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Abstract

We describe an e cient sequetial Monte Carlo method for sampling multiw ay
tables with given constraints, which can be usedto approximate exact conditional
inference on cortingency tables. An essetial feature of our new method is that it
samplestable entries sequetially accordingto an appropriate proposal distribution.
The sequetiial sampling approac "divides and conquers”the dicult task of nding
an appropriate proposal distribution for a multiw ay table with complex constraints.
Computational commutativ e algebrais usedto provide conditions that guaranee that
our method hascertain good properties. In particular, we establishatheory that relates
sampling valuesat eat step to properties of the assaiated toric ideal. The property
of interval cell courts at ead step is related to exponerts on lead indeterminates of
a lexicographic Grobner basis. The approximation of integer programming by linear
programming for sampling is related to initial terms of a toric ideal. We apply our
method to a range of examplesfrom social and medical sciencesto demonstrate its

e ciency in real problems.

AMS 1991 subject classi cations. Primary: 62H17,62F03. Secondary: 13P10.
Key words and phrases. Conditional inference, cortingency table, exact test, Monte
Carlo, sequettial importance sampling, toric ideal.



1 Intro duction

Sampling from multiw ay contingency tables with given constraints can be usedto com-
pute exact Monte Carlo p-valuesfor conditional inference[Freemanand Halton (1951);
Agresti (1992)]. This is desirable when the tables of interest are numerous (mak-
ing enumeration impractical) but have ertries that raise doubts about the validity of
asymptotic methods. A classicalapplication is testing for Hardy-Weinberg equilibrium
with multiple alleles,where someallelesmay be quite rare and result in sparsetables
[Guo and Thompson (1992)]. Other applications include conditional goodness-of- t
test and testing parameter signi cance for grouped case/cortrol data with seweral risk
factors [Chen, Dinwoodie, and MacGibbon (2004)], and the conditional volume test
proposedby Diaconis and Efron (1985). More applications are described in Besagand
Cliord (1989). A more general problem is sampling from nonnegative integer lat-
tice points. This includes cortingency tables, and further applications such as Monte
Carlo EM algorithms with incomplete data [Vardi (1996)] and Bayesian computation
of posterior distributions [Tebaldi and West (1998)].

Markov chain Monte Carlo (MCMC) has beena popular technique for generating
random samplesfrom tables with given constraints. It is usually easyto program, does
not require a lot of memory, and haswide applicability. Diaconis and Sturmfels (1998)
gave algebraic characterizations of the moves necessaryto run suc a Markov chain,
giving discrete MCMC a rm footing in commutative algebra. Howewer, for some
loglinear models, the constraints from su cien t statistics on multiw ay tables make it
dicult to designirreducible Markov chains. Diaconis and Sturmfels (1998) gave a
method to produce Markov movesthat connectall tables with given constraints, but
in some practical cases,such as large logistic regressionexamples,the moves cannot
be computed. It is sometimespossibleto do computations with a smaller collection
of moves by letting someertries in the spaceof tables go negative. This idea is used
in Bunea and Besag (2000) and Chen, Dinwoodie, Dobra, and Huber (2004). The
cost is a longer running time for the Markov chain. In generalthe running times of
these Markov chains are very dicult to judge. Therefore, Markov chains have three
disadvantages: 1) they can be hard to design, 2) they can take a long time to run to
stationarity, and 3) the time to run to stationarity may not be clear.

Sequetiial importance sampling (SIS) avoids thesedisadvantagesof Markov chains
becauseit is relatively easyto implement and there is no issue of converging to a
stationary distribution. Chen, Diaconis, Holmes, and Liu (2005) introduced an SIS
procedurefor simulating two-way zero-oneand cortingency tables with xed marginal
sums, which comparesfavorably with other existing Monte Carlo-based algorithms.
Similar techniques have also been applied to a logistic regressionproblem in Chen,
Dinwoodie, Dobra, and Huber (2004). These SIS algorithms, howewer, are designed
only for two-way tables and have tendedto rely on ad hoc constructions of the proposal
distribution. This paper usescommutativ e algebra to provide a general scheme for
constructing the proposaldistribution of SIS algorithms, and extendsthe usefulnessof
SIS from two-way tables to a wider range of multiw ay tables.

The idea behind SIS is to sample cell entries in the corntingency table one after
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the other sothat the nal joint distribution (i.e., the proposal distribution) is closeto
the target distribution. SIS doesnot have the samedisadvantagesas a Markov chain,
becausethe method terminates at the last cell and generatesi.i.d. samplesfrom the
proposal distribution. Howewer, SIS raisesa new set of implementation issues. The
main problems are approximating the support of the marginal distribution of ead cell
quickly, and then approximating the marginal distribution on the support set with a
proposal distribution. We shov how properties of the sampling set at ead step can
be deducedfrom algebraic conditions on a collection of Markov moves. The results
of this paper demonstrate that SIS can be implemented e cien tly for many multiw ay
cortingency table problemsthat have beenstudied mostly with Markov chains.

The target distribution on the collection of tables may be hypergeometric, which
arisesin conditional inferencewith multinomial sampling, or it may be another related
distribution suc asthe onefor Hardy-Weinberg proportions. SIS canyield an approx-
imate count of constrainedtables very quickly whenthe target distribution is uniform.
This application has beencarried out in Chen et al. (2005), where SIS was shown to
be more e cien t than Markov chains for courting and testing two-way tables. Mathe-
maticians are interestedin courting the total number of tables with given constraints.
Counting tablesis alsorelated to conditional volume tests [Diaconis and Efron (1985)].
In our multiway examples,we found approximate courts of tables without di cult .
The exact courting software LattE [DelLoera, Haws et al. (2003)] con rmed the counts
on the two smaller examples. The uniform target distribution is alsousefulfor Bayesian
applications where a uniform prior on probabilities leadsto equally likely tables, and
for the conditional volume test [Diaconis and Efron (1985)].

The paper is organized as follows. In Section 2 we introduce essetial ideas of
SIS. The algebraic conditions for e cien t sampling are formulated in Sections3 and
4. Many of the algebraic ideas of Markov chains on lattice points are used. Section
3 treats the basic casewhere properties of polynomials generating the toric ideal are
related to SIS. Section4 is more technical and developsstronger methods for subsetsof
the Markov basis. Theseresults can apply whenthe obsened marginsimply conditions
of positivity on the tables constrained by the margin values.

Section 5 is about the relationship betweenlinear programming (LP) and integer
programming (IP). When the support of the marginal cell distribution is an interval of
integers|l; u], a situation establishedunder conditions in Sections3 and 4 and which
occursoften in practice, one needsthe valuesof the upper and lower bounds. Knowing
then that LP and IP give nearly the sameanswer is important, becauseusing an IP
algorithm at ead stepin the procedurewould be much slowver than using LP. A precise
algebraicrelationship betweenLP and IP is deweloped in Hosten and Sturmfels (2003),
which givesan algorithm for nding the maximum di erence betweenthe two over all
conceiable data sets. The results here may be easierto apply in someexamples. In
practice, it is not essetal that LP and IP be identical. Section 6 discussessampling
distributions for di erent target distributions. In Section7 we give a range of examples
to show how well SIS canwork in real problems. Section8 provides concluding remarks.



2 Elements of SIS

Let denote the set of all contingency tables with given constraints. Assume is
nonempty. The p-value for conditional inference on cortingency tables can often be
written as X
= Epf(n) = f(n)p(n); 1)
n2

where p(n) is the underlying distribution on , which is usually uniform or hyperge-
ometric and only known up to a normalizing constart, and f (n) is a function of the
test statistic. For example, if we let

f(n)= L p(n) p(no)gs (2)

where ng is the obsened table, formula (1) gives the p-value of the exact test [Guo
and Thompson (1992)]. In many cases,sampling from p(n) directly is dicult. The
importance sampling approad is to simulate atablen 2 from adi erent distribution
d( ), whereg(n) > Oforalln 2 , and estimate by

P .
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i=1 q(ni)
wherenyq;:::;ny arei.i.d. samplesfrom g(n). We can also estimate the total number
of tablesin by
Fi= 10 tmzs, @
N._ i)’

becausg | = P n2 Tln)q(n). The underlying distribution on corresponding to this
caseis uniform.

In order to evaluate the e ciency of an importance sampling algorithm, we can
look at the number of i.i.d. samplesfrom the target distribution that are neededto
give the samestandard error for » asN importance samples. A rough approximation
for this number is the e ective samplesize[Kong, Liu and Wong (1994)]

N

ESS= m; %)

where the coe cient of variation (cv) is de ned as

_ vargf p(n)=q(n)g
= (=g

(6)

Accurate estimation generally requiresa low cv?, i.e., g(n) must be su cien tly closeto
p(n). Wewill usecv? asa measureof e ciency for animportance sampling scheme. In
practice the theoretical value of the cv? is unknown, soits sample counterpart is used
to estimate cv2. The standard error of ~ or |Cj can be simply estimated by further
repeated sampling [Chen et al. (2005)].



SIS as it appliesto multiway tables lls in the entries of a table cell by cell, in a
way that guaranteesthat ewvery table in  can be produced. More precisely we stadk
all entries of the table into a long vector n, and start by sampling the rst cell court
n, of the vector n with a proposaldistribution g(n1). Conditional on the realization of
the rst cell, we samplethe secondcell count n, with a proposaldistribution g(n,jni),
and then move forward sequetially until all the cells are sampled. Denoting the cell

Ideally, one would like to sample a cell value from the marginal distribution of a cell
erntry, conditional on the entries that have already been sampled. Howewer, these
marginal distributions are quite dicult to compute explicitly exceptin very small
examples. SISthen raisessomeproblemsif it isto beusede ectiv ely: 1) When and how

or approximated? 2) How can the support of the marginal distribution be sampled
with a proposaldistribution q that is closeto the true underlying distribution p? We
addressthese questionsin the following sectionsof the paper.

3 Sequential Interv als and Algebra

When they apply SISto the problem of sampling two-way corntingency tables with xed
marginal sums,Chen et al. (2005) notice that the support of the marginal distribution

format). Therefore they can samplea value from the interval at ead step, and always
produce a table in , i.e., every table satis es the constraints. This saves a lot of
computing time comparedto rejection sampling. Another advantage of having this

more easily than in the situation where there are gapsin the support set.

SIS tends to perform better when the sequettial interval property holds, but for
generalconstraints on multiw ay tables, it is not always true that onecan Il in ertries in
sequencend expect the range of feasiblevaluesto be an interval of integers. Examples
wherethe sequettial interval property doesnot hold are very sparselogistic regression
[Chen, Dinwoodie, Dobra, and Huber (2004)], many 3-way tables with certain margin
constraints [seeDelLoera and Onn (2004) for the full range of di culties with 3-way
tables], and sometriangular tables of genotype data when cells are sampledin certain
orders. We notice that there is a close connection between the sequetial interval
property and the Markov basisthat hasbeenusedto run MCMC on contingency tables.
Typically, there may be a problem if the moves of a Markov basisinvolve changesin
someerntry that are of size 2 or larger. A precisecondition is more complicated and
wealer than \no moves of sizegreater than 1," and may depend on the margin values
and the order of the sequemial sampling. In this section we give the basic theorems
that are not related to the actual valuesof the margin constraints. In the next section
we strengthen the results.



Now we introduce notation for lattice points and the algebra of polynomials that
will be usedin our study of SIS. Let A bear d matrix of nonnegative integers,
denotedZ. . In applications, d is the number of cellsin the table, and r is the number
of parameters(not necessarilyfree) in an exponertial family model. A is often referred
to asthe constraint matrix and r is the total number of constraints. We assumethat
a sum of some nonempty subset of the rows of A is a strictly positive vector. In
applications with multinomial sampling, this will be immediate becausethe sample
sizeis xed, sothe constart vector of onesis a row or is in the row spaceof A. For
t225,let

A t]:=fn22z%:An=tg

This is a collection of tableswith linear constraints, that is the setof nonnegativeinteger
points inside a polytope. The linear constraint value t will sometimesinformally be
called a margin constraint. The value of t will typically be the su cien t statistics for
a loglinear model. Our primary goalis to samplefrom A 1[t].

Let us rst recall the notion of Markov move on A 1[t]. If m 2 kerz(A) (the
null spaceof A in the integers), then m is a Markov move. With a collection of such
moves, one can de ne a symmetric Markov chain on A 1[t] by starting at an initial
state n 2 A 1[t], and then uniformly choosing one of the movesm and a sign on the
move, and then moving to the new state n  m if this new vector is nonnegatiwve (i.e.,
every entry is nonnegative). A Markov basisM for A is a subsetof kerz (A) suc
that for ead pair of vectorsu;v 2 ZE with Au = Av, there is a sequenceof vectors

That is, two nonnegative vectors with the samelinear constraints can be connected
with a sequencef incremerts from M o while always maintaining the linear constraints
and the nonnegativity.

la:=m" x™:An= Ami;

where x" := x7*x5?  xg¢ is the usual monomial notation for a nonnegative integer
vector of exponerts n = (ny;:::;nq). The way to go between Markov moves and
polynomials is simple: order and number the cellsin the table, create an indeterminate
(polynomial variable) for ead cell in the table, and put the positive Markov move cell
valueson one monomial, put the negative valueson another monomial, then form the
di erence. For example,the Markov move (2; 1; 2;1)°canbedenotedasx?xs X2x3.
The choice of cell ordering can be important, asin Example 7.5.



There are two fundamertal algebraic ideas related to Markov bases. For m 2
Z9 dene m* = maxftO;mg, m = maxfO; mg, som = m* m . The rst
fundamental result, showvn by Diaconis and Sturmfels (1998, Theorem 3.1), is that a
nite generating set of binomials fxmi o xMi; o= 1;:::;99 for | o de nes Markov
moves (mi+ m; ), i = 1;:::;9, that are a Markov basisin that they connectall of
A 1[t] when chosenrandomly asvector incremerts, regardlessof the actual value of t.
In other words, a Markov basisalways exists independertly of the actual valuesof the
linear constraints. The secondfundamerntal result [Sturmfels (2002), Theorem 8.14]is
that a collection of moveswill connecttwo tablesn and m if x" x™ 2 I, wherel is
the ideal generatedby the collection of moves. This is usedto show connectivity for
subcollections of the full Markov basisfor particular valuesoft in Section4.

De nition  3.1. De ne the projection operator 1:Z2%! Z by 1(z1;:::;24) = z1.

Lemma 3.1. Supmse a Markov basis M satises 1(Ma) f 1;,0,+1g. Then
1(A [t]) is an interval of integers|l{;u4].

Proof. One can connecttables m;n 2 A 1[t] with valuesm; and n; in the rst co-
ordinate by changing the rst coordinate only 1 at ead step, so the gap between
possiblevalues cannot be greaterthan 1. =

deletesthe rst i 1 columnsand keepsthe lastd i+ 1 columnsof A.

De nition  3.2. The polytope A ![t] hasthe sequential interval property if (A 1[t])
is an interval of integers|l;us], andfor i = 1;:::;d 1 if nj 2 1(A, l[t nia;

ni i1a 1)), then 1(Ai+11 [t niag Ny 1a; 1 N;a;]) is alsoan interval of
integers[li+1; Ui+1].

The next result is the most basic connection betweenthe sequetial interval prop-
erty and the exponerts of a lex basis for the toric ideal. An important point is that
the condition doesnot require that all exponerts in the Markov basishave magnitude
at most 1. Rather, it requires that the exponert be at most 1 on the indetermi-
nate x; (square-freein x;) on the movesthat involve only the preser and future cells

3 3 3tableswith no-3-way interaction (Example 7.4).

With a particular cell order, the indeterminates are typically ordered x; > x, >

> X4, and then one can introduce term orders. We primarily usethe lexicographic
term order (lex order), which totally orders monomials (or equivalertly their vector
exponerts corresponding to tables) by declaring x" > x™ if and only if the rst entry
from the left in n m is positive (or n is after m in the dictionary sense).Cox, Little,
and O'Shea (1997, p. 52) explainsterm orders, including the grevlex order that we use
in Section5 wherethe indeterminates are taken in reverseorder Xq > X4 1 > > X1.

In the following, we use the term \Greobner basis," which is a special generating
set for an ideal [Cox et al. (1997), p. 74]. Lex Grobner basis (or lex basis) will mean
Grobner basiswith respect to lexicographic term order [Cox et al. (1997), p. 54] and
reduced Grebner basisis a unique represenation [Cox et al. (1997), p. 90].
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in x; for eachi. Then A [t] hasthe sequential interval property for all t.

Proof. By the elimination theorem [Cox et al. (1997), p. 113],the lex basisG hasthe
property that G\ Q[x;;:::;Xq] is a Grobnerbasisfor the ideal | o, = lx™ x"; Aim =

with 0 in coordinates 1;2;:::;i 1. An application of Lemma 3.1 to the matrix A
with rst coordinate n; nishes the proof. =

When using this result, someorderson the cells may have the square-freeproperty
and othersmay not, soit canbeusedto nd good orderingson the cells. The sensitivity
to cell ordering shows up in many examples,including logistic regressionand Hardy-
Weinberg testing with genotpe data (Example 7.5).

In fact, the corverseto Proposition 3.1 is also true, in the sensethat matrices A
such that A 1[t] hasthe sequetial interval property regardlessof t are characterized
by their lex Grobner bases.

Prop osition 3.2. Let A be a nonnegative integer matrix such that A 1[t] has the
sajuential interval property for all t. Then the reduced lex Grobner basis G for | o with
ordering x1 > Xo > > Xq has G\ Q[X;;:::xq] squae-free in x; for all i.

Proof. It suces to prove the claim on the rst cell, the rest following by induction.
Let G := fx™  x™ g be the reduced lex Grobner basis. In particular, none of
the monomials x™i is divisible by the leading monomial of any other binomial in | 4.
Supposethere is somex™"  x™ 2 G with ;(m*)=a> 1. Lett = Am*. Since
A 1[t] hasthe sequetial interval property and (m ) = 0, there existsn 2 A 1[t]
with 1(n) = a 1. Then the binomial x, #** (x™" x") 2 I 5 isnot equalto x™"  x™ |,
and has leading term x, ®1x™" which divides x™ . This is a cortradiction and
x™"  x™ s not in the reduced Grebner basisG. =

4 Mark ov Subbases

In this section we give results that can be usedwhen the full Markov basis does not
have the required properties to guarantee sequetial intervals. Situations where this
occurs include logistic regression[Chen, Dinwoodie, Dobra, and Huber (2004)] and
Example 7.3, where the lex basesfor the toric ideals do not have the conditions of
Proposition 3.1.

The resultsin this sectionusethe particular valuesof the margin constraints, which
may allow a smaller and simpler connecting set that we call a Markov subbasis. An
existing method to study connectivity properties of subsetsof a Markov basisis the
primary decomposition [Cox et al. (1997), p. 208]. While usefulin someexamples, it



is usually quite dicult to compute. The methods in this section use computational
tools that are more easily applied in many cases.

To motivate someof the ideasthat follow, recall that in somecortingency tables
it is possibleto easily identify a reasonablecollection of Markov moves that presene
the required constraints and are a basisin the linear algebrasensefor the kernel of the
constraint matrix. Howewer, a basisin the linear algebra sensedoes not always give
a Markov basis{ the Markov basis allows you to connect all tables while remaining
nonnegative, a condition not guararteed by the linear algebra basis. The smaller
collection, while not a Markov basis, may connect tables with certain margin values
while remaining nonnegative. The linear algebra basis can be enlargedto a Markov
basisby a processcalled saturation discussedbelow, and the result can be much more
complicated than the original collection of moves.

A lex basisfor the toric ideal | o for a constraint matrix A is quite special in that

IA;. This is a consequenceof the elimination theorem, and meansthat one lex basis
calculation givessequetiial sampling information about all the cellsin sequence With
a collection of moves smaller than a lex basisfor | o, the theory is more di cult.

A Markov subbasisMa.; for t 2 Z, and integer matrix A is a nite subset of
kerz (A) sud that for ead pair of vectorsu;v 2 A 1[t], there is a sequenceof vectors

XI
u = v+ mi;
i=1
X
0 Vv + mi; j =10
i=1

The connectivity through nonnegative lattice points only is required to hold for this
specic t.

Lemma 4.1. Supmsea Markov sublasisM a.1 satises 1(Ma:t) f 1,0,+1g. Then
1(A 1t]) is an interval of integers[l; u4].

Proof. One canconnecttableswith feasiblevaluesni and my in the rst coordinate by
changing the rst coordinate only 1 at ead step, sothe gap between possiblevalues
cannot be greaterthan 1. =

The following proposition is usedin Examples 7.3 and 7.4 where Proposition 3.1
cannot be used. Recall that a lex basis for a toric ideal has the property that eadh
elimination ideal [Cox et al. (1997), p. 113]is also a lex basisfor a remaining toric
ideal, soapplying Lemma4.1in sequencds immediate. With a subbasis,howewer, one
must add a technical condition involving saturation to get the sequettiial application
of Lemma 4.1.

Saturation [seeSturmfels (1996), p. 113 or Kreuzer and Robbiano (2000), p. 215]
is an algebraic procedurethat enlargesan ideal. In our casethe ideal will correspond



to a collection of Markov moves possibly lessthan a full Markov basis. If | is an ideal

| :f1 == fg2 Q[x1;::::xq]: X g2 1 for somek Og;

which is alsoan ideal. For the indeterminate x;, | : x! is the collection of polynomials
g sud that xrg is in the ideal | for somechoice of the exponert k.

Xt )\ QXi+1;:::;Xa]  Ima, for eachi = 1;2;:::;d 1. Then the polytope A 1[t]
has the sequential interval property.

Proof. By Lemma 4.1, 1(A 1[t]) is an interval. We must showv that two tables in
A [t] with a common ertry in coordinate 1 can be connectedwith movesin M a:
without touching coordinate 1. To seethis, supposetablesu®v®2 A 1[t] have common
rst coordinate u; = v = C.

Let u = (O;uz;uz;:::;ug), v = (0;vo;vs;:::;Vg). We must shav that x¥ xV 2
hG\ Q[x2;:::;Xq]i to be able to connect them with movesin G that only involve
changing the secondcoordinate (by only 1 at ead step). Since G is a lex basis,
G\ Q[xz;:::iXgli = Imu, \ QIX2;:::;Xq], and it is enoughto show that x"  xV 2

Ima .- Wehave that xY  xV 2 4.

Sincex$(x!  x¥) = x4° x¥°2 Imu . the binomial x4 x¥ 2 (Im,, @ X} )\
Q[Xx2;:::;Xq]. Under the assumption (Iu,., : x1 )\ Q[X2;::1;Xqd] IMp - the rst
step is proven.

Suppose now that two tables u®v®2 A 1[t] have common rst two coordinates

We must shav that xY x¥ 2 hG\ Q[xgz;:::;Xg]i to be able to connect them with
movesin G that only involve changing the third coordinate (by only 1 at ead step).
By the argumert above, we have that x52x"  x$x" 2 Ima - Then by the saturation
condition on x2, X! xV 2 (Im,,, :x3)\ QIxs;iiiixgl Mac.

The argumert cortinueslikewisefor ead cell in the order 1;2;:::;d. =

To useProposition 4.1, one must have in hand a Markov subbasis,which requires
knowing some connectivity properties. These can be established sometimeswith ad
hoc argumerts or with the primary decomposition of the ideal I v,.,. Lemma 4.2 belov
is a new method to verify a Markov subbasis,and we useit in Example 7.3. The
quotient \:" operationisdened by | :f := fg: f g2 Ig, the result of one step of
the saturation procedurede ned above.

Lemma 4.2. Let M ker z (A) be Markov moveswith ideal 1. Suppse each el-
ementa 2 A t] satises ng > Ofor all s 2 S f1;:::;dg, and supmse that
(Im @ “g5Xs) = la, the toric ideal. Then the movesin M connect all of A t]
and are therefore a Markov sublasis.
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Proof. Letu;v 2 A [t],andlet u®=u Ig,v%=v Ig, wherels is the vector with
1 in the coordinates that are in the set S, arg 0 elsewhere. Clearly x4° xV° 2 |4,
so by the saturation assumption, (xuo xVO) 25 Xs 2 Im. The fundamental result
of Diaconis and Sturmfels (1998, Theorem 3.1) says that the movesin M connect
u = u% Ig with v = v%+ I g through the nonnegative tables. =

5 Bounds on Cell Entries

When the conditions for sequetial interval property are met, the next questionis how
to quickly determine or approximate the upper and lower bounds of the interval [l; u].
In very special cases,one can useknown formulas for the interval, suc asthe Fredet
bounds. This works in two-way tables and somedecomposablegraphical models[(Chen
et al. (2005)]. For general multiw ay tables, usually no simple formula is available to
compute the bounds. Three other ways to determine or approximate the upper and
lower bounds of the interval [l;u] are integer programming (IP), linear programming
(LP), and the shuttle algorithm. IP is the only one amongthe three that can give the
exact integer bounds| and u, but it is much slower than the other two methods.

LP in the rational numberscandynamically nd boundson the interval at ead step
in the sampling. LP is much faster than IP, and under conditions that hold in many
examples,LP givesthe sameanswer as IP. The conditions we formulate are concrete
algebraic conditions that can be cheded with a preliminary calculation. Hosten and
Sturmfels (2003) study the di erence betweenLP and IP from a di erent point of view.
They give the largest possibledi erence over all constraint values, whereasour results
usethe particular constraint valuesof the data set.

The numerical implementation of LP to determine an interval [I; u] must be done
carefully. LP sometimesgiveswider intervals than the true interval because.P consid-
ers solutions in a larger space.Roundo of numerical approximations that comefrom
oating point operations or interior point methods can result in sampling a number
out of the feasiblerange|l; u] or into a strict subsetof the feasiblerangewhich canlead
to errors. The program that we embeddedinto the sampling code and that worked
well is IpSolve [Berkelaar, Eikland, and Notebaert (2004)].

A third way to approximate the intervals is the shuttle algorithm, described in
Buzzigoli and Giusti (1999) and Dobra and Fienberg (2001). This is an iterative
method that usually does not give exact IP results, but it has two advantages in
special cases: it is fast and easyto program, and it can be implemented without
explicitly constructing a constraint matrix, a task which may be impossiblefor very
large problemswith millions of cells. In our numerical examples,LP works better than
the shuttle algorithm, in somecasesmuch better.
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Considerthe IP and LP problems

uj(b) = maxfn; : Ajn=b; n22%g
lj(b) := minfn; : Ajn=1b; n22Zz%
Ui(b) := maxfq : Ajqg=b; q2 Qlg
Li(b) := minfg : Ajg=b; g2 Q%g

where Z, ; Q. are the nonnegative integers and nonnegative rational numbers respec-
tively. We are interestedin bounding the nonnegative quartities U; u; andl; L;j.

In Propositions 5.1 and 5.2 that follow, we use the relationship between lower
and upper IP bounds and normal forms with respect to lex and grevlex term orders
explainedin Conti and Traverso(1991) and stated in Algorithm 5.6 of Sturmfels (1996,
p. 43). For the following proposition, let AQl[t] = fq 2 QY : Aq = tg, the set of
nonnegative rational vectors with constraints t.

Prop osition 5.1. Supp)sea Markov sublasisMa:t = f myq;:::; mgg hasthe prop-
erty that G = fxMi o xMi; i o= L ;09 is a lex Grobner basis with ordering
X1 > X2 > Xg on indeterminates for the geneated ideal |y, ,. Also, supmse
IMa, - s215q Xs = Ia where Sq is the collection of coordinates which are always

positive for elementsin AQl[t], and suppselu, , : X1\ QXis1;:::;Xd] Im,, for
eachi=1;2;:::;d 1

If the coordinate valuesof all m{ (i = 1;:::;0) arein f0;1g, thenl;(tj) = L;j(tj)
forallj =1;2;:::;dandall t; givenbyt; =t,tj =t ain; axn; a 1nj 1,
j = 2;:d

Proof. We shav rst the result that I;, L. Letm 2 A 1[t].

Uselong division to compute the normal form of x™ with respect to Im, - Let the
normal form be the monomial x"’. It is nearly immediate that ny Iy, sincethe rst
coordinate of the normal form when dividing by a Greobner basis for the full ideal | o
is lq.

Let q” solve Ly = minfgy : Agq = t; g 2 QYg. We show that ¢  n3, which
together with n’i’ I, will provethe result Ly = I1.

Supposeby way of cortradiction that n > ¢f. Sinceq” is rational, an integer
multiple, say q” is integral. Then A( g%) = A( n%), sox "° x 9 2 . Fur-
thermore, by the assumptlon of positivity of coordinates Sq on elemerns in A 1[t] it
foIIows&at q2;n2 > 0for s 2 Sg. Then x n?ox a2 Ima .. Dy the assumpt|on
IMAt - s2l QXS_ la.

Since G is a Grobner basisfor this ideal, one of the lead terms of the basis must
divide the lead monomial x "°. This meansthat the indices of positive coordinates of
the exponerts m;" of the lead monomial must be included in the positive coordinates of
n?. Sincethe corresponding coordinate valuesare 0 or 1, the divisor must also divide
n?. This cortradicts its construction above asthe normal form without divisors. Hence
it cannot be the casethat n? > ¢f. This provesthat I; n] ¢f = L.

We shaw next the result that 1, Lo. Let m 2 A 1[t].
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Use long division to compute the normal form of x™ with respectto G, := G\

Let the normal form be the monomial x”?, where nI = m4, which has not changed
in the division. It is nearly immediate that n3 I, sincethe rst coordinate of the
normal form when dividing x5'2 xg‘d by a Grebner basisfor the full ideal I a, is I>.

Let q° solve L, = minfep : Ag=t; qp = my; g 2 QYg. We show that ¢ n3,
which together with nZ l> will provethe result L, = I5.

Supposeby way of cortradiction that n} > ¢. Sinceq? is rational, an integer mul-
tiple, sy q isintegral. Then A( g%) = A( n?), sox ™ x 9° 2 | 4. Furthermore,
by the assumption of positivity of coordinates Sq on elemerts in A t], it follows

that qZ;n > Ofor s2 Sq. Thenx ™ x 9 2 Iy, sincelm,, : ), Xs = la.
2 2 2. a? Y ' Q .
Also, x ©Onzi ing)  x O 'qa>92 I - x} \ Qlxz;:::;xgl. By the assumption on
Imu, Xt it follows that x ©nzi ) x @G 6 21y, .
Since G; is a lex Grebner basis for the ideal I v, , \ Q[X2;:::;Xq] by the elimi-

nation theorem, one of the lead terms of the basis G, must divide the lead monomial
x @n3: ) sincewe have just shown that this is the lead monomial in a binomial that

the exponerts m;" of the lead monomial must be included in the positive coordinates of
n?. Sincethe corresponding coordinate valuesare 0 or 1, the divisor must also divide
n?. This cortradicts its construction above asthe normal form without divisors. Hence
it cannot be the casethat n3 > ¢3. This provesthat I, n3 o = L.

The remaining coordinates are proved similarly. =

There is a corresponding result for the upper bounds. Whereasthe lex basisrelates
IP minimization to the normal form of a monomial, it is the grevlex basisthat relates
IP maximization to the normal form. We state the result belov only for the rst
entry, since it must be applied repeatedly. Using the result requires recomputing a

and recheking the condition, becausewe cannot simply apply an elimination theorem
on a single lex basisas before.

erty that G = fxmi xMi; = 1;:::;99 is a grevlex Grobner basis with ordering

Xd > Xd~ > > x3 on indeterminates for the geneated ideal Iy, ,. Also, supmpse

IMat ©  s215. Xs = la wher Sq is the collection of coordinates which are always
' Q

positive for elementsin AQl[t]. If the coordinate valuesof m; are in f0;1g, then
ua(t) = Us(t).
Proof. We shaw that U; u;. Let m 2 A 1t].

Use long division to compute the normal form of x™ with respect to the greviex
basisly, .. Let the normal form be the monomial x"". It is nearly immediate that
n?  uy, sincethe exponert on x; of the normal form when dividing by a greviex
Greobner basiswith reversedindeterminate order for the full ideal | o is uj.

Let q° solve U; = maxfqr : Ag =t; g 2 Q{g. We shaw that gf  nJ, which
together with n’i’ uy will prove the result U;  uj.
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Supposeby way of cortradiction that ¢ > n?. Sinceq” is rational, an integer
multiple, say q” is integral. Then A( g%) = A( n?), sox "° x 9 2 . Fur-
thermore, by the assumption of positivity of coordinates Sg on elemerts in AQl[t], it
foIIows(Tat qZ;n > 0fors2 Sq. Thenx ™ x 9° 2 Iy, , by the assumption
IMA;t : s2ls, Xs = la.

Since G is a Grobner basisfor this ideal, one of the lead terms of the basis must
divide the lead monomial x "°. This meansthat the indices of positive coordinates of
the exponerts m;" of the lead monomial must be included in the positive coordinates of
n?. Sincethe corresponding coordinate valuesare 0 or 1, the divisor must also divide
n?. This cortradicts its construction above asthe normal form without divisors. Hence
it cannot be the casethat gf > nj. This provesthat Uy = ¢f n} urm

The corollary below, combining Propositions 5.1 and 5.2, appliesdirectly to Exam-
ples7.1,7.2,and 7.4.

Corollary 5.1. If a lex Grobner basis for | o has squae-free expnents on the lead

Proof. The assumptions of Proposition 5.1 hold if Iy,, = Ia, sothe lower bounds
from LP and IP are equal. For the upper bounds, the statemert is a restatemen of
Proposition 5.2 for ead step in the sequetial sampling. =

6 Sampling Distributions

Assume that the sequetmial interval property holds for a multiway table with given
constraints, and that the intervals can be approximated by LP. The next question is
how to sample from theseintervals. Ideally, we want to sample a cell value from the
true marginal distribution of a cell entry conditional on the ertries that have already
been sampled. However, these marginal distributions are quite dicult to compute
explicitly exceptin very small examples. SIS skirts this di cultly by sampling from a
simple proposal distribution on the set of all possiblemarginal values.

For a target uniform distribution, which is useful for courting the total number
of tables and some Bayesian applications, we proposea uniform distribution on the
available interval for ead cell, i.e., p(xX) = 1=(u | + 1) on integersin the interval
[I;u]. We call this the \uniform sampling method.” With the length of the proposed
sampling interval, the importance weights can be computed exactly for reweighting at
the end. This strategy giveslow cv? (5 for all exampleswe have tested) and works
very well on the examplesin Section7.

For a target hypergeometricdistribution, which arisesin conditional inferencewith
multinomial sampling, we propose to sample a cell value from the hypergeometric
distribution p(x) = Y .Y =24 on the interval of available integers[l;u]. We

X I+u x 7 I+u
call this the \h ypergeometricsampling method," which is usually (but not always, see
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Example 7.4) better than the uniform sampling method when the target distribution is
hypergeometric. This hypergeometricproposaldoesnot give the exact hypergeometric
target in the end. It is just a reasonablemarginal approximation. This method gives
satisfactory results for examplesin Section7, although the cv? is not consisterily small.
For sparsetables, approximating the marginal massfunction of the count in a single
cell can be di cult.

7 Examples

In the examplesthat follow, we sample sequetially from intervals computed with the
LP approximation. The LP approximation is very closeto or exactly equal to the
IP range in all examples. In Example 7.1, one can apply known results on Markov
basesto avoid algebraic calculations, and the most basic results of Section 3 apply.
In Example 7.2, one must do explicit algebraic calculations to verify the conditions of
Section3. We did a detailed numerical comparisonwith the Markov chain on Example
7.2. Example 7.3 (6-way Czed autoworker data) is one that requiresthe full theory
of Markov subbasesof Section 4 and consideration of the speci ¢ margin values to
get sequetiial intervals under one model. We also study a secondmodel for which
we could not compute the Markov basis, and we seethat SIS still works well. The
no-3-way interaction model of Example 7.4 is a well-known examplewhere the Markov
basisinvolvesmovesof size 2, and yet the sequettial theory applies perfectly. Example
7.5is a classictriangular genotype table, and it brings out the importance of cheding
dierent cell orders. In some orders, the sequetial interval property holds, and in
other quite natural ordersit doesnot, and this can be seenin the lex basis. Finally,
Example 7.6 is an important application of sampling on lattice points that are not
strictly speaking cortingency tables. The work of Rapallo (2004) on Markov basesand
structural zerosmay be useful for other examples.

The starting point to verify the conditions of Sections3, 4 and 5 for a particular
exampleis to attempt to compute the toric ideal | o. For this we have usedthe toric
library toric.lib in the free software Singular [Greuel, P ster, and Sdoenemann
(2003)] and the groebner command in 4ti 2 [Hemmedke and Hemmede (2003)]. The
software 4ti 2 was used to construct constraint matrices for sewral examples. The
operations of saturation and quotient (\:") that gure in the results of Sections4 and
5 were done quickly in Singular.

In the following examples,all results are basedon 1000random samplesusing either
the uniform sampling method or the hypergeometricsampling method. The code was
written in R and the software IpSolve was called from R. The running times range from
seweral secondsto a few minutes on a 2.0 GHz computer. When IP is used instead
of LP, a computation typically takes hours, and sometimesit will not terminate in a
reasonableamourt of time.

Example 7.1. Considerthe 3-way case/corirol data (Table 1) inthe 4 4 2table
from the llle-et-Verlaine cancerstudy of the age35-44group [Breslon and Day (1980),
Appendix I]. The factors are Alcohol level (A), Tobaccolevel (T) and ResponseR,
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where R=0 is a corntrol measuremen and R=1 is a case.

A
1 2 3 4
R=0 | T 1|60 35 11 1
2113 20 6 3
3|7 18 2 2
4,8 8 1 O
R=1 | T 1{0 O 0 2
2(1 3 0 O
3/!0 1 0 2
4, 0 0 0 O

Table 1: Age 35-44data on oesophageatancerfrom Breslov and Day (1980).

The \case" outcomesare sampledwith a multinomial distribution with probabilities
p(a;tj 1) on the alcohol and tobacco covariates. The \control" outcomesare also sam-
pled with a multinomial distribution with probabilities p(a;tj0). With a retrospective
model p(a;tj 1)=p(a;tj0) = e a* t of eight parameters, the appropriate marginsto x
for conditional inference(treating p(a;tj 0) asunknown nuisanceparameters)are [A,T]
(sum over case/corirol counts at ead level), [A,R], and [T,R] (sums over other factor
at eat responselevel). The constraints imply that the Graver basis[Sturmfels (1996),
p. 55]for the independencemodel on T and R is a Markov basis,and the Graver basis
is equivalert to the collection of square-freecircuit moveson one level of the Response
factor. Thusthe results of Section3 and Corollary 5.1 imply the property of sequetial
intervals and LP will give the exact integral interval bounds at ead step.

The simulation with LP gave 100%good tables. When the underlying distribution

is uniform, the uniform sampling method gave cv? of 0.24 and estimated the total
number of tables to be 25, a number con rmed by LattE in a total elapsedtime of 7
secondson a 2.8 GHz desktop. When the underlying distribution is hypergeometric,
the hypergeometricsampling method gave cv? of 0.5, and the estimated p-value for the
exact goodness-of- t test (de ned by equations (1) and (2)) is 0.04.
Example 7.2. Considerthe 4-way abortion opinion data (Table 2) from Christensen
(1990, p. 129). The obsenations are classi ed accordingto race, sex,ageand opinion.
There are three di erent opinions: yesmeanssupporting legalizedabortion, no means
opposing legalizedabortion, and the last oneis undecided.

Christensen ts the log-linear model for the expected cell counts with all three-
way interactions and all lower order terms. A shorthand notation for this model is to
list its highest order interaction terms: [RSO], [RSA], [ROA] and [SOA]. Conditional
goodness-of- t test for this model requires xing all three-way margins[R,S,0],[R,S,A],
[R,0,A] and [S,0,A]. The lex basisof 165elemerts is square-freein the lead monomials,
sothe sequetial interval property holds by Section3 and the IP and LP lower bounds
are identical. A more detailed calculation to verify the conditions of Corollary 5.1
requirescomputing a grevlex basisfor ead of the submatricesof A;, de ned in Section
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Race Sex Opinion 18-25 26-35 36-45 46-55 56-65 66+

White Male Yes 96 138 117 75 72 83
No 44 64 56 48 49 60
Undec. 1 2 6 5 6 8
Female Yes 140 171 152 101 102 111
No 43 65 58 51 58 67
Undec. 1 4 9 9 10 16
Nonwhite Male Yes 24 18 16 12 6 4
No 5 7 7 6 8 10
Undec. 2 1 3 4 3 4
Female Yes 21 25 20 17 14 13
No 4 6 5 5 5 5
Undec. 1 2 1 1 1 1

Table 2: 4-way abortion opinion data from Christensen(1990).

condition is veri ed, proving that LP and IP upper bounds are always the same.

The LP method for nding the interval bounds gave 100%good tables in practice.
When the underlying distribution is uniform, the uniform sampling method gave cv?
of 2.92 and estimated the total number of tablesto be 9:1 10’. When the underlying
distribution is hypergeometric, the value of cv? using the hypergeometric sampling
method was around 102.9,and the estimated p-value for the exact goodness-of- t test
(de ned by (1) and (2)) is 0.85with standard error 0.1, basedon 1000 tables which
took about 5 minutesin R on a 2.0 GHz computer. The MCMC algorithm generated
1000 samples(with 1,000,000samplesas burn-in) in 224 minutes and estimated the
p-value to be 0.84 with standard error 0.05. Thus SIS is about 11 times faster than
the MCMC algorithm for this example.

The algebraic conditions for SIS with some models on this data are dicult to

verify. For example, 4ti 2 runs for an hour on a 2.8 GHz Linux desktop with 1 GB
of memory without completing the Markov basis calculation on the model [RS], [RA],
[RO], [SO], [SA], [OA].
Example 7.3. Consider the 6-way binary Czed autoworker data in Table 3 from
a prospective study of probable risk factors for coronary thrombosis [Edwards and
Havranek (1985)]. There are 1;841 men in a car factory involved in the study. Here
A, B, C, D, E and F indicate di erent risk factors. One reasonablemodel is given by:
[ACDEF], [ABDEF], [ABCDE], [BCDF], [ABCF], [BCEF] [Dobra, Tebaldi, and West
(2003)]. Conditional goodness-of-t test for this model requires xing the margins:
[A,C,D,E,F], [AB,DEF], [AB,CD,BE] [B,CD,F], [AB,C/F] and [B,C,E,F]. Imple-
merting SIS for this examplerequirestechniques beyond the basic methods of Section
3, becausethe lex basisdoesnot have square-freelead exponerts.

In Table 3, (0) indicates that the LP lower bound for that cell entry is O with the
constraints from the model above, the others are strictly positive. Identifying these
cellsis relevant when we apply Propositions 4.1, 5.1 and 5.2, asthe (0) cells form the
complemen of the set Sq (de ned in Proposition 5.1).

The lex basisfor the toric ideal with lex order in indeterminates yields 20 elemerts,
the rst of which has an exponert of 2 on the lead indeterminate x111111. Therefore
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B no yes
F E D C |A no yes no yes
Negative <3 < 140 no 44 40 112 67
yes 129 145 12 23
140 no 35 12 80 33
yes 109 67 7 9
3 <140 no 23 32 70 66
yes 50 80 (0)7 13
140 no 24 25 73 57
yes 51 63 7 16
Positive <3 <140 no 5 7 21 9
yes 09 17 (0)1 (0) 4
140 no ©0) 4 3 11 8
yes 14 17 5 (0)2
3 <140 no 7 (0)3 14 14
yes 9 16 (0)2 (0)3
140 no o4 ©O 13 11
yes 0) 5 14 (0) 4 4

Table 3: 6-way Czed autoworker data from Edwards and Havranek (1985).

Proposition 3.1 cannot be applied directly. Howeer, the ideal genératedby the other
19 polynomials saturatesin one step with respect to the monomial ~ ., 5 Xs, whereS is
the set of 41 coordinates that must be positive. Henceby Lemma 4.2, these 19 moves
are a Markov subbasis. They are a lex Grobner basis for themsehes, and they have
the saturation property required in Proposition 4.1, sothe sequettial interval property
holds. Furthermore Proposition 5.1 shows that the IP and LP lower boundsare always
the same (which also implies that the (0) cellsin the rationals are the samecells as
those that could be 0 in the integers). Corollary 5.1 doesnot apply to show that the
LP and IP upper bounds are the same, becauseexponerts of 2 appear in the grevlex
bases.We can use Proposition 5.2 on successie cellsto show that LP and IP are the
sameafter a few initial cells.

If the cells are lled in acrossrows and then down, the order is 111111,211111,
121111,::: (the order from 4ti 2). The sequetial interval property holds in this order
aswell.

For this model, using LP for interval bounds gave 100% good tables. The shuttle
algorithm gave 99% good tables with one iteration, and 99.5% with two iterations.
When the underlying distribution is uniform, the uniform sampling method gave cv?
of 1.09 and estimated the total number of tables to be 841. The quantity cv? when
targeting the hypergeometricdistribution using hypergeometricsampling method was
50.7, and the estimated p-value for the exact goodness-of-t test (de ned by (1) and
(2)) is 0.27. Fitting this model in R using the loglin commandgivesa 2 statistic of
5.8 on 4 degreesof freedom, for a p-value of approximately 0.21.

Consider the model of all 15 four elemen constraints like [A,B,C,D], i.e., all four-
way margins. We could not obtain the Markov basisfor this model, but SIS still works
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well with cv? = 5:0 when the target distribution is uniform. LP gave 100%good tables
whereasthe shuttle algorithm gave only 2% good tables after 10 iterations.

Example 7.4. Considerthe 3 3 3 example(Table 4) from Diaconis and Sturmfels
(1998, p. 379), with a model of no-3-way interaction. Conditional goodness-of-t test
for this model requires xing all \line sums."

9 16 41| 8 8 46|11 14 38
85 52 105|35 29 54|47 35 115
77 30 38 |37 15 22|25 21 42

Table4: 3 3 3table from Diaconisand Sturmfels (1998).

When ordered left to right acrossrows, Proposition 3.1 implies sequettial intervals
and Corollary 5.1 givesan IP/LP gap of O at every step. In simulation, LP gave 100%
good tables, and the shuttle algorithm also gave 100%good tables after one iteration.

When the underlying distribution is uniform, the uniform sampling method gave

cv? of 2.08and estimated the total number of tablesto be 1:9 10%2. This is consister
with the number 1,919,899,782,9% from LattE, computedin atotal elapsedreal time
of 45 secondson a 2.8 GHz desktop computer. When targeting the hypergeometric
distribution, the hypergeometricsampling method gave cv® = 18Q7.
Example 7.5. Considerdata in Table 5 of genotype pairs from Guo and Thompson
(1992). The constraints for conditional goodness-of-t test of Hardy-Weinberg pro-
portions are the nine allele counts, which are nine linear functions that count twice
the diagonal ertry, sothe A matrix has ertries 0, 1 and 2. For sequetial sampling,
the order of cells given by Table 6 leadsto sequetial intervals by Proposition 3.1. In
generalfor the genotype problem, sampling acrossrows will not give intervals.

Bi | 1236

B, | 120 3

Bs 18 0 0

Bs| 982 55 7 249

Bs | 32 1 0 12 0

Be | 2582 132 20 1162 29 1312

B7 6 0 0 4 0 4 0
Bg 2 0 0 0 0 0 0
Bg | 115 5 2 53 1 149 O 4
B1 B, Bz Bs Bs Bsg By Bg Byg

0
0

Table 5: Rhesusdata from Guo and Thompson (1992).

The lead monomialsin a lex basis have exponerts that are all 0 or 1, soLP gives
the exact lower boundsby Proposition 5.1. For the upper bound, the grevlex condition
of Proposition 5.2 doesnot hold from the rst cell, but it doeshold after a few cells,
so IP and LP give the samebounds after someinitial cells. The simulation with LP
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10 2

11 18 3

12 19 25 4

13 20 26 31 5

14 21 27 32 36 6

15 22 28 33 37 40 7

16 23 29 34 38 41 43 8

17 24 30 35 39 42 44 45 9

Table 6: Order of cells.

produced 100% good tables. SeeHuber et al. (2004) for a direct sampling strategy
and somefurther discussionof this example.
Example 7.6. Considera constraint matrix A of the form A = (Apj 1) with Oor 1

This occursin a tomography problem introducedby Vardi (1996) where A is a routing
matrix for which routes betweenadjacert verticesusethe connectingedge,and the edge
counts are put last as slak variables. The integer data y = Ax where x are trac
counts betweenordered pairs of nodeson a graph and y is the aggregatetrac across
links. The sampling method of Tebaldi and West (1998) for Bayesian computation of
the posterior distribution is closely related to sequetial sampling. Dinwoodie (2000)
shows how fast sampling can be usedin a Monte Carlo EM algorithm for estimating
trac rates.

The property of sequetial intervals holds for the ertries of x under the con-

straint Ax = y in the order of the columns. With indeterminates wq;:::;w; for
the rst f columnsand z;;:::;ze for the last e slak variables, a lex Grobner basisin
Qfwa;:::;wWs;21;::1; Ze] consistsof the f binomials w;  z%i.

Linear programming will give the exact interval boundsat eadh step becauseof the
square-freelead monomials. The shuttle algorithm will also give the exact intervals in
one step. The interval for the rst cell is exactly [0;mint;.q. 50,1 i tofYig] and the

It is possibleto establish properties of SIS for some classesof examples, or in
other words for sometypesof cortingency tables with certain constraints and margin
values. This is an areaof ongoingwork, but at this time we can make somestatemerts.
Logistic regressiontables with one integer covariate and positive column sums(at least
one measuremenh at ead level of the covariate) have the sequettial interval property.
This is proved in Chen, Dinwoodie, Dobra, and Huber (2004). The subbasisthat
corresponds to di erences of adjacert minors satis es the conditions of Proposition
4.1. Howevwer, the IP/LP gap may not be zero.

Also, two-way tables with structural zerosand xed row and column sums have
sequetial intervals. The samealgebraic technology also shows that case/corrol data
with two factors such as Example 7.1 has the sequettial interval property. We con-
jecture that decompsablegraphical models will have the sequetial interval property
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under someorder on the cells, but at this time a careful proof is not complete.

8 Conclusion

We described an e cien t sequetial importance sampling method for sampling multi-
way tables with complex constraints. It can be usedto approximate exact conditional
inferenceon contingency tables. Sequetial importance sampling usesthe idea of divide
and conquerto sequetially build up the proposal distribution by sampling table en-
tries one by one. We preseried a theory that relates algebraic properties of collections
of Markov movesto certain geometric properties of cortingency tables. The geometric
properties of \sequertial intervals" and the relationship of IP to LP are important for
the performanceof sequetial sampling. Many real examplesshow that the theory is
applicable and useful, and can be usedin someexampleswhen a Markov basiscannot
be found.

In practice, onemay try sequemial sampling evenif the sequetial interval property
doesnot hold or if the algebraic conditions are not satis ed or not cheded. If one can
nd rough boundsfor ead entry and designthe proposaldistribution carefully, sothat
the fraction of valid tables is high and the cv? is low, SIS may still give satisfactory
results.

Further work is required to formulate a method to designthe proposal distribu-
tion at ead step. We have seenthat the uniform sampling method works very well
when the underlying distribution is uniform. Howewer, when the target distribution is
hypergeometric,the hypergeometricsampling method still has spacefor improvemert.

Ac knowledgmen ts. This work was supported by NSF DMS-0200888,NSF DMS-
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