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Introduction

e modern signal processing applications (e.g., databases, video,

sensor nets) lead to large volumes of data
e (super)abundance of data = serious need for compression

e standard information-theoretic approaches to compression: based
on classical distortion measures (e.g., Euclidean distance, Hamming
distortion) (Shannon, 1948)

e traditional approach ignores the functional role of data

e more focused goal: perform compression while preserving informa-

tion that is relevant to an underlying statistical problem
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Concrete motivation: Wireless sensor networks

/

. ()=——"sensors

Set-up:
e Wireless network of motes equipped with sensors (e.g., light, heat, sound)

e Limited battery: can only transmit quantized observations

Goal: Perform a hypothesis test: e.g., is there a forest fire?
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Decentralized hypothesis testing
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Statistical decision

e classical statistical procedures (e.g., hypothesis testing):
operate directly on observations X1!,..., X"

e Decentralization:
— sensors can relay only quantized versions of observations

— statistical inference performed at a central fusion center

e Goal: Design compression or quantization rules so as to optimize
some statistical criterion (e.g., Bayes error)
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Related lines of work

e Decentralized hypothesis testing in statistical signal processing
(Tenney & Sandell, 1981; Tsitsiklis, 1993)

— joint distribution assumed to be known

— locally-optimal rules under conditional independence assumptions

e Classical approaches based on f-divergence (Ali-Silvey distance)

— Hellinger distance, Chernoff distance, KL, divergence
(e.g., Kailath, 1967; Longo et al, 1990, Chamberland & Veeravalli, 2003)

— roles in asymptotic probability error rate

— decision-theoretic insight lacking

e Issue: difficult to obtain the joint distribution over data

(e.g., sensor networks)
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Our contribution

e learning approach:
— no assumption about the joint distribution over data

— only have training data

e use of surrogate convex loss functions for 0-1 loss
— loss function = cost for making wrong decision

— Bayes error = expectation of 0-1 loss

e link between surrogate losses and distance measures

— leads to Bayes consistent learning procedure
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Link between convex surrogate loss and f-divergence

B

Class of loss functions Class of f-divergence
e two different mathematical objects:
decision-theoretic vs. asymptotic error

e cross-fertilization: relations among divergence measures

<= surrogate convex losses (e.g., inequalities)

e interesting equivalence classes of losses or divergences
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Overview of talk

e formal set-up of decentralized hypothesis testing
e f-divergence measures in statistical signal processing

e surrogate convex loss functions in learning methods

e precise link between a class of surrogate convex loss and a class of
f-divergence

— establish constructive and many-to-one correspondence

e notion of universal equivalence among convex surrogate loss func-
tions

— establish universal consistency in learning procedure for (quantizer, classifier)

pair using convex surrogate to 0-1 loss
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Decentralized hypothesis testing

() Hypothesis: Y € {#1}

Quantized versions: Z € {1,...,L}"
L« M

Problem: Find the decision rules (Q;~) so as to minimize the prob.

of incorrect decision:
P(Y #~(2))
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Classical approaches

e Maximize a distance measure between P(Z|Y =1) and P(Z|Y = —1)
— Hellinger distance (Kailath 1967; Longo et al, 1990)
— Chernoft distance (Chamberland & Veeravalli, 2003)

e Motivation: link between various distance measures and the
asymptotic error rate

— Kullback-Leibler divergence as in Neyman-Pearson setting

— Chernoff distance as in a Bayesian setting
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Ali-Silvey distance (f-divergence)

The f-divergence between measures p and 7 is given by

) = gw(z)f(;:(j;).

where f : [0,4+00) — RU {+00} is a continuous convex function

e Kullback-Leibler divergence: f(u) = ulogu.

Z,u ) log Z;.

Z

e variational distance: f(u) = |u — 1|.
Ir(um) = 3 () — w(2)].
e Hellinger distance: f(u) = 2(v/u — 1)°.

Ip(uom) = 3 (Vi) — Vr@)?2.

z€Z
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Loss functions

e function defined on the hypothesis Y and decision v(Z): ¢(Y,v(Z2))

e (0-1 loss:

svazy =4 TVFND)

0 otherwise

e for binary case, i.e., Y € {1,—1}, 0-1 loss can be written as:

(Y, v(Z2)) =1(Y~v(Z) <0)

e margin-based convex surrogate loss: ¢ defined on the margin Yv(Z)
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Margin-based surrogate loss functions
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e convex surrogates ¢ are approximations to 0 — 1 loss

e defined in terms of margin t = yy(2)

— hinge loss: ¢(t) = max(0,1 —¢) support vector machine
— exponential loss: ¢(t) = exp(—t) boosting
— logistic loss: ¢(t) = log[l 4 exp(—t)] regularized log. regression
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Learning methods based on convex surrogate losses

e (X,Y) be distributed by (possibly unknown) distribution P(X,Y")
— Y is a random variable in {—1,+1}

e given i.i.d. training data (z1,v1),...,(ZTn,Yn)

e Learning problem: Find a classifier v : X — R to minimize the

probability of misclassification:
P(Y # sign(y(X)) = Ely~(x)<o)

e Approach: Find a classifier v to minimize an empirical version of

expected loss:

AN

1 mn
Eo(Y~(X)) := - Z P(yiy(i))
1=1
— ¢ is a convex surrogate loss for 0-1 loss function
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Decentralized hypothesis testing
() Hypothesis: Y € {#1}

e Quantized versions: Z € {1,...,L}
LM

Problem: Given training data (x;,y;)r_;, find the decision rules (Q; )
so as to minimize the prob. of incorrect decision:

P(Y #~(Z2))
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Decision-theoretic perspective with surrogate losses

Approach: Find (Q,~) to minimize the ¢-risk

Ry(7,Q) =Eo(Y~(Z2))
e Define:
ue) = P =12)=p [ Qle)dP(ly =1

m(z) = PY=-1,2) = q/ Q(z|x)dP(z]Y = —1).

e ¢-risk can be represented as:

Rs(7,Q) = Y ¢(v(2))u(2) + d(—7(2))m(2)

e This allows us to choose the optimal value for v for each 2z to obtain:

Ry(Q) := infrer Ry (v, Q)
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Optimizing out surrogate loss functions

0-1 loss:
Rbayes(Q) = 3 — 5>, c = |u(z) — 7(2)| = variational distance

hinge loss:
Rhinge(Q) =1 —V (1, 7) = 2Rpayes(Q) = variational distance

exponential loss:

Reep(Q) =1 =3 -(v/u(z) — /7(2))? = Hellinger distance

logistic loss:
Riog(Q) = log2 — KL(pu||2E2) — KL(w||23=) = capacitory dis. distance
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Properties of surrogate loss functions

e First, ¢ is continuous and convex.

e Second, ¢ must be classification-calibrated, i.e., for any a,b > 0 and
a # b,
inf  ¢(a)a+ d(—a)b > ig&gb(a)a + ¢(—a)b

a:a(a—b)<0

— ¢ is classification-calibrated iff differentiable at 0 and ¢'(0) < 0
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Link between surrogate loss and f-divergence

B

Class of loss functions Class of f-divergence

Proposition: For each @), let vg denote the optimal decision rule.

The ¢-risk for (Q,v¢g) is an f-divergence for some convex f:

Ry(Q) = —1¢(p, )
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Nec. and suff. conditions for realizable f-divergence

e Only symmetric f-divergences are realizable by margin-based ¢ loss

e Our strategy: related ¢ and f by an intermediate function WV:
P<— W<« f

e Define ¥ from ¢:

v(g) =

+00 otherwise.

{cb(sbl(ﬁ)) if p~1(0) € R,

e U and f are related by
Flu) = U (—u)

— W* denotes the conjugate dual of convex function f

e U () has to satisfy a number of necessary conditions
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Recover ¢ loss for an f-divergence

Theorem: Given an f-divergence, define

If W satisfies certain sufficient conditions, then all corresponding ¢ loss

are of the following form:

o) = U(g(la+u*)) ifa>0

g(—a+u*) otherwise

*

e where u* satisfies V(u™) = u™,

e g:[u*,+00) — R is any increasing continuous convex function such that
g(u”) =u’
e g differentiable at ©v* and g'(u*+) > 0
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Example — Hellinger distance

4 .
=g = exp(u-1)
—g =u
3' g - u2
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e Hellinger distance corresponds to an f-divergence with f(u) = —2/u

1/6  when >0

e Recover immediate function ¥(5) = f*(—p) =
+oo  otherwise.

e Choosing g(u) = e*~ ! yields ¢(a) = exp(—a) = exponential loss
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Example — Kullback-Leibler divergence

e there exist no corresponding ¢ loss for both K L(u||7) and K L(w||u)
e symmetrized KL divergence K L(ul||m) + KL(7||p)

is realized by

blo) = —a

—@a)=e " -a
3[ —(0) = 1(a < 0)|

¢ loss
=

margin (a)
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Exploiting the link between surrogate loss and
f-divergence

GO

Class of loss functions Class of f-divergence

e establish useful relations between different loss functions

(e.g., inequalities)

e design loss functions that are computationally useful

— what are convex surrogate ¢ loss that are equivalent to 0-1 loss?
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Universal equivalence of loss functions

e Consider two loss functions ¢1 and ¢5, corresponding to f-divergence
induced by f; and fs

e ¢, and ¢, are universally equivalent, denoted by

b1 ~ ¢2 (or, equivalently) fi ~ I

if for any P(X,Y) and quantization rules @ 4, @ g, there holds:

R¢1 (QA) < R¢1 (QB) g R¢2 (QA) < R¢2 (QB)

i.e., Ry, and Ry, have the same monotonic behavior with respect to @
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An equivalence theorem

Theorem:
b1 ~ ¢o (or, equivalently) fi ~ fs
if and only if
fi(u) =cfa(u) +au+b
for constants a,b € R and ¢ > 0

o —~iseasy: Iy, =cly, +a+b

e in particular, surrogate losses universally equivalent to 0 — 1 loss are those

whose induced f divergence has the form:

f(u) = cmin{u, 1} +au+b
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Decentralized detection using empirical samples

e problem: find (Q,~) that minimize the Bayes error
Rbayes(@af}/) — P(Y 7é V(Z))

e our previous work: minimizing an empirical version of the expected
¢ loss:

Ro(@,7) = B6(Y1(2) = — 30 3 00 (2)Qlz:)

e uestion:

is this learning procedure optimal (i.e., Bayes consistent)
for any underlying P(X,Y)?
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Empirical risk minimization procedure

e let ¢ be a convex surrogate universally equivalent to 0 — 1 loss

e (Cn,D,) is a sequence of increasing function classes for(y, Q)
(C1,D1) € (C2, D) C ... C (I, Q)
e our procedure learns:

(’y;;a Q;;) = argmin(%Q)E(Cn,Dn)qu (/77 Q)

o let Ry, .. :=inf(, gier,0 PY #7(2)) < optimal Bayes risk
® Rpayes(Vn, Q7)) — Rigyes 18 called the Bayes error of our procedure
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Consistency of empirical risk minimization procedure

Theorem: If

e U (C,,D,) is dense in the space of measurable pair of classifier
and quantizer (v,Q) € (I', Q)

e sequence (C,,D,,) increases in size sufficiently slowly

then our procedure is consistent, i.e.,

lim Rpayes(Vns @) — Rpayes = 0 in probability.

n—oo

e proof exploits the universal equivalence of ¢ loss and 0 — 1 loss

e decomposition of ¢ risk into approximation error and estimation error
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Conclusions
e precise link between f-divergence measures and surrogate convex
loss functions
e decision-theoretic perspective to the use of f-divergence
e cquivalent classes of loss functions

e design new convex surrogate loss functions that are equivalent to 0-1
loss
= consistent learning procedure in decentralized hypothesis testing
problem
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