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COMMUN. STATIST.-THEORY METH., 17(5), 1401-1422 (1988) 

Yuichiro Kanazawa 

ABSTRACT 

A si~nple procedure for specifying a histogram with variable cell sizes 

is proposed. The procedure chooses a set of cutpoints that maximizes a 

criterion function based on the sample spacings. Under some conditions, 

this estimated set of cutpoints is showr, to converge in probability to the 

theoretical set of cutpoints for the histogram estimate that minimizes the 

Hellinger distance to the underlying density. An algorithm for finding the set 

of cutpoints that numerically maximizes the criterion function is presented 

along with an example. Performance for finite sample sizes is evaluated by 

simulations. 

Copyright @ 1988 by Marcel Dekker, Inc. 
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KANAZAWA 

minimizes the integrated =ear! squared errnr (i_hrl.SE) ~syrr?ptr?ticz!ly fcr 

1 .  f (z). This ho 13Jev er, &pen& J. &, .-."'-' ' -----a: 

1 -  \ 
~ J L L L L L  I Z  ~ G U G L ~ L  iS ii11- 

.. . 1 ,,,,. ,,,, -5Gt? ,...,.v,,.-,. '2 5 .<0..--1!3 -- - . . - a >  
. ~ a . ~ , w . s . .  s>' , 3 %  ,.,. +%.<. ..*:--<>.2,<. 

A - - - - -  a .1 -c.i >-AT ~ i k e r *  i: is an &iz:ate ;f 

-* 
the standard deviation. 'i'his ceii size is derived from soiving h,, for the 

z:-:rmal . . - - -. - $ztrih:ltign with ~ - ~ ~ i a n c e  & The &izG2il-rTnfe ii. ?ha>c c -  q-:--c Sc-.. 
0 ---- 

sities is only reiiected ih ro~gi i  s. Keedrnan aiid Diaconis (i981), having 

observed the results of numerical computations, suggested that the ceii size 

of 2  x ( interquartile range 1 x n- l l3  give reasonable results. 

Rudemo (1982) proposed a more complicated rule for choosing the cell 

size of a histogram. Let a be the ieftmost cutpoint and b be the cell size. 

A histogram requires choice ~f the pair h = (a, 6) .  For integer j, the ce!! 

Ihj = [a + ( j  - i ) b ,  n + jb)  has length b, Let P,,, ( I , i )  denote the empirical 

distribution defined by 97 (hj) - C:=, (Xi E T,,,.)/n. He propmed that we 

choose the cell selection rule h that minimizes the criterion function 

1 2  
K n ( h ) =  -[--- n +  l 

b n - l  n - l  

Stone (1984) extended this cell selection rule for a d-dimensional density. He 

showed that the cell selection rule is asymptotically optimal with respect to 
T I I C ~ ~  i 5 / i S E  fcr :La 2 a 2 e : ~ ~ 7  ....-- . . 1  --.-- P .. - ..-.--.- + T ==+;=C- :-? -,-;!A = 2 2 : + : ~ ~ - 5  

>I-x. U U ~ L W ~ ~ ~  W Z b i i  z i i i i Z b Z  3apF-i b i u u d L w ~ f ~ ~ i b  z w d C i u i - * A C Z i  

condition. 
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AN OPTIMAL V4RIABLE CELL HISTOGRAM 1403 

Hence &ffeisnt sizes are ai;"Cied to s"me 

T-  li: ;--:- :::is pzpe:, the asyzipi&c kEkL.;i.>~ sf sinlpi:: Ir;c!l:.;:r': f-." -.-.-.-.. ... .>s ... >..AtZ < i k  

i m  - a variable cell-size histogram. w i t h  a finite number of ceiis is studied. 

T-RS --&&.-2 :- -0 fcjj-?>x"7c Q :,--- "- :$,.,+ >,. i :  : =: = . -..>&=;-.;<% .; l.L. ..; . - ~ ~ - y- + 2 ?3n,4.-.??? ==,m3!& , .. .A  -.2a=.a" >=%-  -..L: >AL.A.- I I - _ _  - - -~ - .  
v- - - 
.A! , -, . , . iX!.l! \ ,  are cnri-espanciing orber statistics, and i-ti; sampie spacing 

Ti is defined as - X ' ! , - , ! .  The location of the k-cutpoints as well as 

the heights of the k - 1 cells are necessary to construct a variable cell-size 

histogram with k - I cells, We restrict the location of the k-cutpoints: 

a. The k-cutpoints are chosen from X(, ,  , . . . , X(,, . 
b. The leftmost and rightmost cutpoints are restricted to the s=a!lest and 

!argest order statistics respective!y. 

From the restriction a, the k-cutpnizts are written ;rs (X; , , ;  ;. . . ;XI,*)) and 

n = (n, , . . . , nk) are the indices of ( X ( , l )  , . . . , X!,* ,). From the restriction 

b, qn,, = X ( , )  and X(,,) = X(,) .  Under these restrictions, a variable 

cell-size histogram with k - 1 cells is constructed as follows: 

Step 1. Find the k-cutpoints ( X ( , ; ! ,  . . . , .X( , ; ) )  that maximizes the 

criterion function, 
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S t e p  2. Cornpate the height a ,  of the 2-th cell by applying iorrnuia below 

to the k-cutpoints ( X I ,  ;. , , . . . , X(,;  ) found in S t e p l ,  

Theore= Suppose that X ,  , . . . , X ,  is a random sample, Xi  j , .  . . , X(,, 
are corresponding order statistics, and i-th sample spacing T, is defined as 

T 7 X(,) - A ( , - , )  from a density function f jxj with finite support 1 = [ i , M ] .  

The following conditions on the f (x) are satisfied: 

A.1. The inverse of the cuxnulative distribution function H(u) = F-'(u.) 

exists on [ 0 ,  11. 

A.2. H(u) is twice differentiable and its derivatives are continuous on [ O ,  11. 
' , .  . ,> c-> ,. - / = t i ;  ;",\ <- '7 < :: 1, 

n . .  u I L* 2 , v - - 

A.4.  I H ( 2 ) ( u ) l  5 M 2 ;  O 5 u 5 1, - -  
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AN OPTIN-AL V A R I . 4 B L E  C E L L  HISTOGR.A?l 1405 

4.5. 'There is a unique set ot K-cutpo~nts p' = ( p i , .  . . , p ;  j that maximizes 

. , suDject t h e  ~ g ~ ~ t r a i n t  cLQa~ 

0 , C no -- no 
- r 2 + i  r 2  , j -  I , .  . . . .  , k - l j  ....,,... 'nme m n t a n t  C. 

A variable celi-size histogram with k - 1 ceiis f, jzj is constructed by 

chmsirrg thp 4-c-ltpcint~ from X i ; ) ,  , Xi ,$)  The leftmost and right- 

most cutpoints are restricted to the smaiiest and largest order staiisiics 

rcs22ctisely. The fgfnll~~&ng cgnditior. 3.1 the , k - c ~ ~ t g ~ i n t s  of ..-, t i ~ ' ]  , is sat- 

- 7  ~ . . 
A.6. There is a unique set of k-cutpoints (X!,. . , , , . . . ,A!,,;! j i h i t  ma:ciriizes 

- .  siibjec;, to the constrain$ '"-+ " i L a , U  

O < c < , ' n ~ + , - n q j / j ~ ~ + i ) i 1 ,  j = l ,  ..., k-: ,s~i i ieconstar , tc .  

Then: 

(1) the irldices = !.;o . . , i i i) . ~ f  the k-cutpaints (Xinii ; . . . ; X(,: 

(2) The indices no = (np 7 .  . . , n i )  of the k-cutpoints (X! . , ; ) ,  . . . , X ! ,  ;)) that 

maximizes C( f,, n j  converge to the k-cutpoints p" = ip;, . . . , p i )  that 

maximizes f ( H ,  p) in the sense that no / (n  + 1) -+ pO in probability as 

n -+ m. 

(3) Let g(x) be a histogram estimate with k-cutpoints (L = qp , . . . , qi = M j  

that minimizes the Hellinger distance, J, [f (x)'/' - g(~)'/']~ ds,  to the 

undedying deasity f (z) with finite supperf I. Then for I < j 5 k, 

f (x) dx = pg . 
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KANAZAWA 

3.1 Taylor Expansion of the Criterion Function and Its Expression 

as Exponentials 

Let U( ,) , . . . , U(,) be order statistics from the unifmm [ 0, I j; then U(i - ,, 
is Beta(,$. - :, ,?> - . : ;"'..:A' ..-- . .^. 3 ..... ! . . . - r T Z i  wiiilexP&,eu ...-. !... s c u ( i - x t ;  ?7'" - ,  ' I = (i - ~ l ! ! ~  ), :,- L , 2 ;  A;. 

From k.1, W(u) = F-l (u) exists on [ O ,  I ] .  Set X(,) = i i ( U { , ) )  for 2 5 i <_ n. 
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A N  OPTIMAL VARIABLE CEL,L HISTOGRAM 1407 

Ii follows from the inverse of the probability integral transformation that 

X( ,) , . . . , X;, ) are the order statistics of a sample of n independent random 

~varieb!es with the distrihutian fzr?ctian F(,z!. . . Hence the spacings 7: between 

- . 7  - .  
i - -- - : GI! and r th crdrr s iab i~ f i f s~  and Xjli Are  

for some c2 between U(,- ,, and P(U(,- ,,) = (i - l ) / ( n  + 1); c ,  is also a 

random variable because it depends on U ( , - l ! .  From (3.2) and (3.3), we 

obtain 

From (3.4), we obtain 
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Substitxting (3.1?.(3.4), and (3.5) for the criterion fmction ~ ( f ~ . ~ n " )  gives 

C ( h ,  no)  

7 - - - he: L, , . . . , s ,  be independent exponential random variabies with expected 

- - - I . ,  - 3 @ L '2 
qaiire i. cei, = xy=+ll 3; liad 2; = E,/s",+,; then (Di ,..., s,+,) is 

distri~uted as the set of n+ I spacings determined by n independent uniform 

- - - A n -  -.-- :..%.;--, :a-.:-- 9 . - d ~ ' 2  7r- L.--- &LA - - : A A - : - -  z. -A:-- . 
8 a , ; c , L % B , $ ,  ,,%,,icn i! 2-c L x < . $ . . , ; ~  -ll*.As %liF % - L l 8 2 T L I t - Z i L  :?J?~*.L!L~!! ?S  3cwJ 

3.2 Eiraluation of Maximilm Bomds for App~oximation En-or of S U ~ Z ~ S  

by Integrals 

For a bounded function G ( u )  defined on i ng /(n + I!? ng ; / (n -t- 1) I 

n , + l  i - l .  n ; + L / i n + l i  1' i r c ( _ ) - /  
1 n + I . . - 1 + = 0  . - I L  T I J ~ ; , ( , , + ~ )  

For a = 1/2,1, and 2, set G ( u )  = H ( ' j ( u j a .  Then from A.3, A.4, 

Since this bound does not depend on the choice of the k-cutpoints, the error 

F W W a  ,F ..Tll?-nv:~-+:~II +ha n,rm F n j + l  ~ ( 1 )  ( I ;  - I\ I / -  + ?\\a 11- + I\ 
u l b s r ,  "I a y p l " A l r l A u " , l * g  " A r c .  v u r l r  L. , = l + n "  "' \ \ *  I /  \ ' O  1 1  / \ ' *  I 

" "n+ 1) 
by the integral lrn;,~{:'.: HI1' ( u ) .  du is from A.6 

ERR" < O(n-'1, a = 1/2,1, and 2. 13.7) 
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4 N  OPTIMAL VARIABLE CELL HISTOGRAM 

3.3 Lvaluation of Bounds for the Principai and the Reraaiiider 

Terms 

, 7 7  ner. . , - r2 " - "' "1. - - '" .':-'-' ' - --- - --- . , . 3  . Z1, and i i a i  a16 p ~ i i i ~ ~ p a l  eerms and W i J  and !A%,j are m e  Tema;noer 

terms. First we evaluate the difFerences between the principal terms and their 

corresponding expected values. The expected vaiues of Zlj and Zzj are 

n7+1 i - l  
E(Z2j) = 7 ~ ( l ' ( ~ ) .  

+ ' i = l + n ;  

Since the E, are independent, the variances of Zlj and Z2 are 

i - 1  v (Z, ,) = ------- 
(n  + 112 

% = l i n e  
n + l  > 3 
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For a = 11 2 , 1 ,  and 2, we have from A.3 and A.S 

'Thus 

The KoImcgorov inequality gives 

Next we evaluate the remainder terms. Observe that ti,,) -U(;- l i  = Ei /&+, 
where Ei are exponential random variables with expected value i and = 

.(;-.n+ 1 
Li= E, . Let E,, , = maxis ,<, E, , then 

Thus maxlsisn Ei = 0, (Inn). Since Sn is of order n, we obtain from A.4 
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AN OPTIMAL VARI.4BLE CELL HLSTOGRAM 

Eence the Koimcgoms inequaiity gives 

i-1!Sn+1 -(T?+I) j  
-i- max i -____--- I 

l < i S n  n + i / a,+ 1 I 

From (3.12j and (3 . i3 )  

and this bound is independent of the choice of the k-cutpoints. From (3.14) 

the order of magnitude of the remainder term WZi is 
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-. 
i'his bound is mdependent of the choice of the k-cutpoints. From A.3 the 

denominator of R,, is 

From (3.17) the order of magnitude of the remainder t e r x  W ,  ; is 

This bound is independent of the choice of the k-cui.points (Xi,; 1, .  . . , X(,; ) ) .  

3.4 Evaluation of the Difference between the Empirk.al Criterion 

Function and the Theoretical Criterion Function 

We know that  for la1 < ;Is/, /bl < klyl, x # 0, and y # 0 ,  

Let 
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AN OPTIMAL V A R I A S L E  CF-1.L HISTOGP.A?Z 1413 

where ZI? and Z,, are the principal terms and Wi,  and !V,, are the rernain- 

der terms in subsection 3.3. We wish to evaluate the order of magnitude of 

I ? ; .  ?.el r-  & ,  . . , znd r-. - ., be as i-!!ows, 

From A.3 and i1.6, 

T L - . - J - - - "  J - - "  . 
L i l a  o i u e ~  ui I I ~ ~ I I ; ~ U U C  ui r13 is Op(n-I!"\ from (3.7),  (3.161, (3.181, an2 

(3.201, and that of rz3 is ~,(n-'/~) from (3.7),  (3.111, (3.15), and (3.21). 

Thus for i = 1 , 2 ,  we obtain 
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than zero from h.3. Hence (3.19), (3.20), and i3.21) gives 

, f 17 :L~, , , , r -  1; [!lpl,'2 - .  1 2 ;  j,, r n ; ~ : l i n * i l  , . . -- H(1!{,l\l,'2 . ... , - / ,r?2 .... 
- , ' i b r - ,  

- 
2 ,  

- max I i 
l < n ; ~ - ; + ~ < n !  .&, i t V z j  HI" ( u )  du I 

3.5 Consistencv of Cell Selection Rule 

First we wiil show that P (H-,pj is continuous in the compact set A,? = 

{ [ p i ,  pi+ ] ; 0 < c < pi+ - pi, j = 1 , .  . . , k - 1 ). It suffices to show that 

SPP,'+ IT('' ( u ) ' / ~  du/ Jpp;+l H ( ' )  (2i) du are continuous because P (H, p) is a 

finite sum of these terms. Both SpP,'+' H ( ' ) ( U ) ~ / ~  du and SP'+' H ( l ) ( u )  du 
P I  

are differentiable at  pi and pj+, and I"'+' (u )  du > 0 whenever pj < 
9 3  -- , . . .. T' , . ' .  '.' ' ; '".-: --"" ' 

i j i ~ ! i Z L j ' ' ~  cu/ -;;,'. X " " " , ' " *  pi+l. rfius JP, ,, ,, j &L is co:ltinuous on the set 

A,, , Hence P ( H ,  p) is continuous on the set u:;: A,?. = A,. Since the sets 
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AN OPTIMAL VJ-RIABLE CELL HISTOGRAM 1415 

of k-cutpoints that  maximize C (  f, , n j  and P (H, pj are (X i , ;  , . . . , ;)it,;, j 
and pa = (py , . . . , p i  / respectiveiy, we have from (3.22) 

.- - 
'l'hus for each E > 0, we have 

S i n w  po = cpp. . . . n:) 1s unique from A.5 and P [ H .  p) is continuous on the 

set A,.  ror each o 3> ii. anere 1s a € 5  > G such inat 

Otherwise there would be a set of k-cutpoints p' with Ip' - p0 I > 0 such that  

P ( H ,  p') = P ( H ,  by the compactness of A, ,  contradicting the uniqueness 

of p". Thus for each 6 > 0, there is a E~ > 0 such that  

I I 
P ( H , ~ )  - P ( H , ~ o )  / < rs  implies P - P O  1 < 6. (3.24) 
I 

From 13.23) and (3.241, we obtain for each 6 

Therefore 
no 
- -+ po in probability. 
n + l  D
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3.6 Relation to the Heliinger Distance 

Since E(ui = x, we have E " ' ( u j  = i i f  jsj where f ( x j  is the density 
" .  7 1 .  > . . I ,  ,. -c  L'L,. - T L  -- 
I L A ' L L I L J A ;  b L  L A I C  L * l - C L l j  I Izg t > U b l L ' i i .  A l i C l ~  

. . ( 3  Z5j  
\ .  

The resulting Hellinger distance is 

Hence chccsing the set of k-cutpcints that  maximizes P ( H , p )  is equivalent 

to the set of ,-cutpoint3 that rr,inimizes the He!lir?gPr distance Se- 

tween an underlying density f (z) and the histogram estimate g ( s )  whose 

height b, in y: 5 z 5 qJ+,  is (3.25). 

4. CELL SELECTION ALGORITHM 

The set of k-cutpoints (X : , : ! : .  . . : X!,; , )  that  numerically maximizes 

the criterion function 
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AN OPTI?l.AL V,ARZ.ABI,E CELL H I S T O G R A X  1417 

can be found using a dynam:c programming aigorithni ciescribed ~ e i o w .  The 

value of C(fn, n) depends both on the number and choice of the cutpoints. 

We ~ l l z k ~ .  this T j e p n r h c e  specific by introducing the sequence of f~nc i ions  

.. , ? * . . .  ,. - 7  ,,.- ~ e ~ 1 7 e ~  for 2 -~ ~ ~. ": -: rr;, .< pi, :oi:c;y;s. , .,- - - 

By applying (4.2) recursively for 1 = 2 , .  . . , k and E < rn 5 n along with 

(4.1), we obtain the maximum of ~ ( f -  n) over X( , )  , . . . . X(,!.  

Example Suppose that  we have six order statistics X(,, , X[,,, X(,), X[,), 

X[,, , X(, ,  and that we would like to choose four cutpoints. From the restric- 

tions on the location of the cutpoints, the leftmost and rightmost cutpoints 

are X[,,)  = X(,!  and X[,,, = X[, ,  respectively. We need to  choose two 

more cutpoints from X,,, , X!,, , X(,, , X(,, . The dynamic program-ing 
- . .  " " .. a;gor;tEm c;csLribed -bgx;e w.sT>;.:s tnliow2. 

Stage 1, Choosing the best three cutpoints. 

D
o
w
n
l
o
a
d
e
d
 
B
y
:
 
[
D
u
k
e
 
U
n
i
v
e
r
s
i
t
y
]
 
A
t
:
 
0
5
:
2
6
 
1
2
 
N
o
v
e
m
b
e
r
 
2
0
0
8



1418 KANAZAWA 

Consider the step distribution whose density function f (x) is as follows. 

Then the distribution function F ( x )  is given by 
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AN OPTIMAL V A R I A B L E  CELL HISTOGRAM 

The conditions A . l  through A.5 are met as foiiows for k = 3. 

A.1. The inverse of the cumulative distribution function H ( u )  = Fi  (uj 

exists on j 0. ij and is given as biiows. 

A .2. ,Y(u) is twice differentkbie and its derivatives are cnnbin~~ous on j 0,7 / 

while both 

x [g' (2/3)1!2 du] 
r j a , p j  =% 

SOP (213)  du 
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TABLE, I. Error Between Sample and Theoretical Cutpoifit 

in One Hundred Repetitions 

Sample Size Theoretical Mean Sample Mean MSE 
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