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Abstract

We describe an e�cien t sequential Monte Carlo method for sampling multiw ay
tables with given constraints, which can be used to approximate exact conditional
inference on contingency tables. An essential feature of our new method is that it
samplestable entries sequentially according to an appropriate proposal distribution.
The sequential sampling approach "divides and conquers" the di�cult task of �nding
an appropriate proposal distribution for a multiw ay table with complex constraints.
Computational commutativ e algebra is usedto provide conditions that guarantee that
our method hascertain good properties. In particular, weestablisha theory that relates
sampling valuesat each step to properties of the associated toric ideal. The property
of interval cell counts at each step is related to exponents on lead indeterminates of
a lexicographic Gr•obner basis. The approximation of integer programming by linear
programming for sampling is related to initial terms of a toric ideal. We apply our
method to a range of examples from social and medical sciencesto demonstrate its
e�ciency in real problems.

AMS 1991 subject classi�cations. Primary: 62H17,62F03. Secondary:13P10.
Key words and phrases. Conditional inference, contingency table, exact test, Monte
Carlo, sequential importance sampling, toric ideal.
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1 In tro duction

Sampling from multiw ay contingency tables with given constraints can be usedto com-
pute exact Monte Carlo p-valuesfor conditional inference[Freemanand Halton (1951);
Agresti (1992)]. This is desirable when the tables of interest are numerous (mak-
ing enumeration impractical) but have entries that raise doubts about the validit y of
asymptotic methods. A classicalapplication is testing for Hardy-Weinberg equilibrium
with multiple alleles,where someallelesmay be quite rare and result in sparsetables
[Guo and Thompson (1992)]. Other applications include conditional goodness-of-�t
test and testing parameter signi�cance for grouped case/control data with several risk
factors [Chen, Dinwoodie, and MacGibbon (2004)], and the conditional volume test
proposedby Diaconis and Efron (1985). More applications are described in Besagand
Cli�ord (1989). A more general problem is sampling from nonnegative integer lat-
tice points. This includes contingency tables, and further applications such as Monte
Carlo EM algorithms with incomplete data [Vardi (1996)] and Bayesian computation
of posterior distributions [Tebaldi and West (1998)].

Markov chain Monte Carlo (MCMC) has beena popular technique for generating
random samplesfrom tables with given constraints. It is usually easyto program, does
not require a lot of memory, and haswide applicabilit y. Diaconis and Sturmfels (1998)
gave algebraic characterizations of the moves necessaryto run such a Markov chain,
giving discrete MCMC a �rm footing in commutativ e algebra. However, for some
loglinear models, the constraints from su�cien t statistics on multiw ay tables make it
di�cult to design irreducible Markov chains. Diaconis and Sturmfels (1998) gave a
method to produce Markov moves that connect all tables with given constraints, but
in somepractical cases,such as large logistic regressionexamples,the moves cannot
be computed. It is sometimespossible to do computations with a smaller collection
of moves by letting someentries in the spaceof tables go negative. This idea is used
in Bunea and Besag (2000) and Chen, Dinwoodie, Dobra, and Huber (2004). The
cost is a longer running time for the Markov chain. In general the running times of
these Markov chains are very di�cult to judge. Therefore, Markov chains have three
disadvantages: 1) they can be hard to design, 2) they can take a long time to run to
stationarit y, and 3) the time to run to stationarit y may not be clear.

Sequential importance sampling (SIS) avoids thesedisadvantagesof Markov chains
becauseit is relatively easy to implement and there is no issue of converging to a
stationary distribution. Chen, Diaconis, Holmes, and Liu (2005) introduced an SIS
procedurefor simulating two-way zero-oneand contingency tables with �xed marginal
sums, which comparesfavorably with other existing Monte Carlo-based algorithms.
Similar techniques have also been applied to a logistic regressionproblem in Chen,
Dinwoodie, Dobra, and Huber (2004). These SIS algorithms, however, are designed
only for two-way tables and have tended to rely on ad hoc constructions of the proposal
distribution. This paper usescommutativ e algebra to provide a general scheme for
constructing the proposaldistribution of SIS algorithms, and extendsthe usefulnessof
SIS from two-way tables to a wider range of multiw ay tables.

The idea behind SIS is to sample cell entries in the contingency table one after
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the other so that the �nal joint distribution (i.e., the proposal distribution ) is closeto
the target distribution. SIS doesnot have the samedisadvantagesas a Markov chain,
becausethe method terminates at the last cell and generatesi.i.d. samplesfrom the
proposal distribution. However, SIS raises a new set of implementation issues. The
main problemsare approximating the support of the marginal distribution of each cell
quickly, and then approximating the marginal distribution on the support set with a
proposal distribution. We show how properties of the sampling set at each step can
be deduced from algebraic conditions on a collection of Markov moves. The results
of this paper demonstrate that SIS can be implemented e�cien tly for many multiw ay
contingency table problems that have beenstudied mostly with Markov chains.

The target distribution on the collection of tables may be hypergeometric, which
arisesin conditional inferencewith multinomial sampling, or it may be another related
distribution such asthe onefor Hardy-Weinberg proportions. SIS can yield an approx-
imate count of constrained tables very quickly when the target distribution is uniform.
This application has beencarried out in Chen et al. (2005), where SIS was shown to
be more e�cien t than Markov chains for counting and testing two-way tables. Mathe-
maticians are interested in counting the total number of tables with given constraints.
Counting tables is alsorelated to conditional volume tests [Diaconis and Efron (1985)].
In our multiw ay examples,we found approximate counts of tables without di�cult y.
The exact counting software LattE [DeLoera, Haws et al. (2003)] con�rmed the counts
on the two smallerexamples.The uniform target distribution is alsouseful for Bayesian
applications where a uniform prior on probabilities leads to equally likely tables, and
for the conditional volume test [Diaconis and Efron (1985)].

The paper is organized as follows. In Section 2 we introduce essential ideas of
SIS. The algebraic conditions for e�cien t sampling are formulated in Sections3 and
4. Many of the algebraic ideas of Markov chains on lattice points are used. Section
3 treats the basic casewhere properties of polynomials generating the toric ideal are
related to SIS.Section4 is more technical and developsstronger methods for subsetsof
the Markov basis. Theseresults can apply when the observed margins imply conditions
of positivit y on the tables constrained by the margin values.

Section 5 is about the relationship between linear programming (LP) and integer
programming (IP). When the support of the marginal cell distribution is an interval of
integers [l ; u], a situation establishedunder conditions in Sections3 and 4 and which
occursoften in practice, oneneedsthe valuesof the upper and lower bounds. Knowing
then that LP and IP give nearly the sameanswer is important, becauseusing an IP
algorithm at each step in the procedurewould be much slower than using LP. A precise
algebraicrelationship betweenLP and IP is developed in Hosten and Sturmfels (2003),
which givesan algorithm for �nding the maximum di�erence betweenthe two over all
conceivable data sets. The results here may be easierto apply in someexamples. In
practice, it is not essential that LP and IP be identical. Section 6 discussessampling
distributions for di�eren t target distributions. In Section7 we give a rangeof examples
to show how well SIScanwork in real problems. Section8 providesconcludingremarks.
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2 Elemen ts of SIS

Let 
 denote the set of all contingency tables with given constraints. Assume 
 is
nonempty. The p-value for conditional inference on contingency tables can often be
written as

� = Epf (n) =
X

n2 


f (n)p(n); (1)

where p(n) is the underlying distribution on 
, which is usually uniform or hyperge-
ometric and only known up to a normalizing constant, and f (n) is a function of the
test statistic. For example, if we let

f (n) = 1f p(n )� p(n 0 )g; (2)

where n0 is the observed table, formula (1) gives the p-value of the exact test [Guo
and Thompson (1992)]. In many cases,sampling from p(n) directly is di�cult. The
importancesamplingapproach is to simulate a table n 2 
 from a di�eren t distribution
q(�), where q(n) > 0 for all n 2 
, and estimate � by

�̂ =

P N
i=1 f (n i )

p(n i )
q(n i )

P N
i=1

p(n i )
q(n i )

; (3)

where n1; : : : ; nN are i.i.d. samplesfrom q(n). We can also estimate the total number
of tables in 
 by

cj
 j =
1
N

NX

i =1

1f n i 2 
 g

q(n i )
; (4)

becausej
 j =
P

n2 

1

q(n) q(n). The underlying distribution on 
 corresponding to this
caseis uniform.

In order to evaluate the e�ciency of an importance sampling algorithm, we can
look at the number of i.i.d. samplesfrom the target distribution that are neededto
give the samestandard error for �̂ as N importance samples.A rough approximation
for this number is the e�ective samplesize [Kong, Liu and Wong (1994)]

ESS=
N

1 + cv2 ; (5)

where the coe�cient of variation (cv) is de�ned as

cv2 =
varqf p(n)=q(n)g
E 2

q f p(n)=q(n)g
: (6)

Accurate estimation generally requiresa low cv2, i.e., q(n) must be su�cien tly closeto
p(n). We will usecv2 asa measureof e�ciency for an importance sampling scheme. In
practice the theoretical value of the cv2 is unknown, so its samplecounterpart is used
to estimate cv2. The standard error of �̂ or cj
 j can be simply estimated by further
repeated sampling [Chen et al. (2005)].
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SIS as it applies to multiw ay tables �lls in the entries of a table cell by cell, in a
way that guarantees that every table in 
 can be produced. More precisely, we stack
all entries of the table into a long vector n, and start by sampling the �rst cell count
n1 of the vector n with a proposaldistribution q(n1). Conditional on the realization of
the �rst cell, we samplethe secondcell count n2 with a proposaldistribution q(n2jn1),
and then move forward sequentially until all the cells are sampled. Denoting the cell
counts of n by n1; : : : ; nd, we can write the joint proposal distribution q as:

q((n1; : : : ; nd)) = q(n1)q(n2jn1)q(n3jn2; n1) � � � q(ndjnd� 1; : : : ; n1):

Ideally, one would like to sample a cell value from the marginal distribution of a cell
entry , conditional on the entries that have already been sampled. However, these
marginal distributions are quite di�cult to compute explicitly except in very small
examples.SISthen raisessomeproblemsif it is to beusede�ectiv ely: 1) When and how
can the support of the marginal distribution n i j(n i � 1; : : : ; n1) be quickly determined
or approximated? 2) How can the support of the marginal distribution be sampled
with a proposal distribution q that is closeto the true underlying distribution p? We
addressthesequestionsin the following sectionsof the paper.

3 Sequential In terv als and Algebra

When they apply SISto the problem of sampling two-way contingency tables with �xed
marginal sums,Chen et al. (2005) notice that the support of the marginal distribution
n i j(n i � 1; : : : ; n1) is an interval of integers(Here n = (n1; : : : ; nd) is the table in a vector
format). Therefore they can samplea value from the interval at each step, and always
produce a table in 
, i.e., every table satis�es the constraints. This saves a lot of
computing time compared to rejection sampling. Another advantage of having this
interval property is that one can �nd a good proposal distribution q(n i jn i � 1; : : : ; n1)
more easily than in the situation where there are gaps in the support set.

SIS tends to perform better when the sequential interval property holds, but for
generalconstraints on multiw ay tables, it is not always true that onecan �ll in entries in
sequenceand expect the rangeof feasiblevaluesto be an interval of integers. Examples
where the sequential interval property doesnot hold are very sparselogistic regression
[Chen, Dinwoodie, Dobra, and Huber (2004)], many 3-way tables with certain margin
constraints [seeDeLoera and Onn (2004) for the full range of di�culties with 3-way
tables], and sometriangular tables of genotype data when cells are sampledin certain
orders. We notice that there is a close connection between the sequential interval
property and the Markov basisthat hasbeenusedto run MCMC on contingency tables.
Typically, there may be a problem if the moves of a Markov basis involve changesin
someentry that are of size� 2 or larger. A precisecondition is more complicated and
weaker than \no movesof sizegreater than 1," and may depend on the margin values
and the order of the sequential sampling. In this section we give the basic theorems
that are not related to the actual valuesof the margin constraints. In the next section
we strengthen the results.
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Now we introduce notation for lattice points and the algebra of polynomials that
will be used in our study of SIS. Let A be a r � d matrix of nonnegative integers,
denotedZ+ . In applications, d is the number of cells in the table, and r is the number
of parameters(not necessarilyfree) in an exponential family model. A is often referred
to as the constraint matrix and r is the total number of constraints. We assumethat
a sum of some nonempty subset of the rows of A is a strictly positive vector. In
applications with multinomial sampling, this will be immediate becausethe sample
size is �xed, so the constant vector of onesis a row or is in the row spaceof A. For
t 2 Z r

+ , let
A � 1[t ] := f n 2 Z d

+ : An = t g:

This is a collection of tableswith linear constraints, that is the setof nonnegative integer
points inside a polytope. The linear constraint value t will sometimesinformally be
called a margin constraint. The value of t will typically be the su�cien t statistics for
a loglinear model. Our primary goal is to sample from A � 1[t ].

Let us �rst recall the notion of Markov move on A � 1[t ]. If m 2 ker Z (A) (the
null spaceof A in the integers), then m is a Markov move. With a collection of such
moves, one can de�ne a symmetric Markov chain on A � 1[t ] by starting at an initial
state n 2 A � 1[t ], and then uniformly choosing one of the moves m and a sign on the
move, and then moving to the new state n � m if this new vector is nonnegative (i.e.,
every entry is nonnegative). A Markov basis M A for A is a subset of ker Z (A) such
that for each pair of vectors u; v 2 Z d

+ with Au = Av, there is a sequenceof vectors
m i 2 M A , i = 1; : : : ; l , such that

u = v +
lX

i =1

m i ;

0 � v +
jX

i =1

m i ; j = 1; : : : ; l :

That is, two nonnegative vectors with the same linear constraints can be connected
with a sequenceof increments from M A while always maintaining the linear constraints
and the nonnegativity.

De�ne the polynomial ring Q[x1; : : : ; xd] in indeterminates (polynomial variables)
x1; : : : ; xd, one for each cell. De�ne the toric ideal

I A := hxn � xm : An = Ami ;

where xn := xn1
1 xn2

2 � � � xnd
d is the usual monomial notation for a nonnegative integer

vector of exponents n = (n1; : : : ; nd). The way to go between Markov moves and
polynomials is simple: order and number the cells in the table, createan indeterminate
(polynomial variable) for each cell in the table, and put the positive Markov move cell
valueson one monomial, put the negative valueson another monomial, then form the
di�erence. For example,the Markov move (2; � 1; � 2; 1)0 canbedenotedasx2

1x4� x2x2
3.

The choice of cell ordering can be important, as in Example 7.5.
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There are two fundamental algebraic ideas related to Markov bases. For m 2
Z d, de�ne m + = maxf 0; mg, m � = maxf 0; � mg, so m = m + � m � . The �rst
fundamental result, shown by Diaconis and Sturmfels (1998, Theorem 3.1), is that a
�nite generating set of binomials f x m +

i � xm �
i ; i = 1; : : : ; gg for I A de�nes Markov

moves � (m +
i � m �

i ), i = 1; : : : ; g, that are a Markov basis in that they connect all of
A � 1[t ] when chosenrandomly as vector increments, regardlessof the actual value of t .
In other words, a Markov basisalways exists independently of the actual valuesof the
linear constraints. The secondfundamental result [Sturmfels (2002), Theorem 8.14] is
that a collection of moveswill connect two tables n and m if x n � xm 2 I , where I is
the ideal generatedby the collection of moves. This is used to show connectivity for
subcollectionsof the full Markov basis for particular valuesof t in Section 4.

De�nition 3.1. De�ne the projection operator � 1 : Z d ! Z by � 1(z1; : : : ; zd) = z1.

Lemma 3.1. Suppose a Markov basis M A satis�es � 1(M A ) � f� 1; 0; +1g. Then
� 1(A � 1[t ]) is an interval of integers [l1; u1].

Proof. One can connect tables m; n 2 A � 1[t ] with values m1 and n1 in the �rst co-
ordinate by changing the �rst coordinate only � 1 at each step, so the gap between
possiblevaluescannot be greater than 1.

If the columns of A are a1; : : : ; ad, let A i = (ai ; ai +1 ; : : : ; ad) be the matrix that
deletesthe �rst i � 1 columns and keepsthe last d � i + 1 columns of A.

De�nition 3.2. The polytope A � 1[t ] has the sequential interval property if � 1(A � 1[t ])
is an interval of integers [l1; u1], and for i = 1; : : : ; d � 1: if n i 2 � 1(A � 1

i [t � n1a1 �
� � � � n i � 1ai � 1]), then � 1(A � 1

i +1 [t � n1a1 � � � � � n i � 1ai � 1 � n i ai ]) is also an interval of
integers [l i +1 ; ui +1 ].

The next result is the most basic connection betweenthe sequential interval prop-
erty and the exponents of a lex basis for the toric ideal. An important point is that
the condition doesnot require that all exponents in the Markov basishave magnitude
at most 1. Rather, it requires that the exponent be at most 1 on the indetermi-
nate x i (square-freein x i ) on the moves that involve only the present and future cells
i; i + 1; : : : ; d in the lex basis. This point is important for many examplesincluding
3 � 3 � 3 tables with no-3-way interaction (Example 7.4).

With a particular cell order, the indeterminates are typically ordered x 1 > x2 >
� � � > xd, and then one can introduce term orders. We primarily usethe lexicographic
term order (lex order), which totally orders monomials (or equivalently their vector
exponents corresponding to tables) by declaring x n > xm if and only if the �rst entry
from the left in n � m is positive (or n is after m in the dictionary sense).Cox, Little,
and O'Shea(1997,p. 52) explains term orders, including the grevlex order that we use
in Section5 where the indeterminates are taken in reverseorder x d > xd� 1 > � � � > x1.

In the following, we use the term \Gr•obner basis," which is a special generating
set for an ideal [Cox et al. (1997), p. 74]. Lex Gr•obner basis (or lex basis) will mean
Gr•obner basiswith respect to lexicographic term order [Cox et al. (1997), p. 54] and
reducedGr•obner basis is a unique representation [Cox et al. (1997), p. 90].
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Prop osition 3.1. Suppose a Markov basis M A = f� m 1; : : : ; � m gg has the property
that G := f xm +

i � xm �
i ; i = 1; : : : ; gg is a lex Gr•obner basis with ordering x1 > x2 >

� � � > xd on indeterminates and supposethe elementsof G\ Q[x i ; : : : ; xd] are square-free
in x i for each i . Then A � 1[t ] has the sequential interval property for all t .

Proof. By the elimination theorem [Cox et al. (1997), p. 113], the lex basisG has the
property that G\ Q[x i ; : : : ; xd] is a Gr•obner basisfor the ideal I A i = hxm � xn ; A i m =
A i ni . Henceby Theorem 3.1 of Diaconis and Sturmfels (1998), the di�erence of the
exponents (together with signs � ) of elements in G \ Q[x i ; : : : ; xd] are a Markov basis
with 0 in coordinates 1; 2; : : : ; i � 1. An application of Lemma 3.1 to the matrix A i

with �rst coordinate n i �nishes the proof.

When using this result, someorders on the cells may have the square-freeproperty
and othersmay not, soit canbeusedto �nd good orderingson the cells. The sensitivity
to cell ordering shows up in many examples,including logistic regressionand Hardy-
Weinberg testing with genotype data (Example 7.5).

In fact, the converse to Proposition 3.1 is also true, in the sensethat matrices A
such that A � 1[t ] has the sequential interval property regardlessof t are characterized
by their lex Gr•obner bases.

Prop osition 3.2. Let A be a nonnegative integer matrix such that A � 1[t ] has the
sequential interval property for all t . Then the reduced lex Gr•obner basis G for I A with
ordering x1 > x2 > � � � > xd has G \ Q[x i ; : : : xd] square-free in x i for all i .

Proof. It su�ces to prove the claim on the �rst cell, the rest following by induction.
Let G := f xm +

i � xm �
i g be the reduced lex Gr•obner basis. In particular, none of

the monomials xm +
i is divisible by the leading monomial of any other binomial in I A .

Supposethere is somex m +
� xm �

2 G with � 1(m + ) = a > 1. Let t = Am + . Since
A � 1[t ] has the sequential interval property and � 1(m � ) = 0, there exists n 2 A � 1[t ]
with � 1(n) = a� 1. Then the binomial x � a+1

1 (xm +
� xn ) 2 I A is not equalto xm +

� xm �
,

and has leading term x � a+1
1 xm +

which divides xm +
. This is a contradiction and

xm +
� xm �

is not in the reducedGr•obner basisG.

4 Mark ov Subbases

In this section we give results that can be used when the full Markov basis does not
have the required properties to guarantee sequential intervals. Situations where this
occurs include logistic regression[Chen, Dinwoodie, Dobra, and Huber (2004)] and
Example 7.3, where the lex basesfor the toric ideals do not have the conditions of
Proposition 3.1.

The results in this sectionusethe particular valuesof the margin constraints, which
may allow a smaller and simpler connecting set that we call a Markov subbasis. An
existing method to study connectivity properties of subsetsof a Markov basis is the
primary decomposition [Cox et al. (1997), p. 208]. While useful in someexamples,it
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is usually quite di�cult to compute. The methods in this section use computational
tools that are more easily applied in many cases.

To motivate someof the ideas that follow, recall that in somecontingency tables
it is possibleto easily identify a reasonablecollection of Markov moves that preserve
the required constraints and are a basisin the linear algebrasensefor the kernel of the
constraint matrix. However, a basis in the linear algebra sensedoes not always give
a Markov basis { the Markov basis allows you to connect all tables while remaining
nonnegative, a condition not guaranteed by the linear algebra basis. The smaller
collection, while not a Markov basis, may connect tables with certain margin values
while remaining nonnegative. The linear algebra basis can be enlarged to a Markov
basisby a processcalled saturation discussedbelow, and the result can be much more
complicated than the original collection of moves.

A lex basis for the toric ideal I A for a constraint matrix A is quite special in that
the Markov movesthat involve cells i; i + 1; : : : ; d are a lex basisfor the toric ideal for
I A i . This is a consequenceof the elimination theorem, and meansthat one lex basis
calculation givessequential sampling information about all the cells in sequence.With
a collection of movessmaller than a lex basis for I A , the theory is more di�cult.

A Markov subbasisM A; t for t 2 Z r
+ and integer matrix A is a �nite subset of

ker Z (A) such that for each pair of vectors u; v 2 A � 1[t ], there is a sequenceof vectors
m i 2 M A; t , i = 1; : : : ; l , such that

u = v +
lX

i =1

m i ;

0 � v +
jX

i =1

m i ; j = 1; : : : ; l :

The connectivity through nonnegative lattice points only is required to hold for this
speci�c t .

Lemma 4.1. Supposea Markov subbasis M A; t satis�es � 1(M A; t ) � f� 1; 0; +1g. Then
� 1(A � 1[t ]) is an interval of integers [l1; u1].

Proof. One can connecttables with feasiblevaluesn1 and m1 in the �rst coordinate by
changing the �rst coordinate only � 1 at each step, so the gap betweenpossiblevalues
cannot be greater than 1.

The following proposition is used in Examples 7.3 and 7.4 where Proposition 3.1
cannot be used. Recall that a lex basis for a toric ideal has the property that each
elimination ideal [Cox et al. (1997), p. 113] is also a lex basis for a remaining toric
ideal, soapplying Lemma 4.1 in sequenceis immediate. With a subbasis,however, one
must add a technical condition involving saturation to get the sequential application
of Lemma 4.1.

Saturation [seeSturmfels (1996), p. 113 or Kreuzer and Robbiano (2000), p. 215]
is an algebraic procedurethat enlargesan ideal. In our casethe ideal will correspond
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to a collection of Markov movespossibly lessthan a full Markov basis. If I is an ideal
in the ring Q[x1; : : : ; xd] and f is a polynomial, then the saturation of I by f (denoted
I : f 1 ) is de�ned by

I : f 1 := f g 2 Q[x1; : : : ; xd] : f k � g 2 I for somek � 0g;

which is alsoan ideal. For the indeterminate x i , I : x1
i is the collection of polynomials

g such that xk
i g is in the ideal I for somechoice of the exponent k.

Prop osition 4.1. Suppose M A; t is a Markov subbasis, let M A; t = f� m 1; : : : ; � m gg
and let G := f xm +

i � xm �
i ; i = 1; : : : ; gg. SupposeG has the following three properties:

1) G is a lex Gr•obner basis for the generated ideal I M A; t with order x1 > x2 > � � � > xd

on indeterminates; 2) G \ Q[x i ; : : : ; xd] are square-free in x i for each i ; and 3) (I M A; t :
x1

i ) \ Q[x i +1 ; : : : ; xd] � I M A; t for each i = 1; 2; : : : ; d � 1. Then the polytope A � 1[t ]
has the sequential interval property.

Proof. By Lemma 4.1, � 1(A � 1[t ]) is an interval. We must show that two tables in
A � 1[t ] with a common entry in coordinate 1 can be connected with moves in M A; t

without touching coordinate 1. To seethis, supposetablesu 0; v0 2 A � 1[t ] have common
�rst coordinate u1 = v1 = c.

Let u = (0; u2; u3; : : : ; ud), v = (0; v2; v3; : : : ; vd). We must show that x u � xv 2
hG \ Q[x2; : : : ; xd]i to be able to connect them with moves in G that only involve
changing the secondcoordinate (by only � 1 at each step). Since G is a lex basis,
hG \ Q[x2; : : : ; xd]i = I M A; t \ Q[x2; : : : ; xd], and it is enough to show that x u � xv 2
I M A; t . We have that xu � xv 2 I A .

Since xc
1(xu � xv ) = xu0

� xv 0
2 I M A; t , the binomial xu � xv 2 (I M A; t : x1

1 ) \
Q[x2; : : : ; xd]. Under the assumption (I M A; t : x1

1 ) \ Q[x2; : : : ; xd] � I M A; t , the �rst
step is proven.

Supposenow that two tables u0; v0 2 A � 1[t ] have common �rst two coordinates
u1 = v1 = c1, u2 = v2 = c2. Let u = (0; 0; u3; u4; : : : ; ud), v = (0; 0; v3; v4; : : : ; vd).
We must show that xu � xv 2 hG \ Q[x3; : : : ; xd]i to be able to connect them with
movesin G that only involve changing the third coordinate (by only � 1 at each step).
By the argument above, we have that xc2

2 xu � xc2
2 xv 2 I M A; t . Then by the saturation

condition on x2, xu � xv 2 (I M A; t : x1
2 ) \ Q[x3; : : : ; xd] � M A; t .

The argument continues likewisefor each cell in the order 1; 2; : : : ; d.

To useProposition 4.1, one must have in hand a Markov subbasis,which requires
knowing someconnectivity properties. These can be established sometimeswith ad
hoc arguments or with the primary decomposition of the ideal I M A; t . Lemma 4.2 below
is a new method to verify a Markov subbasis, and we use it in Example 7.3. The
quotient \:" operation is de�ned by I : f := f g : f � g 2 I g, the result of one step of
the saturation procedurede�ned above.

Lemma 4.2. Let M � ker Z (A) be Markov moves with ideal I M . Suppose each el-
ement n 2 A � 1[t ] satis�es ns > 0 for all s 2 S � f 1; : : : ; dg, and suppose that
(I M :

Q
s2 S xs) = I A , the toric ideal. Then the moves in M connect all of A � 1[t ]

and are therefore a Markov subbasis.

10



Proof. Let u; v 2 A � 1[t ], and let u0 = u � I S, v0 = v � I S, where I S is the vector with
1 in the coordinates that are in the set S, and 0 elsewhere. Clearly x u0

� xv 0
2 I A ,

so by the saturation assumption, (x u0
� xv 0

)
Q

s2 S xs 2 I M . The fundamental result
of Diaconis and Sturmfels (1998, Theorem 3.1) says that the moves in M connect
u = u0+ I S with v = v 0+ I S through the nonnegative tables.

5 Bounds on Cell Entries

When the conditions for sequential interval property are met, the next question is how
to quickly determine or approximate the upper and lower bounds of the interval [l ; u].
In very special cases,one can useknown formulas for the interval, such as the Fr�echet
bounds. This works in two-way tablesand somedecomposablegraphical models[(Chen
et al. (2005)]. For general multiw ay tables, usually no simple formula is available to
compute the bounds. Three other ways to determine or approximate the upper and
lower bounds of the interval [l ; u] are integer programming (IP), linear programming
(LP), and the shuttle algorithm. IP is the only one among the three that can give the
exact integer bounds l and u, but it is much slower than the other two methods.

LP in the rational numberscandynamically �nd boundson the interval at each step
in the sampling. LP is much faster than IP, and under conditions that hold in many
examples,LP gives the sameanswer as IP. The conditions we formulate are concrete
algebraic conditions that can be checked with a preliminary calculation. Hosten and
Sturmfels (2003) study the di�erence betweenLP and IP from a di�eren t point of view.
They give the largest possibledi�erence over all constraint values,whereasour results
usethe particular constraint valuesof the data set.

The numerical implementation of LP to determine an interval [l ; u] must be done
carefully. LP sometimesgiveswider intervals than the true interval becauseLP consid-
ers solutions in a larger space.Roundo� of numerical approximations that comefrom

oating point operations or interior point methods can result in sampling a number
out of the feasiblerange[l ; u] or into a strict subsetof the feasiblerangewhich can lead
to errors. The program that we embedded into the sampling code and that worked
well is lpSolve [Berkelaar, Eikland, and Notebaert (2004)].

A third way to approximate the intervals is the shuttle algorithm, described in
Buzzigoli and Giusti (1999) and Dobra and Fienberg (2001). This is an iterativ e
method that usually does not give exact IP results, but it has two advantages in
special cases: it is fast and easy to program, and it can be implemented without
explicitly constructing a constraint matrix, a task which may be impossible for very
large problemswith millions of cells. In our numerical examples,LP works better than
the shuttle algorithm, in somecasesmuch better.

11



Consider the IP and LP problems

uj (b) := maxf n j : A j n = b; n 2 Z d
+ g

l j (b) := minf n j : A j n = b; n 2 Z d
+ g

Uj (b) := maxf qj : A j q = b; q 2 Qd
+ g

L j (b) := minf qj : A j q = b; q 2 Qd
+ g

where Z+ ; Q+ are the nonnegative integersand nonnegative rational numbers respec-
tiv ely. We are interested in bounding the nonnegative quantities Uj � uj and l j � L j .

In Propositions 5.1 and 5.2 that follow, we use the relationship between lower
and upper IP bounds and normal forms with respect to lex and grevlex term orders
explained in Conti and Traverso(1991) and stated in Algorithm 5.6 of Sturmfels (1996,
p. 43). For the following proposition, let A � 1

Q [t ] := f q 2 Qd
+ : Aq = t g, the set of

nonnegative rational vectors with constraints t .

Prop osition 5.1. Supposea Markov subbasis M A; t = f� m 1; : : : ; � m gg has the prop-
erty that G := f xm +

i � xm �
i ; i = 1; : : : ; gg is a lex Gr•obner basis with ordering

x1 > x2 > � � � > xd on indeterminates for the generated ideal I M A; t . Also, suppose
I M A; t :

Q
s2 I SQ

xs = I A where SQ is the collection of coordinates which are always

positive for elementsin A � 1
Q [t ], and suppose I M A; t : x1

i \ Q[x i +1 ; : : : ; xd] � I M A; t for
each i = 1; 2; : : : ; d � 1.

If the coordinate valuesof all m +
i (i = 1; : : : ; g) are in f 0; 1g, then l j (t j ) = L j (t j )

for all j = 1; 2; : : : ; d and all t j given by t 1 = t , t j = t � a1n1 � a2n2 � � � � � aj � 1n j � 1,
j = 2; : : : ; d.

Proof. We show �rst the result that l1 � L 1. Let m 2 A � 1[t ].
Uselong division to compute the normal form of x m with respect to I M A; t . Let the

normal form be the monomial x n?
. It is nearly immediate that n?

1 � l1, sincethe �rst
coordinate of the normal form when dividing by a Gr•obner basis for the full ideal I A

is l1.
Let q? solve L 1 = minf q1 : Aq = t ; q 2 Qd

+ g. We show that q?
1 � n?

1, which
together with n?

1 � l1 will prove the result L 1 = l1.
Suppose by way of contradiction that n?

1 > q?
1. Since q? is rational, an integer

multiple, say � q? is integral. Then A(� q?) = A(� n?), so x � n ?
� x � q?

2 I A . Fur-
thermore, by the assumption of positivit y of coordinates SQ on elements in A � 1

Q [t ], it
follows that q?

s; n?
s > 0 for s 2 SQ . Then x � n ?

� x � q?
2 I M A; t , by the assumption

I M A; t :
Q

s2 I SQ
xs = I A .

Since G is a Gr•obner basis for this ideal, one of the lead terms of the basis must
divide the lead monomial x � n ?

. This meansthat the indices of positive coordinates of
the exponents m +

i of the lead monomial must be included in the positive coordinates of
n?. Since the corresponding coordinate valuesare 0 or 1, the divisor must also divide
n?. This contradicts its construction above asthe normal form without divisors. Hence
it cannot be the casethat n?

1 > q?
1. This proves that l1 � n?

1 � q?
1 = L 1.

We show next the result that l2 � L 2. Let m 2 A � 1[t ].

12



Use long division to compute the normal form of x m with respect to G2 := G \
Q[x2; x3; : : : ; xd], the elements of the subbasisthat only involve coordinates 2; 3; : : : ; d.
Let the normal form be the monomial x n?

, where n?
1 = m1, which has not changed

in the division. It is nearly immediate that n?
2 � l2, since the �rst coordinate of the

normal form when dividing xm2
2 � � � xmd

d by a Gr•obner basis for the full ideal I A 2 is l2.
Let q? solve L 2 = minf q2 : Aq = t ; q1 = m1; q 2 Qd

+ g. We show that q?
2 � n?

2,
which together with n?

2 � l2 will prove the result L 2 = l2.
Supposeby way of contradiction that n?

2 > q?
2. Sinceq? is rational, an integer mul-

tiple, say � q? is integral. Then A(� q?) = A(� n?), so x � n ?
� x � q?

2 I A . Furthermore,
by the assumption of positivit y of coordinates SQ on elements in A � 1

Q [t ], it follows
that q?

s; n?
s > 0 for s 2 SQ . Then x � n ?

� x � q?
2 I M A; t , since I M A; t :

Q
s2 I SQ

xs = I A .

Also, x � (0;n?
2 ;��� ;n?

d ) � x � (0;q?
2 ;��� ;q?

d ) 2 I M A; t : x1
1 \ Q[x2; : : : ; xd]. By the assumption on

I M A; t : x1
i , it follows that x � (0;n?

2 ;��� ;n?
d ) � x � (0;q?

2 ;��� ;q?
d ) 2 I M A; t .

Since G2 is a lex Gr•obner basis for the ideal I M A; t \ Q[x2; : : : ; xd] by the elimi-
nation theorem, one of the lead terms of the basisG2 must divide the lead monomial
x � (0;n?

2 ;��� ;n?
d ) , sincewe have just shown that this is the lead monomial in a binomial that

belongsto I M A; t \ Q[x2; : : : ; xd]. This meansthat the indicesof positive coordinates of
the exponents m +

i of the lead monomial must be included in the positive coordinates of
n?. Since the corresponding coordinate valuesare 0 or 1, the divisor must also divide
n?. This contradicts its construction above asthe normal form without divisors. Hence
it cannot be the casethat n?

2 > q?
2. This proves that l2 � n?

2 � q?
2 = L 2.

The remaining coordinates are proved similarly.

There is a corresponding result for the upper bounds. Whereasthe lex basisrelates
IP minimization to the normal form of a monomial, it is the grevlex basisthat relates
IP maximization to the normal form. We state the result below only for the �rst
entry , since it must be applied repeatedly. Using the result requires recomputing a
grevlex basis for each of the matrices A i (containing columns i; i + 1; : : : ; d from A)
and rechecking the condition, becausewe cannot simply apply an elimination theorem
on a single lex basisas before.

Prop osition 5.2. Supposea Markov subbasis M A; t = f� m 1; : : : ; � m gg has the prop-
erty that G := f xm +

i � xm �
i ; i = 1; : : : ; gg is a grevlex Gr•obner basis with ordering

xd > xd� 1 > � � � > x1 on indeterminates for the generated ideal I M A; t . Also, suppose
I M A; t :

Q
s2 I SQ

xs = I A where SQ is the collection of coordinates which are always

positive for elements in A � 1
Q [t ]. If the coordinate values of m +

i are in f 0; 1g, then
u1(t ) = U1(t ).

Proof. We show that U1 � u1. Let m 2 A � 1[t ].
Use long division to compute the normal form of x m with respect to the grevlex

basis I M A; t . Let the normal form be the monomial x n?
. It is nearly immediate that

n?
1 � u1, since the exponent on x1 of the normal form when dividing by a grevlex

Gr•obner basiswith reversedindeterminate order for the full ideal I A is u1.
Let q? solve U1 = maxf q1 : Aq = t ; q 2 Qd

+ g. We show that q?
1 � n?

1, which
together with n?

1 � u1 will prove the result U1 � u1.
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Suppose by way of contradiction that q?
1 > n?

1. Since q? is rational, an integer
multiple, say � q? is integral. Then A(� q?) = A(� n?), so x � n ?

� x � q?
2 I A . Fur-

thermore, by the assumption of positivit y of coordinates SQ on elements in A � 1
Q [t ], it

follows that q?
s; n?

s > 0 for s 2 SQ . Then x � n ?
� x � q?

2 I M A; t , by the assumption
I M A; t :

Q
s2 I SQ

xs = I A .

Since G is a Gr•obner basis for this ideal, one of the lead terms of the basis must
divide the lead monomial x � n ?

. This meansthat the indices of positive coordinates of
the exponents m +

i of the lead monomial must be included in the positive coordinates of
n?. Since the corresponding coordinate valuesare 0 or 1, the divisor must also divide
n?. This contradicts its construction above asthe normal form without divisors. Hence
it cannot be the casethat q?

1 > n?
1. This proves that U1 = q?

1 � n?
1 � u1.

The corollary below, combining Propositions 5.1 and 5.2, appliesdirectly to Exam-
ples 7.1, 7.2, and 7.4.

Corollary 5.1. If a lex Gr•obner basis for I A has square-free exponents on the lead
monomials, then l j = L j for all j = 1; : : : ; d. If each grevlexGr•obner basis for I A j ; j =
1; : : : ; d, and indeterminate ordering xd > xd� 1 > � � � > x1 has square-free exponents
on the lead monomials, then uj = Uj for all j = 1; : : : ; d.

Proof. The assumptions of Proposition 5.1 hold if I M A; t = I A , so the lower bounds
from LP and IP are equal. For the upper bounds, the statement is a restatement of
Proposition 5.2 for each step in the sequential sampling.

6 Sampling Distributions

Assume that the sequential interval property holds for a multiw ay table with given
constraints, and that the intervals can be approximated by LP. The next question is
how to sample from these intervals. Ideally, we want to sample a cell value from the
true marginal distribution of a cell entry conditional on the entries that have already
been sampled. However, these marginal distributions are quite di�cult to compute
explicitly except in very small examples.SIS skirts this di�cultly by sampling from a
simple proposal distribution on the set of all possiblemarginal values.

For a target uniform distribution, which is useful for counting the total number
of tables and some Bayesian applications, we proposea uniform distribution on the
available interval for each cell, i.e., p(x) = 1=(u � l + 1) on integers in the interval
[l ; u]. We call this the \uniform sampling method." With the length of the proposed
sampling interval, the importance weights can be computed exactly for reweighting at
the end. This strategy gives low cv2 (� 5 for all exampleswe have tested) and works
very well on the examplesin Section 7.

For a target hypergeometricdistribution, which arisesin conditional inferencewith
multinomial sampling, we propose to sample a cell value from the hypergeometric
distribution p(x) =

� u
x

�� u
l+ u� x

�
=
� 2u

l+ u

�
on the interval of available integers [l ; u]. We

call this the \h ypergeometricsampling method," which is usually (but not always, see
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Example 7.4) better than the uniform sampling method when the target distribution is
hypergeometric. This hypergeometricproposaldoesnot give the exact hypergeometric
target in the end. It is just a reasonablemarginal approximation. This method gives
satisfactory results for examplesin Section7, although the cv2 is not consistently small.
For sparsetables, approximating the marginal massfunction of the count in a single
cell can be di�cult.

7 Examples

In the examplesthat follow, we samplesequentially from intervals computed with the
LP approximation. The LP approximation is very close to or exactly equal to the
IP range in all examples. In Example 7.1, one can apply known results on Markov
basesto avoid algebraic calculations, and the most basic results of Section 3 apply.
In Example 7.2, one must do explicit algebraic calculations to verify the conditions of
Section3. We did a detailed numerical comparisonwith the Markov chain on Example
7.2. Example 7.3 (6-way Czech autoworker data) is one that requires the full theory
of Markov subbasesof Section 4 and consideration of the speci�c margin values to
get sequential intervals under one model. We also study a secondmodel for which
we could not compute the Markov basis, and we seethat SIS still works well. The
no-3-way interaction model of Example 7.4 is a well-known examplewhere the Markov
basisinvolvesmovesof size2, and yet the sequential theory appliesperfectly. Example
7.5 is a classictriangular genotype table, and it brings out the importance of checking
di�eren t cell orders. In some orders, the sequential interval property holds, and in
other quite natural orders it does not, and this can be seenin the lex basis. Finally,
Example 7.6 is an important application of sampling on lattice points that are not
strictly speakingcontingency tables. The work of Rapallo (2004) on Markov basesand
structural zerosmay be useful for other examples.

The starting point to verify the conditions of Sections3, 4 and 5 for a particular
example is to attempt to compute the toric ideal I A . For this we have used the toric
library toric.lib in the free software Singular [Greuel, P�ster, and Schoenemann
(2003)] and the groebner command in 4ti 2 [Hemmecke and Hemmecke (2003)]. The
software 4ti 2 was used to construct constraint matrices for several examples. The
operations of saturation and quotient (\:") that �gure in the results of Sections4 and
5 were done quickly in Singular.

In the following examples,all results are basedon 1000random samplesusing either
the uniform sampling method or the hypergeometricsampling method. The code was
written in R and the software lpSolve wascalled from R. The running times rangefrom
several secondsto a few minutes on a 2.0 GHz computer. When IP is used instead
of LP, a computation typically takes hours, and sometimesit will not terminate in a
reasonableamount of time.
Example 7.1. Consider the 3-way case/control data (Table 1) in the 4 � 4 � 2 table
from the Ille-et-Verlaine cancerstudy of the age35-44group [Breslow and Day (1980),
Appendix I]. The factors are Alcohol level (A), Tobacco level (T) and Response R,
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where R=0 is a control measurement and R=1 is a case.

A
1 2 3 4

R=0 T 1 60 35 11 1
2 13 20 6 3
3 7 13 2 2
4 8 8 1 0

R=1 T 1 0 0 0 2
2 1 3 0 0
3 0 1 0 2
4 0 0 0 0

Table 1: Age 35-44data on oesophagealcancerfrom Breslow and Day (1980).

The \case" outcomesaresampledwith a multinomial distribution with probabilities
p(a; t j 1) on the alcohol and tobacco covariates. The \control" outcomesare also sam-
pled with a multinomial distribution with probabilities p(a; t j 0). With a retrospective
model p(a; t j 1)=p(a; t j 0) = e� a + � t of eight parameters, the appropriate margins to �x
for conditional inference(treating p(a; t j 0) asunknown nuisanceparameters)are [A,T]
(sum over case/control counts at each level), [A,R], and [T,R] (sums over other factor
at each responselevel). The constraints imply that the Graver basis[Sturmfels (1996),
p. 55] for the independencemodel on T and R is a Markov basis,and the Graver basis
is equivalent to the collection of square-freecircuit moveson one level of the Response
factor. Thus the results of Section3 and Corollary 5.1 imply the property of sequential
intervals and LP will give the exact integral interval bounds at each step.

The simulation with LP gave 100%good tables. When the underlying distribution
is uniform, the uniform sampling method gave cv2 of 0.24 and estimated the total
number of tables to be 25, a number con�rmed by LattE in a total elapsedtime of 7
secondson a 2.8 GHz desktop. When the underlying distribution is hypergeometric,
the hypergeometricsampling method gave cv2 of 0.5, and the estimated p-value for the
exact goodness-of-�t test (de�ned by equations (1) and (2)) is 0.04.
Example 7.2. Consider the 4-way abortion opinion data (Table 2) from Christensen
(1990, p. 129). The observations are classi�ed according to race, sex,ageand opinion.
There are three di�eren t opinions: yesmeanssupporting legalizedabortion, no means
opposing legalizedabortion, and the last one is undecided.

Christensen �ts the log-linear model for the expected cell counts with all three-
way interactions and all lower order terms. A shorthand notation for this model is to
list its highest order interaction terms: [RSO], [RSA], [ROA] and [SOA]. Conditional
goodness-of-�t test for this model requires�xing all three-way margins [R,S,O], [R,S,A],
[R,O,A] and [S,O,A]. The lex basisof 165elements is square-freein the lead monomials,
so the sequential interval property holds by Section3 and the IP and LP lower bounds
are identical. A more detailed calculation to verify the conditions of Corollary 5.1
requirescomputing a grevlex basisfor each of the submatricesof A i , de�ned in Section
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Race Sex Opinion 18-25 26-35 36-45 46-55 56-65 66+
White Male Yes 96 138 117 75 72 83

No 44 64 56 48 49 60
Undec. 1 2 6 5 6 8

Female Yes 140 171 152 101 102 111
No 43 65 58 51 58 67

Undec. 1 4 9 9 10 16
Nonwhite Male Yes 24 18 16 12 6 4

No 5 7 7 6 8 10
Undec. 2 1 3 4 3 4

Female Yes 21 25 20 17 14 13
No 4 6 5 5 5 5

Undec. 1 2 1 1 1 1

Table 2: 4-way abortion opinion data from Christensen(1990).

3 as the matrix that has columns i; i + 1; : : : ; d from A. This can be done and the
condition is veri�ed, proving that LP and IP upper bounds are always the same.

The LP method for �nding the interval bounds gave 100%good tables in practice.
When the underlying distribution is uniform, the uniform sampling method gave cv2

of 2.92and estimated the total number of tables to be 9:1� 107. When the underlying
distribution is hypergeometric, the value of cv2 using the hypergeometric sampling
method was around 102.9,and the estimated p-value for the exact goodness-of-�t test
(de�ned by (1) and (2)) is 0.85 with standard error 0.1, basedon 1000 tables which
took about 5 minutes in R on a 2.0 GHz computer. The MCMC algorithm generated
1000 samples(with 1,000,000samplesas burn-in) in 224 minutes and estimated the
p-value to be 0.84 with standard error 0.05. Thus SIS is about 11 times faster than
the MCMC algorithm for this example.

The algebraic conditions for SIS with some models on this data are di�cult to
verify. For example, 4ti 2 runs for an hour on a 2.8 GHz Linux desktop with 1 GB
of memory without completing the Markov basiscalculation on the model [RS], [RA],
[RO], [SO], [SA], [OA].
Example 7.3. Consider the 6-way binary Czech autoworker data in Table 3 from
a prospective study of probable risk factors for coronary thrombosis [Edwards and
Havr�anek (1985)]. There are 1; 841 men in a car factory involved in the study. Here
A, B, C, D, E and F indicate di�eren t risk factors. One reasonablemodel is given by:
[ACDEF], [ABDEF], [ABCDE], [BCDF], [ABCF], [BCEF] [Dobra, Tebaldi, and West
(2003)]. Conditional goodness-of-�t test for this model requires �xing the margins:
[A,C,D,E,F], [A,B,D,E,F], [A,B,C,D,E], [B,C,D,F], [A,B,C,F] and [B,C,E,F]. Imple-
menting SIS for this examplerequires techniques beyond the basic methods of Section
3, becausethe lex basisdoesnot have square-freelead exponents.

In Table 3, (0) indicates that the LP lower bound for that cell entry is 0 with the
constraints from the model above, the others are strictly positive. Identifying these
cells is relevant when we apply Propositions 4.1, 5.1 and 5.2, as the (0) cells form the
complement of the set SQ (de�ned in Proposition 5.1).

The lex basisfor the toric ideal with lex order in indeterminates yields 20 elements,
the �rst of which has an exponent of 2 on the lead indeterminate x 111111. Therefore
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B no yes
F E D C A no yes no yes

Negative < 3 < 140 no 44 40 112 67
yes 129 145 12 23

� 140 no 35 12 80 33
yes 109 67 7 9

� 3 < 140 no 23 32 70 66
yes 50 80 (0) 7 13

� 140 no 24 25 73 57
yes 51 63 7 16

Positive < 3 < 140 no 5 7 21 9
yes (0) 9 17 (0) 1 (0) 4

� 140 no (0) 4 3 11 8
yes 14 17 5 (0) 2

� 3 < 140 no 7 (0) 3 14 14
yes 9 16 (0) 2 (0) 3

� 140 no (0) 4 (0) 0 13 11
yes (0) 5 14 (0) 4 4

Table 3: 6-way Czech autoworker data from Edwards and Havr�anek (1985).

Proposition 3.1 cannot be applied directly. However, the ideal generatedby the other
19 polynomials saturates in onestep with respect to the monomial

Q
s2 S xs, whereS is

the set of 41 coordinates that must be positive. Henceby Lemma 4.2, these19 moves
are a Markov subbasis. They are a lex Gr•obner basis for themselves, and they have
the saturation property required in Proposition 4.1, so the sequential interval property
holds. Furthermore Proposition 5.1 shows that the IP and LP lower boundsare always
the same(which also implies that the (0) cells in the rationals are the samecells as
those that could be 0 in the integers). Corollary 5.1 does not apply to show that the
LP and IP upper bounds are the same,becauseexponents of 2 appear in the grevlex
bases.We can useProposition 5.2 on successive cells to show that LP and IP are the
sameafter a few initial cells.

If the cells are �lled in acrossrows and then down, the order is 111111,211111,
121111,: : : (the order from 4ti 2). The sequential interval property holds in this order
as well.

For this model, using LP for interval bounds gave 100%good tables. The shuttle
algorithm gave 99% good tables with one iteration, and 99.5% with two iterations.
When the underlying distribution is uniform, the uniform sampling method gave cv2

of 1.09 and estimated the total number of tables to be 841. The quantit y cv2 when
targeting the hypergeometricdistribution using hypergeometricsampling method was
50.7, and the estimated p-value for the exact goodness-of-�t test (de�ned by (1) and
(2)) is 0.27. Fitting this model in R using the loglin command givesa � 2 statistic of
5.8 on 4 degreesof freedom, for a p-value of approximately 0.21.

Consider the model of all 15 four element constraints like [A,B,C,D], i.e., all four-
way margins. We could not obtain the Markov basisfor this model, but SIS still works
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well with cv2 = 5:0 when the target distribution is uniform. LP gave 100%good tables
whereasthe shuttle algorithm gave only 2% good tables after 10 iterations.
Example 7.4. Consider the 3� 3 � 3 example(Table 4) from Diaconis and Sturmfels
(1998, p. 379), with a model of no-3-way interaction. Conditional goodness-of-�t test
for this model requires �xing all \line sums."

9 16 41 8 8 46 11 14 38
85 52 105 35 29 54 47 35 115
77 30 38 37 15 22 25 21 42

Table 4: 3 � 3 � 3 table from Diaconisand Sturmfels (1998).

When ordered left to right acrossrows, Proposition 3.1 implies sequential intervals
and Corollary 5.1 givesan IP/LP gap of 0 at every step. In simulation, LP gave 100%
good tables, and the shuttle algorithm also gave 100%good tables after one iteration.

When the underlying distribution is uniform, the uniform sampling method gave
cv2 of 2.08and estimated the total number of tables to be 1:9� 1012. This is consistent
with the number 1,919,899,782,953 from LattE, computed in a total elapsedreal time
of 45 secondson a 2.8 GHz desktop computer. When targeting the hypergeometric
distribution, the hypergeometricsampling method gave cv2 = 180:7.
Example 7.5. Consider data in Table 5 of genotype pairs from Guo and Thompson
(1992). The constraints for conditional goodness-of-�t test of Hardy-Weinberg pro-
portions are the nine allele counts, which are nine linear functions that count twice
the diagonal entry , so the A matrix has entries 0, 1 and 2. For sequential sampling,
the order of cells given by Table 6 leads to sequential intervals by Proposition 3.1. In
general for the genotype problem, sampling acrossrows will not give intervals.

B1 1236
B2 120 3
B3 18 0 0
B4 982 55 7 249
B5 32 1 0 12 0
B6 2582 132 20 1162 29 1312
B7 6 0 0 4 0 4 0
B8 2 0 0 0 0 0 0 0
B9 115 5 2 53 1 149 0 0 4

B1 B2 B3 B4 B5 B6 B7 B8 B9

Table 5: Rhesusdata from Guo and Thompson(1992).

The lead monomials in a lex basishave exponents that are all 0 or 1, so LP gives
the exact lower boundsby Proposition 5.1. For the upper bound, the grevlex condition
of Proposition 5.2 does not hold from the �rst cell, but it does hold after a few cells,
so IP and LP give the samebounds after someinitial cells. The simulation with LP
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1
10 2
11 18 3
12 19 25 4
13 20 26 31 5
14 21 27 32 36 6
15 22 28 33 37 40 7
16 23 29 34 38 41 43 8
17 24 30 35 39 42 44 45 9

Table 6: Order of cells.

produced 100% good tables. SeeHuber et al. (2004) for a direct sampling strategy
and somefurther discussionof this example.
Example 7.6. Consider a constraint matrix A of the form A = (A 0 j I ) with 0 or 1
entries. Here I is the e� e identit y matrix and A0 is sizee� f with columnsa1; : : : ; af .
This occurs in a tomography problem introducedby Vardi (1996) whereA is a routing
matrix for which routesbetweenadjacent verticesusethe connectingedge,and the edge
counts are put last as slack variables. The integer data y = Ax where x are tra�c
counts betweenordered pairs of nodeson a graph and y is the aggregatetra�c across
links. The sampling method of Tebaldi and West (1998) for Bayesian computation of
the posterior distribution is closely related to sequential sampling. Dinwoodie (2000)
shows how fast sampling can be used in a Monte Carlo EM algorithm for estimating
tra�c rates.

The property of sequential intervals holds for the entries of x under the con-
straint Ax = y in the order of the columns. With indeterminates w1; : : : ; wf for
the �rst f columns and z1; : : : ; ze for the last e slack variables, a lex Gr•obner basis in
Q[w1; : : : ; wf ; z1; : : : ; ze] consistsof the f binomials wi � zai .

Linear programming will give the exact interval boundsat each step becauseof the
square-freelead monomials. The shuttle algorithm will also give the exact intervals in
one step. The interval for the �rst cell is exactly [0; min f i :ai; 1> 0; 1� i � f gf yi g] and the
sametype of problem recurs at each step 1; : : : ; f .

It is possible to establish properties of SIS for some classesof examples, or in
other words for sometypesof contingency tables with certain constraints and margin
values. This is an areaof ongoingwork, but at this time we can make somestatements.
Logistic regressiontables with oneinteger covariate and positive column sums(at least
one measurement at each level of the covariate) have the sequential interval property.
This is proved in Chen, Dinwoodie, Dobra, and Huber (2004). The subbasis that
corresponds to di�erences of adjacent minors satis�es the conditions of Proposition
4.1. However, the IP/LP gap may not be zero.

Also, two-way tables with structural zeros and �xed row and column sums have
sequential intervals. The samealgebraic technology also shows that case/control data
with two factors such as Example 7.1 has the sequential interval property. We con-
jecture that decomposablegraphical models will have the sequential interval property
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under someorder on the cells, but at this time a careful proof is not complete.

8 Conclusion

We described an e�cien t sequential importance sampling method for sampling multi-
way tables with complex constraints. It can be usedto approximate exact conditional
inferenceon contingency tables. Sequential importancesamplingusesthe ideaof divide
and conquer to sequentially build up the proposal distribution by sampling table en-
tries one by one. We presented a theory that relates algebraic properties of collections
of Markov movesto certain geometricproperties of contingency tables. The geometric
properties of \sequential intervals" and the relationship of IP to LP are important for
the performanceof sequential sampling. Many real examplesshow that the theory is
applicable and useful, and can be usedin someexampleswhen a Markov basiscannot
be found.

In practice, onemay try sequential sampling even if the sequential interval property
doesnot hold or if the algebraicconditions are not satis�ed or not checked. If one can
�nd rough boundsfor each entry and designthe proposaldistribution carefully, sothat
the fraction of valid tables is high and the cv2 is low, SIS may still give satisfactory
results.

Further work is required to formulate a method to design the proposal distribu-
tion at each step. We have seenthat the uniform sampling method works very well
when the underlying distribution is uniform. However, when the target distribution is
hypergeometric,the hypergeometricsampling method still hasspacefor improvement.

Ac kno wledgmen ts. This work was supported by NSF DMS-0200888,NSF DMS-
0203762,and by SAMSI under grant DMS-0112069.We have used the software 4ti 2,
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package in R, and Raymond Hemmecke for a version of 4ti 2. A refereehas suggested
that Proposition 4.1 holds with the weaker condition (I M :

Q
s2 S xmin f ns :n2 A � 1(t )g

s ) =
I A and we think that further theoretical work on connectivity of Markov chains with
the goal of computational e�ciency would be valuable.
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