This article was downloaded by: [Duke University]

On: 12 November 2008

Access details: Access Details: [subscription number 731831809]

Publisher Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered office: Mortimer House,
37-41 Mortimer Street, London W1T 3JH, UK

Communications in Statistics - Theory and Methods
Publication details, including instructions for authors and subscription information:
http://www.informaworld.com/smpp/title~content=t713597238

An optimal variable cell histogram
Yuichiro Kanazawa @
2 Department of Statistics, Yale University, New Haven, CT

Online Publication Date: 01 January 1988

communications in statistics

To cite this Article Kanazawa, Yuichiro(1988)'An optimal variable cell histogram',Communications in Statistics - Theory and
Methods,17:5,1401 — 1422

To link to this Article: DOI: 10.1080/03610928808829688
URL: http://dx.doi.org/10.1080/03610928808829688

PLEASE SCROLL DOWN FOR ARTICLE

Full terms and conditions of use: http://ww informaworld.conlterms-and-conditions-of-access. pdf

This article may be used for research, teaching and private study purposes. Any substantial or
systematic reproduction, re-distribution, re-selling, |loan or sub-licensing, systematic supply or
distribution in any formto anyone is expressly forbidden.

The publisher does not give any warranty express or inplied or make any representation that the contents
will be conplete or accurate or up to date. The accuracy of any instructions, formul ae and drug doses
shoul d be independently verified with primary sources. The publisher shall not be liable for any |oss,
actions, clainms, proceedings, demand or costs or damages whatsoever or howsoever caused arising directly
or indirectly in connection with or arising out of the use of this material.



http://www.informaworld.com/smpp/title~content=t713597238
http://dx.doi.org/10.1080/03610928808829688
http://www.informaworld.com/terms-and-conditions-of-access.pdf

0o 26 12 Novenper Z00c

[Duke University] At:

bownl caded By:

COMMUN. STATIST.-THEQORY METH., 17(5), 1401-1422 (1988)

& Fa Yy Tigdnogrs
ATl UDLIL 11ISVCgTam

Yuichiro Kanazawa

Department of Statistics

ABSTRACT

A simple procedure for specifying a histogram with variable cell sizes
is proposed. The procedure chooses a set of cutpoints that maximizes a
criterion function based on the sample spacings. Under some conditions,
this estimated set of cutpoints is shown to converge in probability to the
theoretical set of cutpoints for the histogram estimate that minimizes the
Hellinger distance to the underlying density. An algorithm for finding the set
of cutpoints that numerically maximizes the criterion function is presented
along with an example. Performance for finite sample sizes is evaluated by

simulations.

Copyright © 1988 by Marcel Dekker, Inc.
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1. INTROGDUCTION

common unknown density function f{z} with a support [. Scott {1979)

sities is only reflected through s. Freedman and Diaconis {1981}, having

observed the results of numerical computations, suggested that the cell size
of 2 x ( interquartile range ) X n~!/® give reasonable results.

Rudemo (1982) proposed a more complicated rule for choosing the cell
size of a histogram. Let a be the leftmost cutpoint and b be the cell size.
A histogram requires choice of the pair A = (g,b). For integer j, the cell
I.; = la+ (5 —1)b, a + jb) has length b. Let P
distribution defined by P, {I.;} =" {X: e

choose the cell selection rule A that minimizes the criterion function

k-2 P ]

Stone (1984) extended this cell selection rule for a d-dimensional density. He
showed that the cell selection rule is asymptetically optimal with respect to
with a fnite support 7 satisflying a mild additional

condition.
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Kogure (1986) strengthened the result derived by Stone in the sense
that the faster rate of convergence of IMSE(n, fc)/]AISE(n,k‘) to 1 is

T: is defined as X(;) — X(;_,). The location of the k-cutpoints as well as
the heights of the k — 1 cells are necessary to construct a variable cell-size
histogram with k& — 1 cells. We restrict the location of the k-cutpoints:

a. The k-cutpoints are chosen from X(,),..., X(,,.

b, X(n,) = X1y and X(,,) = X(,). Under these restrictions, a variable
cell-size histogram with £ — 1 cells is constructed as follows:
Step 1. Find the k-cutpoints (X(,,;),..‘,X(":)) that maximizes the

criterion function,

, L A o
C{fa,n) = o e . (1.1)
I s=14n t
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Step 2. Compute the height a, of the j-th cell by applying formula below
to the k-cutpoints (X(n:) e ,X(,,:}) found in Stepl,

1 PRy s T e S R T~ S Py
The purpeses of this paper are
. el that 190 —— 420 103 e acvmntatieally antima comce tha
a. Toshowthatn® = (n?,..., nZ} is asymptotically optimal in the sense that

the probability limit p° of n° /(n+ 1} corresponds to the set of A-cutpoints of

the theoretical histogram estimate g{z) that minimizes the Hellinger distance

Theorem Suppose that X,..., X, is a random sample, X;y,..., X,

are corresponding order statistics, and 7-th sample spacing 7; is defined as

Xy — X(i_1) from a density function f(z) with finite support I = (L, M].

The following conditions on the f(z) are satisfied:

A.1. The inverse of the cumulative distribution function H(u) = F~*(u)
exists on [0,1].

A.2. H(u) is twice differentiable and its derivatives are continuous on [0,1].
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. There is a unique set of &-cutpoints p* = {p},...

1405

,D; ) that maximizes

k-1 jfpj-rx H(l)(u)x/z du}‘
.
PIH p) = {x/4) y e =
LY 5% 7 (ALY I S PRI rT(1) (0 A
— i HY (w)du
i=1 i
subject to the constraint that
G<ec<n® -0 7=1 . . k—1 some constant ¢
A SRS U F=1,...,k st ¢

ing ¢ - i o ,
cheosing the k-cutpoints from X ;y,. . X .

The leftmost and right-

most cutpoints are restricted to the smailest and largest order statistics

ively., The foll

{z) is sat-

A6
constraint that
0<c<(ny,, —nj/(n+1) <1, j=1,...,k—1, some constant ¢
Then
3 ‘ar the indices 11° = {1° 7°Y of the k-cutpoints (X -
{1; For the inaices n° = {7y, s 73, Of tag A-CULRCINGS R (n)ree ’X(n;/'>’
50 Sy _ P(H.n° /( wl o~ 7o—1/2y
, max  |C(fp,n*) - P(H,n /(n+lj)|—U(n )
L=u1\n2<.,<ﬁk—ﬁ.\ !
(2) Theindices n° = (n?,...,n;) of the k-cutpoints (X(.s), ..., X)) that

maximizes C(fn,n) converge to the k-cutpoints p° = {pj,...,p}) that
maximizes P (H,p) in the sense that n°/(n 4 1) — p° in probability as
n — oo.

Let g(z) be a histogram estimate with k-cutpoints (L = ¢3,...,¢; = M)
that minimizes the Hellinger distance, |, [f(av)l/2 - g(a:)l/z}2 dz, to the

underlying density f{z) with finite support I. Then for 1 < j <k,
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terms of exponential random variahles F,.

Evaluate the order of magnitude for maximal errors when we approxi-

™o

N

Dt B (E55)7(n 1) by [0 B (u)* dufor a =

n41 n/{nt

4. Evaluate the maximum bound for |C(f,,n® - P{H,n°/{n + 1))|.

Show that the indices n° = (r$,...,ny) of the k-cutpoints that maxi-

x

[#4

mizes C(f,,,n) converge in probability to p° = (p},...,p) that maxi-
mizes P (H,p).

Show that the set of k-cutpoints of the histogram estimate g(z) that

535

minimizes the Hellinger distance to the underlying density corresponds

e o _. {..0 o Y
to p° = {p},...,00})-

3.1 Taylor Expansion of the Criterion Function and Its Expression

as Exponentials

Let Uy, ..., U, be order statistics from the uniform [0,1]; then U,y

W’
o




05 26 12 Novenpoer Z00c

[Duke University] At

bownl caded By:

AN OPTIMAL VARIABLE CELL HISTOGRAM 1407

it follows from the inverse of the probability integral transformation that

T = H — B{U,._ ..}, 2<i<n 3.1)

p Vs 1y ) = vz T Ay

Since H{u) is twice differentiable and its derivatives are continuous on [G, 1]
13.2}

o 12 b5 JN. T o S T, DR
77

is a random variable because it

. ,’/,':r 7'wl\\.'r('z‘,.’.‘. {5 o\
+ :\y(i__“ - ;—f——"i/;“ iz i [y

for some ¢, between U,y and E(U;_y) = (¢ = 1)/(n +1); ¢, is also a
random variable because it depends on U;_,). From (3.2) and (3.3), we

obtain

-

) +R2,-], (3.4)

:
[ o

H(Uu) = HUj;-1) = (U — U(,-_l))[H“’(

[uy

e+

R, =1, ____> (2) (o) +
£32¢ \J“_l’ n+1 H (Cz) 1

From (3.4), we obtain
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wiiere

3.2 Evaluation of Maximum Bounds for Approximation Error of Sums

by Integrals

For a bounded function G(u) defined on [n?/(n + 1),n2,,/(n +1)]

3

1 n;+l 2_‘1 n;+l/(n+l) n® —n®
& Y G( ) — ,[ Glu) du| < 22— suplG(H) (u)].
|n+1 —. n+1 Juopins1) i 2(n +1)? ! ‘
t=irn 3

Rl

For a = 1/2,1, and 2, set G(u) = H()(4)*. Then from A.3, A4,
sung(l)(u)"| <a[m~H{a=1/2} + M H{a=1,2}|M,.

Since this bound does not depend on the choice of the k-cutpoints, the error

(n L 1)
\ +)

o

(3.7
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3.3 Evaluation of Bounds for the Principal and the Remainder

Terms

7o
BT
221 =
4 iy
i k- uma s in
W, = - hY ER
iz o L 1 : ._‘9 = iy
i R
s= 1 ak
1 n;-@-i
W, — ;, AN i~
Vay 4 L 2tgg
n+1 L
i=li4n

; 3 1A . . v
Vy; and Wy are tne remaimnder

Then Z,; and Z,, are the principal terms an
terms. First we evaluate the differences between the principal terms and their

corresponding expected values. The expected values of Z,; and Z;; are

1 il i oo 1'__1 1/2
E(Z,,) = —— [ 3/2~1 exp(—z) de | HW (-
A= 2 [ #rreeta)as|ut ()

1/2 1 ";_21

_T - 3 HO (222,

2 n+1 Howit n+1
B(Z:) = — Y g (i
‘2"'_n+1,_~;:‘no ‘n+ 17

Since the E; are independent, the variances of Z;; and Z;; are

1 Ty 1—1
-t (T =2
V(Z“)“(n+1)2 (1 4), > (n+1)’

i=14+nt
< "j‘+: . 4
v — {7, T\‘—‘ (l)fav£\2
ViZ H
{ 21) (n+1)2 ' ya \n+1/
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For a = 1/2,1,and 2, we have from A.3 and A6

1 L
- > = 0{1).
n+1i
t:l-vn;’
Thus
— -1 {
V(2.;) =0(n~") (3.8)
V(Z2s) =0(n™) (3.9)

The Kolmogorov inequality gives

1

has a finite variance. Since the E, are independent, applying the Kolmogorov

inequality to {3.8) and (3.9) gives

Jmax 2y~ E(Z,4)] =0 (n=1/2), (3.10)
I i+1
_max |Zy — E(Z;)] =0, (n77). (3.11)

Next we evaluate the remainder terms. Observe that Uy —U,_yy = E; /S, .1

where E; are exponential random variables with expected value i and 5,4, =
n+1

SPTUE;. Let E,) = maX;<i<n Ei, then

Pr(E(,) < 2lnn) = [1- exp(—2Inn)]" = (1 -n"%)" > lasn — oo.

Thus maX;<i<n £: = O, (Inn). Since S, is of order n, we obtain from A.4

—o, (7). (3.12)
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Since U1y = 5,1 /5.4, we have

_ i—11 18, 1~1
1L"(!‘-1\ — | _{ ,_.," -
| n+ i | Ongt [l !
! [
S -0 -E-0/n+ 1S, ~(n+ 1]
E Svt«%’-. |
S = (-1, i-1180 ~ (n 1))
< 2= A S kb N
! Snr1 [ Sni1 ;

Hence the Kolmogorov inequality gives

| ;
-

max (U;_ ) —
1sisﬂ! G-y

By S R Ty

wWE Ulrtaill

il
n+il "’
(3.13)
i U. —U._,, |
_ Lf (2)(n N ) G=1) 2y,
v—liél.?ni\z;( 1) n+1)}_{ \Cgi + 2 H (“1}'
=0, (n"'?), (3.14)

and this bound is independent of the choice of the k-cutpoints. From (3.14)

the order of magnitude of the remainder term W,; is

1 nies ~
sz < n+1 ‘:¥no E.'Op (n 1/2)
1 n+1 1o
S v i1 S‘; EiOP (n )
2 N :

=0, (n"*/?). (3.15)
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This bound is independent of the choice of the k-cutpoints. From A.3 the

denominator of E,; is

(3.18)
(3.17)
N n41
! T 1 i . PN
<—— > BP0, (n"11?)
“n4+1 .2__, H P )
-1/2
=0, (n"'/?). (3.18)

This bound is independent of the choice of the k-cutpoints (X(n«;) ooy Xnoy ).

3.4 Evaluation of the Difference between the Empirical Criterion

Function and the Theoretical Criterion Function

lal b
6';i+2{§l}. (3.19)
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where Z,,; and Z,, are the principal terms and W,, and ¥, are the remain-

der terms in subsection 3.3. We wish to evaluate the order of magnitude of

R.. Letr, .

[ROTRVACE RIS - TERW N da
Jad tne 1 i \Ujan
From A.3 and A.6,
1/2 nS,, /(nt1) 1/2
s it i c(rmy )
/ H® (u)'? du 2(—)——, (3.20)
“ n;/(n+1) 2
sy inb )
' 1 AY 5 ~.
HY (u) du >em,;. (3.21)
as/(n+1)
7
The order of magnitude of ry; is O,{n"*/?) from {3.7), (3.10}, (3.18), and

Pr maxir,-]-|§:}~—»1 as n — 00.
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than zero from A.3. Hence {3.19), (3.20), and (3.21) gives

max IR
o .- P v
1<n®<n’ <n
Smi<nt, %
e lin+1) 12
il w2 ({12 /o) frie/ 0T o/ g%
— max (AZis 1 T igd L Aenlfint i R J |
— ! P N - S Tl 1) H
1€n°<n®. <n| Ay + Wss T AT rrinyy i
I 25 25 jn?”n+1\ H u) du
o 5 oieany s fin Y eyin N I3
(ffptiz joy P/ P i 4y
I R N O O Cod B B A
< 2 Blr, 1+ 2l
_! prl /int 1) Hi{t () d }L 715} “\T251]
: {
jn;/(n+1) (v) du
. R | .
i maxir;| < é‘, 1 = 4,2

Tkwl t
max _ :’,-) ) i
i=ni<n;<...<n} 4 =f |
=0, (n"/7),
or
lo °y _ 2\~ o, (n-1/2 (
1=n§<n1§3.).<‘ n"=u|\/('fn’rl ) P(H’n+1’| OP‘\" ) \3'22)

3.5 Consistency of Cel] Selection Rule

First we will show that P (H,p) is continuous in the compact set A4,; =
{[pisPi+1]30 < ¢ < py4y1 —pj, 7 = 1,...,k — 1}. It suffices to show that
[ H®M (w)' /2 du/ [P HY) (1) du are continuous because P (H,p) is a

7 k)
finite sum of these terms. Both [7/** HY) (u)'/2du and [*'** H(!) (u) du
pj pj
are differentiable at p; and p,;,, and j::_’“ H(u)du > 0 whenever p; <
i

s

‘{u} du is continucus on the sei

A.;. Hence P (H,p) is continuous on the set U%

LA,; = A,. Since the sets

i
i
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of k-cutpoints that maximize C{ifn,n) and P (H,p) are (X(n2),.-.s X(nz))

and p° = (p,...,p.) respectively, we have from (3.22)

= {p?,...,p}) is unique from A.5 and P (H,p) is continuous on the

s EEu I s 5

set A,, for each 6 > 0, there is a ¢; > U such that
lp - p°| > § implies | P(H,p) — P(H,p%)| > &.
' : Pt ’ : g

Otherwise there would be a set of k-cutpoints p’ with |p’ — p°| > 0 such that
P(H,p') = P(H,p°) by the compactness of A, contradicting the uniqueness

of p°. Thus for each 6§ > 0, there is a ¢; > 0 such that

| A :
!P(H,p) — P(H,p")| < ¢ implies |p — p°| < 6. (3.24)
From (3.23) and (3.24), we obtain for each é
Pr ' LA <ép—1 — 00
1P , as n .

Therefore
nO
n+1

— p° in probability.
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3.6 Relation to the Hellinger Distance

is the density

(z)

e f

= x, we have

3

(u)

/
|

ince H

8

histogram is
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4. CELL SELECTION ALGORITHM

:Ag papeo jumog

that numerically maximizes

o Xiasy)

The set of k-cutpoints (X{,,?},..

the criterion function

2

1l
3

7';‘}/'2

i

iti
i=14n;
+1
Ldimltng

n
()

=
>

k—1
Ty

=i

- n+1

C(fn,n)
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can be found using a dynamic programming algerithm described below. The

value of C‘{if,, ,n}. depends both on the number and choice of the cutpoints.

The functiion £, is larger than any oth

1 Iy ogiEe
O, = o =2 (4.1}
“1lm T T e ety
nt+i 30 )

he criterion function is, by definition, C,_,,;. The last cut-

point is X{,,) and this adds [3_]" .., TH2P [+ 1) Yo Tl te Gy
The optimal choice of the I-cutpoints (X, ¢y,..., X(,o)) from X(1y,..., X ()

] t

is therefore the one that maximizes the sum of these two terms over j, or

r 3 [gom T.l/ﬂ.z';
A lLvi=s41 7 i {
C!m = max ICI— T - et l {4.2)
I—1<7<m—~1{ n-t+1 1

By applying (4.2) recursively for { = 2,...,k and ! < m < n along with
{4.1), we obtain the maximum of C(fn,n) over X(iy,. s X(n)-

Example Suppose that we have six order statistics X, X2y, X3y, X(4)>
X5y, X(6) and that we would like to choose four cutpoints. From the restric-
tions on the location of the cutpoints, the leftmost and rightmost cutpoints
are X(,,) = X(1) and X(,,) = X5 respectively. We need to choose two

more cutpoints from X(;), X(3), X4), X(5). The dynamic programming

aigoriinm descrived above WOrKs as [

wn
[
A
0
@
I~
0
&
S
2
&,
5
5
ot
&
@
-
¢
w
ot
[ d
2
~
[+
[+
[¢]
e
(=3
g
Q.
5
2
u
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The best three cutpoints in X(y,,..., X5, are one of the {ollowing three

Pk

o~

whose criterion function C{f,,n) is maximal.

a. Three cutpoints Xy, X5, X(s).

2. one of the following two
a. Three cutpoints Xy, X(5), X(4).
b. Three cutpoints Xy, Xiay Xy
3. The
Stage 2

i. The best four cutpoints i

whose criterion function C'{ 7,

a. The best three ts in X(1),...,X(s) and one cutpoint X ;.
b. The best three cutpoints in X(1)s++sX(s4) and one cutpoint Xy

c. The best three cutpoints in X,),.,X(5) and one cutpoint Xg.

Since the values of the criterion function C ( f,,,n) in each of he best

(4]

three cutpoints selection are aiready computed at Stage I, you only have fo
- L. 41 0 1 \ L L L . . o
calculate the increment of C( f. 1) that is brought in by adding one cutpoint

at Stage 2.

Consider the step distribution whose density function f(z) is as follows.
3 1 1.1
f(.’l?): E{OSIS 5}'{*5{‘2' <I51}.
Then the distribution function F{z) is given by

3 1.1 1
F(z)=2{0<z< s+ o(z+1){5 <z<1}
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The conditions A.1 through A.5 are met as follows for &£ = 3.
A.1. The inverse of the cumulative distribution function H{u} = F

exists on [ 0,1] and is given as follows.

P
b
j$u)

is twice differentiable and its derivatives are continuous on [0,1]

{2
U

H

except for one point as foliows.

>
[#4)

P
%]

while both

”0/4 (2/3)*/? du + | fp 24/% du)” 1
f3/4{2/3)du-rja/42du J

N
P(H»p)=j;|L
+Et ) 2]’
w[3/2p+ (2-3%/%) /4]
—-3'_ 2p—1 J’

[ (2/3)"" du)’

4 [P(2/3)du

I’[f“ (2/3)1/2du+f1/ 21/2du]2‘|
Lﬁ I 2/3)du+f 2du |

3/4 < p,

m
T4

7 /2
—{1
1S

\\\
w

. Y2 p+ (2 + 3
2
[ —5P+1
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are decreasing as p moves away from 3/4. Thus

O0<ec=1/4<pi, , —pl, 7 =1,2.

41

e

The simulation was done using this step distribution with the sample

0,1} were generated and converied to those corresponding to the

uniform

UULioiL s

Uiy b

'RAN and is widely available (Digital Signal
Processing Committee 1879). The rest of the program was written by the
author in FORTRAN. Convergence of N/{n + 1) in probability to p = 3/4

is observed from the simulation result in TABLE. 1.

TABLE. 1. Error Between Sample and Theoretical Cutpoint

in One Hundred Repetitions

Sample Size Theoretical Mean Sample Mean MSE
9 0.750 0.579 0.0705

49 0.750 0.677 0.0400

a9 0.750 0.729 0.0104

499 0.750 0.749 0.0005
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6. DISCUSSION

b. To develop asymptotics when the number of cells approaches to oo as
<.

[l

The author wishes to thank Professor John A. Hartigan for his helpful

comments and encouragement.
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