = —tr(BY(X+tY) TYT(X+tY) TA)
r(BT(X+tY)™*A)=.., k>0

(BY(X+tY)rA) =.., —1<u<1, X,YesY

d
2
d
T
—t

;tr
o tr (BT (X4 1Y) 7A) = 200 (BT (X4 Y)Y (X Y) Y (X + 1Y) 71 4)
D tr((X+tY)TAX+1Y)) = tr(YTAX + XTAY + 2t YTAY)

L tr(X+tY)AX+tY)) = 2tr(YTAY)

Lir(X+tY)AX+1tY)) = tr(YAX + XAY + 2t YAY)

Cir(X+tY)AX+1Y)) = 2tr(YAY)

a2
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D.2.4 Log determinant

x>0, det X>0 on some neighborhood of X,

and det(X+tY)>0 on

some open interval of ¢ ; otherwise, log( ) would be discontinuous.

d _ 1
-logr ==

1 -1

d 1
Jeloga™ = —x

% log x# = pa~?

V. log(aTe +b) = aaT;er

Vx logdet X = X1

V2 log det(X )y = aa);: — (X'BuX T, confer(1405)(1447)
Vxlogdet X1 = — X7

Vx logdet! X = uX -1

Vylogdet X" = X7 X e R?*?

Vy logdet X* = Vy logdet"! X = kX7

Vxlogdet!( X +tY) = u(X+tY) T

Vx logdet(AX + B) = AT(AX+ B)~T

Vyx logdet(I + ATX A) = ...

Vx logdet(X +tY)* = Vx logdet" (X + 1Y) = k(X +tY)T
Hlogdet(X+1Y) = tr (X+1Y)7'Y)

dxlogdet(X+1Y) = —tr (X+tY) V(X +1tY)7'Y)
Llogdet(X+tY)™ = —tr (X+tY)7'Y)

dzlogdet(X + 1Y) = tr (X +tY) V(X +1tY)7'Y)

& logdet(3(A(z +ty) + a)® + pul)
— tr((5(A(x + ty) + a)? + ul) 25(A(z + ty) + a)5(Ay))
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D.2.5 Determinant

Vy det X = Vx det X7 = det(X)X T

Vydet X! = —det(X )X T = —det(X) !XT

Vy det" X = pdet! (X)X 7T

Vx det X" = pdet(X") X T, X e R**?2
Vx det X* = kdet" (X)) (tr(X)I — XT) , X e R**?
Vx det X* = Vy det"* X = kdet(X") X7 = kdet*(X) X7

Vxdet'(X+tY) = pdet"(X+tY)(X+tY) T

Vx det(X+tY)F = Vxdet"(X+ 1Y) = kdet"( X+t V) (X +tY) T

Ldet(X+tY) =det(X+tY)tr(X+¢tY)Y)

9 det(X+1Y) = det(X+tYV)(tr2(X+tY)7'Y) — tr((X+tY) ' Y(X+tY)'Y))
Ldet(X+tY) = —det(X+tY) ' tr(X+tY)'Y)

@ det(X+ 1Y) = det(X+tY) (tr2(X+tY)'Y) + tr((X+tY) V(X +tY)'Y))

L det"(X+1tY) = ...
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D.2.6 Logarithmic

227

dlog(X+tY)r=.., —-1<u<l, X,YeS! [128, §6.6, prob.20]

D.2.7 Exponential
[45, §3.6, §4.5] [215, §5.4]

Vy 6tr(YTX) = Vydet 6YTX _ 6tr(YTX)Y
VxtreYX = "Xy T — yTeXTY"
log-sum-exp & geometric mean [39, p.74]...

(;lTjjetr(X—f—tY) — etr(X+1tY) trj(Y)

%etY — etYY — YetY

%QX-HSY — 6X—i—tYY' — Y'eX—i-tY7
2
j?(iX+tY — eXthYY'Q — YeX+tYY — Y'ZeXthY7

(VX,Y)
XY =YX
XY =YX

e for symmetric X of dimension less than 3 [39, pg.110]...




