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Abstract

We describe adaptive Markov chain Monte Carlo (MCMC) methods for sampling
posterior distributions arising from Bayesian variable selection problems. Point mass
mixture priors are commonly used in Bayesian variable selection problems in regres-
sion. However, for generalized linear and nonlinear models where the conditional den-
sities cannot be obtained directly, the resulting mixture posterior may be difficult to
sample using standard MCMC methods due to multimodality. We introduce an adap-
tive MCMC scheme which automatically tunes the parameters of a family of mixture
proposal distributions during simulation. The resulting chain adapts to sample effi-
ciently from multimodal target distributions. For variable selection problems point
mass components are included in the mixture, and the associated weights adapt to
approximate marginal posterior variable inclusion probabilities, while the remaining
components approximate the posterior over non-zero values. The resulting sampler
transitions efficiently between models, performing parameter estimation and variable

selection simultaneously. Ergodicity and convergence are guaranteed by limiting the
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adaptation based on recent theoretical results. The algorithm is demonstrated on a
logistic regression model, a sparse kernel regression, and a random field model from
statistical biophysics; in each case the adaptive algorithm dramatically outperforms

traditional MH algorithms.

Keywords: adaptive Monte Carlo, Bayesian analysis, variable selection, kernel re-

gression, graphical models

1 Introduction

Bayesian approaches to variable or feature selection often utilize prior distributions that
assign non-zero probability to the event that a regression coefficient or other model parameter
takes value exactly zero, leading to the removal of the corresponding variable from the
model (Mitchell and Beauchamp, 1988). George and McCulloch (1997) and Clyde and
George (2004) provide a thorough review of Bayesian variable selection methods and prior
distributions, with particular emphasis on the Stochastic Search Variable Selection (SSVS)
approach (George and McCulloch, 1993), which uses a Gibbs sampling algorithm to search for
high posterior probability models. However with large numbers p of predictor variables under
consideration, the search of 2P candidate models is computationally challenging. Recently,
Bayesian shrinkage regression has also attracted significant attention for solving the variable
selection problem (Tipping, 2001; Figueiredo and Jain, 2001; Bae and Mallick, 2004; Griffin
and Brown, 2005; Schmidler et al., 2007).

In many Bayesian variable selection approaches, the sparseness prior for inclusion can be
written marginally or conditionally as a mixture of a parametric distribution and a point

mass at zero:

mo(3) = (1 = p)o(F) +p N(3[0,0). (1)

Variations on this theme include replacement of the normal component with uniform (the

2



'spike and slab’ model of Mitchell and Beauchamp (1988)), or replacement of the point mass
component with a mean-zero normal with high precision (George and McCulloch, 1993);
such prior distributions have been well studied (Mitchell and Beauchamp, 1988; George
and McCulloch, 1993; Geweke, 1996; George and McCulloch, 1997; West, 2003; Clyde and
George, 2004). For concreteness in what follows we assume the form given in (1); the resulting
posterior is a mixture of a point mass and a normal-likelihood product.

This point mass prior is especially popular for linear models, where use of conjugate
priors enables conditional posterior distributions to be calculated in closed form for Gibbs
sampling. For generalized linear and nonlinear models however, the conditional densities
generally cannot be obtained explicitly. In such cases it is commonly assumed that one must
resort to reversible-jump (Green, 1995) methods or approximation of marginal likelihoods.
However, a simpler approach is to construct a Metropolis-Hastings algorithm (Hastings, 1970;
Gilks et al., 1996), with the posterior distribution 7(fy, ..., . | X,Y) having density with
respect to the product measure v = (u + )" where p is 1-dimensional Lebesgue measure, §
is the Dirac measure at 0, and 7 is the number of potential covariates. The drawback of such
an approach is that the resulting mixture posterior can be difficult to sample using standard
MCMC methods due to its inherent multimodality - the sampler fails to move easily between
the zero and non-zero values components of the conditional posterior(s), leading to very slow
convergence and extremely high autocorrelation and thus Monte Carlo variance.

In particular, the proposal distribution ¢(/3, 5") must also have a density with respect to
v; that is, must itself be a mixture of an atom at zero and a continuous component. How-
ever, mixing a point mass at zero with a standard random-walk Metropolis kernel performs
poorly, tending to get stuck in the basin of attraction near zero. Instead, a Metropolized
independence sampler (Hastings, 1970; Tierney, 1994) with proposals independent of the
current state is desirable. The prior distribution is an obvious choice, and where priors are
well informed this may be a viable alternative. However, when the posterior mass diverges

significantly from the prior, proposing from the prior will also lead to unacceptably slow mix-
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ing. Such cases tend to occur with larger sample sizes, where the non-zero component of the
posterior will also be concentrated, making a diffuse proposal equally ineffective. A proposal
distribution which better approximates the posterior distribution is therefore desirable, and
the focus of this paper is an automatic approach to constructing such distributions.

We introduce adaptive Markov chain Monte Carlo (AMCMC) methods to sample effi-
ciently from posteriors arising from point mass mixture priors. AMCMC has seen renewed
interest in recent years due in part to the emergence of certain theoretical guarantees (Haario
et al., 2001; Roberts and Rosenthal, 2007). With AMCMC algorithms, the entire sample his-
tory of process is used to tune parameters of the proposal density during simulation. A gen-
eral framework for designing AMCMC algorithms is built around the adaptive Metropolized
independence sampler (AMIS). To handle multimodality, we develop a simple but effective
adaptation strategy using a family of mixture distribution proposals. For the Bayesian vari-
able selection problem, we use a family of proposals containing both a point mass component
and a Gaussian mixture. Under our adaptation strategy, the weight of the point mass compo-
nent adapts to approximate (one minus) the posterior inclusion probability of its associated
variable, while the Gaussian mixture distribution approximates the non-zero component of
the coefficient’s posterior distribution. This mixture proposal enables efficient mixing be-
tween models with and without the variable included, and the resulting sampling scheme
performs parameter estimation and variable selection simultaneously. The convergence and
ergodicity of these algorithms is guaranteed by a careful design of the adaptation strategy:.

Section 2 introduces the general framework of adaptive MCMC and AMIS. Section 2.2
describes the use of adaptive mixture proposals to sample from multimodal target distri-
butions. Section 3 develops our adaptive MIS approach for sampling point mass mixture
distribution and gives an illustrative example. Section 4 applies our approach to Bayesian
variable selection in three realistic models: a logistic regression model, a sparse kernel re-
gression model, and a random field model from statistical biophysics. We conclude with a

discussion of the advantages and limitations of this approach.
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2 Adaptive Metropolized Independence Samplers

Markov chain Monte Carlo methods are widely used to sample from analytically intractable
probability distributions arising in statistics (Gilks et al., 1996; Robert and Casella, 1999).
The efficiency of MCMC methods is of significant practical importance, and is determined
by the convergence rate of the chain and asymptotic variance of ergodic averages, both of
which are controlled by the spectral gap of the Markov kernel. Thus the efficiency of MCMC
algorithms can depend significantly on the design of the Markov transition kernel; see e.g.
(Hastings, 1970; Gelman et al., 1995; Mira, 2001; Roberts and Rosenthal, 2001). However
choice of effective kernels and their associated tuning parameters is often difficult in precisely
those problems where MCMC is most needed: high dimensional problems where we know
little a priori about the shape of the (potentially multimodal) target posterior distribution.

Due to the difficulty of obtaining rapidly mixing Markov chains for simulating complicated
target distributions, adaptive MCMC algorithms have been proposed which use the previous
history of the chain to automatically tune or “learn” the proposal distribution parameters
during simulation, with the goal of obtaining faster convergence or more efficient estimation
(Gelfand and Sahu, 1994; Gilks et al., 1998). In adaptive MCMC, the proposal distribution
is continually or periodically modified with the aim of improving efficiency. Although this
idea is intuitively appealing, such algorithms generally fail to yield Markov chains, making
design of adaptive MC schemes with theoretical convergence guarantees more challenging.
Gilks et al. (1998) and Brockwell and Kadane (2005) approach this via regeneration times,
at which the kernel may be modified while producing independent tours each generating
correct ergodic averages. More recently, Haario et al. (2001) give an ergodic theorem for
an adaptive Metropolis scheme based on the Robbins-Munro stochastic approximation algo-
rithm (Robbins and Monro, 1951), and this result has led to significant renewed interest in
adaptive algorithms and theory (Andrieu et al., 2005; Andrieu and Moulines, 2006; Erland,
2003; Roberts and Rosenthal, 2007, 2006). Recently, Roberts and Rosenthal (2007) provide

a simple elegant proof and concise set of conditions under which ergodic theorems can be



obtained. Omne such condition requires that the magnitude of adaptation is continually de-
creasing in such a way that convergence of the chain to the target distribution in the limit is
guaranteed; this kind of algorithms is referred as diminishing adaptation by Erland (2003).
The other is a bounded convergence condition, which essentially guarantees that all transition
kernels considered have bounded convergence time.

In this paper we describe a general approach to the design of adaptive MCMC algorithms
which utilizes a mixture distribution for the proposal kernel, and adapts the parameters of
this proposal distribution to minimize Kullback-Leibler divergence from the target distribu-
tion. We illustrate our approach using a Metropolized independence sampler (MIS) (Hast-
ings, 1970; Tierney, 1994), a special case of the Metropolis algorithm where the proposal is
independent of the current state. (The method described here utilizes the stochastic approx-
imation approach of Ji (2006). Andrieu and Moulines (2006) have proposed a closely related
method for adapting MIS mixtures using KL divergence, although to our knowledge it has
not been applied to the variable selection problems studied here. See also Gasemyr (2003)
and Holden et al. (2009) for additional work on adaptive MIS samplers. Andrieu and Thoms
(2008) and Craiu et al. (2009), which appeared while our paper was under review, also use
adaptive mixture distributions similar to our intermediate algorithm (Algorithm 2).)

Performance of MIS samplers is strongly dependent on the proposal distribution selected.
Our adaptation strategy tunes the parametrized proposal distribution to approximate the
target distribution in the sense of minimizing Kullback-Leibler (KL)-divergence. Thus for

independence proposal density ¢(x;1) with parameters v, and target distribution 7 (x), we

wish to find the optimal parameters ¢* which minimize D [r(x) || ¢(z;v)] = E, [log q?:iii)] , or

equivalently maximize the negative cross-entropy H (7 (z), q(z;¢)) = [ m(z)log ¢(xz; ¢¥)v(dz).

Then 9* is obtained as a root of the derivative of H(w(x), q(z;v)):

) = [ T o) =0 )



where we assume the integrands on both sides are continuous. Exact solution of the inte-
gral equation (2) is generally intractable, as h(¢)) involves an integral with respect to the

target distribution 7(x) which cannot be calculated directly. However, denoting f(z,v) =

0 [ m(z)
O q(z;)

gration h(y) ~ & S0 fF(X® ) where X® ~ 7(x).

log | and assuming f(z,v) € Lo(m), we can approximate h(1)) by Monte Carlo inte-

When ¢(z; ) is in the exponential family, so g(z;¢) = c(z) exp (t(z)'y) — A(¢))) in canon-
ical form with natural parameter ¢, we obtain [ 7 (z)t(z) = %A(qﬁ), which says that we
should match the expected sufficient statistics under 7 to the moments of q. However this
expectation E,(t(z)) is an integral with respect to the MCMC target distribution 7(x), and
as such is assumed to be analytically intractable. Instead, we adaptively match the moments
of ¢ to a Monte Carlo approximation of E,(¢(z)) based on the current sample history.

Let h(X ™) ) denote the estimate of h(1)) based on the previous sample path X 1:5)
from m(z), which can be therefore viewed as a noisy ‘observation’ of h(¢)). A common
approach to obtaining roots of h(1)) = 0 when only noisy evaluations of h(1)) are available
is the Stochastic Approximation (SA) algorithm (Robbins and Monro, 1951; Kushner and

Yin, 1997). Stochastic approximation is an iterative algorithm expressed as

Vni1 = Yo — Tny1(0 — (R(Yn) + &ny1))

- ’an + Th1 }Al(Xr(LlK)a wn) (3)

where X% ~ m(x) are samples generated in our case by Metropolized independence sam-
pling with proposal distribution g(x;,), {£,} is a sequence of ‘noise’, and {r,} is a sequence
of decreasing step-sizes satisfying > 7, =oco and Y 72 < 00 .

In our case, SA can be viewed as performing an iterative gradient descent, with Monte
Carlo approximation of the gradient at each iteration. When ¢ is an exponential family
Dir(z) || ¢(z;1)] is convex, and the sequence {1, } defined by equation (3) converges to the

unique root of equation (2) under mild conditions on {¢,} and {r,} (Andrieu et al., 2005).

7



However Andrieu and Moulines (2006) also show that an adaptive proposal ¢(x;) for MIS
with 1 unrestricted does not guarantee convergence of the algorithm. A straightforward
solution due to Haario et al. (2001) is to use an additional fixed mixture component ¢(z; ()
which is not modified during the adaptive updating; in what follows we take ¢(z;() =

N(z; 1, ¥) for some fixed (f1,%). Note that an MIS chain will be geometrically ergodic (have

a spectral gap) if and only if esssup, % < 00; thus it may be desirable to use at least one

mixture component with heavy tails, e.g. to replace N(x;fi,Y) with a ¢-distribution.

2.1 Adaptive MIS

As a simple illustrative example, choosing the adaptive proposal distributions ¢(x; ) to be

normal N (x; p,>) with parameters ¢» = (u, ) yields a simple AMIS algorithm:

Algorithm 1: Initialize ¥g = (o, X9). Then iteration n + 1 becomes (see Appendix):
1. Simulate X% by MIS with proposal distribution g, = AN (; fi, ) +(1=A)N (; i, S )
2. Update the parameters of adaptive proposal g, by

(X1 —un)] (4)

T
S e

1
Hnt1 = Hp + Tt [E

M= T[]~

1
Zn—i—l - Zn + Tn+1 [?

B
Il

1

where 7,1 is the step-size of the SA algorithm.

The covariance update of Step 2 is similar to that of (Haario et al., 2001), but as we use
an independence proposal rather than a random walk proposal the mean is also approxi-
mated. The above adaptive MCMC algorithm satisfies the diminishing adaptation condition
of Roberts and Rosenthal (2007) as long as the step-size sequence r, — 0. It will also
satisfy the bounded convergence condition for A > 0 as long as the non-adaptive component

S (z)

q(z; i1, ) has sufficiently heavy tails (or X is cgmpaet) as mentioned above, since ess sup,, 75



is independent of 1. Together these two conditions ensure asymptotic convergence and a

weak law of large numbers for this algorithm (Roberts and Rosenthal, 2007).

2.2 Adaptive MIS with Mixture Proposal Distribution

When the above AMIS algorithm is applied to sample from a multimodal target distribution,
it will generally perform poorly due to the difficulty in approximating the posterior with a

unimodal ¢ distribution. An alternative is to take ¢ to be a mixture distribution:

q(z) = Ago(z; QZ]) +(1-2A) Z Wi G (75 V)

and adapt the mixture component parameters ¢ = (wi.ps,11.0) to approximate the mul-
timodal target distribution by minimizing KL-divergence. The number of components M
required is problem-dependent but should be chosen relatively large to enable adequate cov-
erage in the event of multiple modes. Then the adaptation strategy is easily derived (see

Appendix); for example taking all ¢;’s to be normal gives:

Algorithm 2: Initialize (wo, 10, Xo) = {wi o, fi0, i} L. At iteration n+ 1,

1. Draw X, by MIS with proposal ¢,(z) = AN(z; /1, %) + (1-X) Wiy, N(Z5 s 2o

1

M=

2. Update the parameters (W11, fini1, Zpnt1) DY

Wip+1 = Wi + Tnp1(0i(Xp1) — O) (6)
Hin+1 = Min + Kint1 (Xng1 — fin) (7)
Yint1 = Zin + Kint1 | (Xnt1 — fin) (Xpgp1 — Mi,n)T — Zi,n] (8)
where Rin+1l = rn+1wi7n0i(Xn+1), O = % Zi\il Oi(Xn+1), and Oz(Xn—i—l) = ZM_l Z:{:;(l;zf;i;nizm n)

Here ¢(X; i1, 2) denotes the multivariate normal density with mean p and covariance X.
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For notational simplicity the parameter updates (6-8) show the use of a single sample
Xn11, but as discussed previously using K > 1 samples samples X,(Llff) will enable the SA
algorithm to converge more smoothly. (Examples in Section 4 use K = 20). A derivation for
general ¢;’s is given in the Appendix; for example, Section 4.2 utilizes a mixture of gamma

distributions for adaptive sampling of scale parameters.

3 Adaptive MCMC with Point Mass Mixture Proposal

When performing Bayesian variable selection using priors of the form (1) as described in
Section 1, the resulting conditional posterior is a mixture of point mass and an normal-
likelihood product. When this conditional distribution is not available in closed form (e.g.
due to nonlinearity or non-conjugacy) so that Gibbs samplers are not available, sampling from
the posterior via MCMC can be difficult as described in Section 1. In particular, random-walk
Metropolis can converge very slowly due to multimodality, and an MIS sampler will perform
poorly unless the proposal distribution can be chosen in advance to closely approximate the
target distribution. However, the adaptive mixture MIS algorithm described in the previous
section can successfully handle both of these difficulties. We need simply modify the family

of proposal mixture distributions to include both point mass and continuous components:

() = Adolws 0) + (1= ) [wod(@) + 3 wngin (3 1)

where the parameters ) = (wo.pr,%1.0) can be tuned using an adaptive scheme similar to

that of the previous section. For example, taking the ¢;’s to be normal gives:
Algorithm 3: Adaptive MCMC with Point Mass Mixture Proposal

Initialize {wq, o, Xo}. At iteration n + 1:

1. Sample Y ~ AN(z; i, %) + (1 — A) [womé(x) 3 W N (25 s Bmn) |, and set
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X1 =Y with acceptance probability «(X,,,Y’) = min(1,n) where:

;

1 it X, =Y =0

7(Y) sn(Xn) : _
5 Teu if X, #20,Y =0

o S e

%% if X, #0,Y #0

where s, (z) = AN (2, 1, %) + (1 = N) M w0 N (25 flamns S )-

2. Update the parameters {w; ,+1, flint1, 2int1} via equations (6-8) of the previous sec-
tion, except Now (fint1, Dint1) = (Hins 2in) When X, 11 = 0, and we have a slight

modification in the calculation of O;(X,,11):

L for X,,,1=0; 1=0

Oi(Xpy1) = (Xn1itn. i) for X;p1 #0; i=1,...

Z%:1 Wi, n®(Xn+15m,n,Xm,n)

M

Y

0 otherwise
\

and now O(X) = 45 M 0i(X).

3.1 Example

We begin with a simple concrete example to illustrate the performance of our adaptive
MIS with point mass mixture proposal. Suppose we consider inclusion or exclusion of a
single parameter, with posterior distribution given by point mass mixture 7(z) = 0.36(z) +
0.7N(x;5,1). We apply the adaptive MIS Algorithm 3 to sample from this target distribution
m(x). We set M = 1, making the proposal distribution of the form w0 + weN(u, o).
Therefore for this illustrative example, ¢ and 7 are of the same parametric (wyq, i1, o) family,

and it is expected that ¢ will converge to .
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Figure 1: (a) Traceplots of proposal distribution parameters for the adaptive MIS algorithm
applied to toy example described in text. Proposal parameters converge to their respective
optimal values: w = [0.3,0.7], u* =5, and ¢* = 1. (b) Autocorrelation plots and posterior
histograms for toy example, obtained by non-adaptive MIS algorithm, versus (c) adaptive
MIS algorithm with point mass mixture proposal.

Autocorrelation

Figures 1 shows results on this simple example, using initial parameter values w; = 0.5,
wy = 0.5, u =0, and 0 = 10, and SA step-size r,, = 0.1/n. Proposal distribution parameters
(w1, wa, p, o) are seen to converge to their respective optimal values wj = 0.3, wj = 0.7, u* =
5, and o* = 1; thus the proposal distribution converges to the target distribution. Figure 1b,c
compares the performance of this adaptive scheme with a non-adaptive Metropolized inde-
pendence sampler using fixed proposal 0.56 + 0.5N(0,100), via posterior histograms and

autocorrelation plots. The adaptive algorithm is seen to perform significantly better.

4 Applications

We now evaluate the performance of the adaptive MC variable selection algorithm on several
realistic statistical models: Bayesian variable selection in generalized linear models; a sparse
Bayesian kernel regression problem; and a model selection problem for a Gibbs random field
model from statistical biophysics. The logistic regression model example can be viewed as a

demonstration of the adaptive MCMC approach, as (approximate) methods for this model
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are available. The latter two examples represent complex models from the recent literature,
where traditional MCMC methods such as the Gibbs sampler or random walk Metropolis
algorithm perform very poorly. We show that the adaptive MCMC methods of this paper

can be applied in all cases to obtain significant improvements in sampling efficiency.

4.1 Logistic Regression

We begin with Bayesian analysis of a standard logistic regression. We first apply the adaptive
mixture MIS (Algorithm 2) of Section 2.2 to sample the posterior on coefficients for a model
with fixed covariates. We then consider Bayesian variable selection in this model using spike-
and-slab priors for the coefficients, and apply the adaptive MCMC with point mass mixture
proposal (Algorithm 3) of Section 3. In these examples the mixture approximation is applied
to each parameter independently, thus adapting to the marginal posteriors.

Consider the Bayesian logistic regression model, y; | z;, 3 ~ Bernoulli (g7 (x;3)) where
y; € {0,1} for ¢ = 1,...,n is a binary response variable for a collection of n subjects, each
with p associated covariates z; = (21, ..., ), g(u) is the logistic link function, and [ is a
(p x 1) column vector of regression coefficients (including intercept) with prior distribution

mo(5). We wish to sample from the posterior distribution

7B X,Y) o m(B) T (67 @iB)" (1— g~ (x:0)" " (9)

i=1

As closed form conditional distributions for Gibbs sampling are unavailable, it is standard
to use Metropolis-Hastings. Recently Holmes and Held (2006) extended the data augmenta-
tion method of Albert and Chib (1993), which provides closed form conditionals for probit
regression, to obtain an Gibbs sampler which approximates (9). This is done by express-
ing the logistic model via auxiliary variables z; as y; = 1 if z; > 0 and 0 otherwise, with

= 1;3+4 ¢; where € ~ N (0, \),\ = (204)°, ¥ ~ KS, and 1, i = 1, ..., n, are independent
random variables with Kolmogorov-Smirnov (KS) distribution (Devroye, 1986). Then ¢; has
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Figure 2: Autocorrelation plots for logistic model coefficients ;.19 using the Gibbs sampling
method of Holmes and Held (2006) (dark) versus the adaptive MCMC algorithm (light).
The adaptive algorithm is seen to mix significantly faster.

distribution given by a scale mixture of normals which is marginally a standard logistic dis-
tribution (Andrews and Mallows, 1974), giving the marginal likelihood of the original logistic
regression model. However in practice the KS distribution has an infinite representation and
is intractable to sample from. Instead we may take \; to have Gamma distribution and ;
a T-distribution, which can approximate the logistic distribution with appropriate choice of
the T d.o.f. (Albert and Chib, 1993).

In contrast, the adaptive MCMC proposed in this work requires no such approxima-
tion, and enables efficient sampling directly from (9). In addition, the adaptation provides
significant efficiency improvements over the approximate auxiliary variable Gibbs sampler.
To illustrate, we applied our adaptive MCMC to the posterior distribution (9) of the lo-
gistic regression model, and compared with the approximate auxiliary variable model. We
simulated a dataset of 200 data points directly from the model, using » = 10 covariates
and with coefficients ;.19 = [—0.01, —1.50,0.15,0.50, —0.15, —0.20, —0.60, 0.25, 1.50, —0.05].
Figure 2 shows autocorrelation plots for the MCMC samples of the ten regression coeffi-
cients. Blue autocorrelation plots show slow mixing of the auxiliary variable scheme, due to
the strong posterior dependency between the regression and auxiliary variables (Holmes and
Held, 2006); in contrast the red autocorrelation plots demonstrate that the adaptive MCMC
algorithm performs significantly better in this scenario.

Extending this example to the Bayesian ifgriable selection context, we place spike-and-



slab prior distributions 7(3;) on the coefficients m(53;) = 0.56(3;) + 0.5 N(5; | 0,0?) taking
o = 100. We applied the adaptive MCMC with point mass mixture proposal (Algorithm
3) of Section 3 to sample from the joint posterior 7(3 | X,Y) oc L(Y|3) [T7_, mo(5:), where
L(Y'|3) denotes the logistic likelihood function. We simulated 200 data points using r = 10
covariates with coefficients (1.4 = [1.0,4.0,2.0, —2.0] and (35,10 = 0. Figure 3 shows posterior
histograms obtained for the coefficients; we see that the algorithm correctly selects the
relevant predictor variables. Figure 4 shows sample autocorrelation plots for the regression
coefficients using the adaptive point mass method, compared to a non-adaptive random-walk
Metropolis which would be the standard choice for this problem, and again the adaptive
algorithm shows dramatic speedup. Table 1 shows the estimated Monte Carlo standard
errors of the parameters, where we see that the decrease in autocorrelation of the adaptive
scheme yields effective sample sizes 50-150x larger. Thus the adaptive algorithm computes
the Bayesian variable selection solution for the logistic regression model with spike-and-slab

priors, approximately 100x faster than the standard approach.

Figure 3: Posterior histogram obtained via point mass mixture AMCMC for coefficients ;.19
of logistic model, with corresponding true values (dashed line). Posteriors concentrate at
correct zero (f35.19) and non-zero ((31.4) values.

4.2 Kernel Regression

Kernel models have been used extensively in machine learning for classification and regression

problems (Poggio and Girosi, 1990; Vapnik, 119598; Scholkopf and Smola, 2001; Shawe-Taylor
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Figure 4: Autocorrelation plots for the logistic model coefficients (.19 using random walk
non-adaptive MCMC (dark) and the point-mass mixture adaptive MCMC algorithm de-
scribed in text (light). The adaptive algorithm is seen to mix significantly faster.

Metropolis Adaptive Eff. sample size

Bi std error B; std error | 020/ 0 venc
51 1.59 1.31 0.95 0.108 147.1
B2 6.55 0.59 3.97 0.052 127.5
03 2.82 0.76 2.37 0.063 146.5
Ba -3.70 0.05 -2.27 0.007 50.8

Table 1: Parameter estimates for the Bayesian logistic regression model selection. The adap-
tive MCMC shows dramatic improvements in Monte Carlo variance of parameter estimates,
with effective sample sizes 50-150x larger than the standard Metropolis scheme.

and Cristianini, 2004). Variable selection technologies for kernel models are of great interest,
especially in situations where the number of potential variables is comparable to or larger
than the number of observations. Recently Liang et al. (2006) develop a MCMC sampling
procedure for treating the Relevance Vector Machine (RVM) kernel regression model from
a fully Bayesian perspective. However the MCMC algorithm provided there mixes slowly;
here we apply our adaptive MCMC variable selection scheme to this model.

Suppose we have n observations (z;,y;) with p explanatory variables x; € R? and corre-
sponding responses y; € {0, 1}, on which we wish to train a classifier for future observations.
If p is large relative to n, we wish to include only salient features in order to reduce classifier
variance and improve predictive performance. The model uses a probit link, with latent

variable z; ~ N(p;, 1) introduced for each observation, where p; is a predictor and z; > 0
16



iff y; =1, s0o P(y; = 1) = ®(u;). The regression model is specified through a kernel matrix
= wo + Kw where pn = (p1, ..., 1y, wo is an intercept term, w is a vector of regression

coefficients, and K is an n x n kernel matrix. Then we have

ui:wo+ZK(xi,xj)wj for i=1,...,n
j=1

Any Mercer (continuous, symmetric, positive definite) kernel K may be used; common
choices include a radial basis function (RBF) kernel K (z,2*) = exp{—>_1_, pr(xx — x})*}
for scale parameters for p € R?, and the linear kernel K (z,2*) = > % _, prapx;. These kernels
measure similarity between two data points z,x* € RP, accounting for possible differences
in significance of the various dimensions. Large p;’s contribute to defining similarity and
represent salient explanatory variables, while small p;’s represent insignificant variables.

Kernel classification and regression methods typically utilize fixed parameters (for exam-
ple, fixed p in the RBF kernel) and do not perform variable selection directly. The Bayesian
approach of Liang et al. (2006) estimates the kernel function parameters simultaneously with
the regression coefficients, allowing for feature selection during model fitting.

The probit likelihood is of the form

and parameter prior distributions are specified hierarchically: pj, ~ (1—7v) 4+, Gamma(a,, a,s)
fork=1,---,ps~ Exp(as) and v ~ Beta(a,, b,) where a,, a,, a,, b, are all hyperparameters
that are prespecified.

Posterior inference for p is of particular interest here, as p represents the significance of
various dimensions. Liang et al. (2006) construct a special-purpose Metropolis scheme using
a proposal distribution for p with a mixture of a global and local moves, but the chain still
mixes somewhat slowly. Here we implement the general-purpose adaptive MCMC procedure

of Section 3 (Algorithm 3) with independent plr7oposal of the pp’s. Since the prior distribution



of py is a mixture of a point mass and a Gamma distribution, we also take the proposal for

each pj as a mixture of point mass at 0 and M = 5 Gamma distributions:

a(p) = AG(p:1,0.0) + (1 = 0)[w06(p) + 3 0G0 s )]

Parameter updates for Algorithm 3 using a mixture of Gammas proposal are given by (see

Appendix):
Qi1 = Qi + Kins1 (108(Bikn) — Y(ign) +1og(p)) (10)
O kn
ﬁi,k,n-{—l - /Gi,k,n + Rin+1 <ﬁ7—k’ - ,0) (11)
i,k,n

where subscripts i, k, n index the proposal mixture component, the covariate, and the itera-
tion, respectively; ¢(«) is the digamma function; and r; ,, 41 are defined similarly to Section 2
with Gamma densities in place of normals. Thus py ,+1 is proposed from the adaptive mix-
ture distribution with parameters obtained from the previous iteration. Sampling of all other
parameters remains unchanged from the original method (Liang et al., 2006).

We evaluated our adaptive MCMC algorithm for this model using the synthetic data set
studied in Liang et al. (2006). As our emphasis here is solely on the sampling algorithm rather
than the larger model, we report here only results for the parameters p of interest for variable
selection; further details of the model applied to this data set can be found in the original
paper (Liang et al., 2006). Figure 5 shows the sample autocorrelation of the p’s obtained
by simulation using the proposed MCMC method of Liang et al. (2006), compared with the
adaptive MCMC method developed in this paper, where again the adaptive algorithm shows
significantly better mixing. Estimated exclusion probabilities estimates are shown in Table 2
along with those of Liang et al. (2006); where it can be seen that the decrease in Monte Carlo
variance obtained via the adaptive algorithm increases the accuracy (only variables p; and

p2 are nonzero in the synthetic data set).
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Figure 5: Autocorrelation plots for kernel regression scale parameters (p;’s) obtained using
the MCMC algorithm of Liang et al. (2006) (dark) and point-mass mixture AMCMC (light).

Algorithm pr | p2 | p3s | pa | ps | ps | pr | ps | po | pro | pu | pi2
Non-adaptive || 0.33 [ 0.30 || 0.61 [ 0.62 | 0.61 | 0.59 | 0.61 | 0.61 | 0.65 | 0.63 | 0.60 | 0.61
Adaptive 0.01 | 0.03] 0.82]0.88]0.90|0.89|0.79]0.83]0.8 |0.911|0.76 | 0.77

Table 2: Estimated exclusion probabilities for kernel regression scale parameters (p;’s) ob-
tained via the MCMC algorithm of Liang et al. (2006) versus the point-mass mixture AM-
CMC algorithm. Rapid convergence of the AMCMC estimates yields more accurate inclusion
(p1.2) and exclusion (ps.12) probabilities.

4.3 Model Selection in Gibbs Random Fields

Schmidler et al. (2007) describe Bayesian estimation and model selection for the parameters
of a statistical mechanical model arising in bioinformatics and molecular biophysics. The
helix-coil model describes equilibrium behavior of a short polypeptide which adopts a helical
shape in solution (Poland and Scheraga, 1970); in recent years this model has seen extensive
study and has been generalized to model the effects of peptide sequence on this equilibrium
(see Schmidler et al. (2007) and references therein). Let R = (Ry, ..., R;) denote a sequence
of categorical variables specifying the amino acid sequence of a peptide, with each R; taking
values in the set of 20 amino acids. Let X = (z1,...,2;) be an associated vector of binary

indicators with z; = 1 if the i** amino acid is in helical conformation and 0 otherwise.
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The model is a Gibbs random field with short-range neighborhood interactions, with

potential U (X, R) given by
l -3 -4
U(X> R) - Z x’iaRi + Z x’i:’i+3/6RiRi+3 _I_ Z x’i:’i+4f}/RiRi+4 (12)
i=1 i=1 =1

where ;.5 = Hf:z x; indicate contiguous stretches of helical amino acids. Here the a;’s are
“free energy” parameters which quantify the differing tendency of distinct amino acids to
adopt helical conformations, and the 3;;’s and 7;;’s denote interaction contributions involving
positions at lags 3 and 4, respectively. (The absence of lags 1 and 2 are predetermined by
the physical characteristics of the molecules being modeled). More detailed description of
these parameters, and the many other parameters which fully specify the model, is given in
Schmidler et al. (2007).

The resulting Gibbs distribution is P(X € X | R) = Z le wVXR) where Z is the
normalizing constant or partition function involving a sum over all configurations X € X =
7. The helicity of a peptide is then given by the expectation or ensemble average A(R) =
> xex M(X)P(X | R) where h(X) = 7! S ;, and it is this ensemble average quantity
for which data can be measured via experimental methods such as circular dichroism.

Bayesian estimation of the parameter vectors («a, 3,7), as well as other parameters in the
model, is described in Schmidler et al. (2007). Denoting by # all model parameters, a simple

additive noise model hp = A(R,0) + ¢ with e ~ N(0, 02) yields posterior distribution

w0 | D) = x x mo(0)(2m02) "5 o 2029(hi i
> PRxh) II

where A(R) arises as calculation of the marginal likelihood of observations h;.

Of particular interest is the reduction of the 800+ parameters contained in the vectors
£ and ~ by selection of only those which are supported by the experimental data. In ad-
dition to stabilizing the model by reducing posterior and predictive variance, application

of model selection to these interaction energ%%s also yields important scientific insight into



which molecular interactions are important. Applying point-mass model selection priors of
the form (1) to the individual §;;’s and ~;;’s achieves model selection in the graph of possible
interactions. However, a random-walk Metropolis algorithm design for this purpose mixes
rather slowly (Lucas, 2006).

Figure 6 compares autocorrelation plots for a representative subset of the interaction
parameters using the adaptive MCMC with point mass mixture and the MCMC algorithm
proposed in Lucas (2006). Although the previous algorithm uses a precomputing strategy to
construct a good proposal distribution, the adaptive algorithm nevertheless shows significant
improvement in mixing for many of the parameters. Posterior densities estimated from the
two methods shown in Figure 7 indicate that at convergence the two samplers produce the
same answer as expected; however the adaptive algorithm converges significantly faster and

yields significantly lower Monte Carlo variance.
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Figure 6: Autocorrelation plots for energy parameters of the helix-coil Gibbs random field
model, using MCMC samples generated by the algorithm of Lucas (2006) (dark) versus the
point-mass mixture adaptive MCMC algorithm (light).
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Figure 7: Posterior distributions of the helix-coil model parameters of Figure 6, obtained from
the MCMC algorithm of Lucas (2006) (dashed line) and the point-mass mixture adaptive
MCMC algorithm (solid line). Both samplers converge to the same distribution; however
the adaptive algorithm mixes significantly faster (Figure 6).

5 Conclusions

The adaptive MIS algorithm with point mass mixture works well on all the examples we have
tried. In several cases, where multimodality in the target distribution leads to slow mixing
of random-walk Metropolis samplers, the adaptive algorithm yields dramatic speedups. For
Bayesian variable selection problems, the algorithm appears to handle easily the multimodal-
ity commonly encountered using point mass priors. We have demonstrated this here using
mixtures of normal distributions for location parameters, mixtures of gamma distributions
for scale parameters, using varying numbers of components, and on small, moderate, and
high-dimensional model selection problems.

Although we did not encounter this in our examples, as with any component-wise Metropo-
lis or Gibbs sampler the adaptive algorithm may have difficulty in the presence of significant
posterior covariance among the coefficients arising from correlated predictors. The mul-

timodality addressed by the current adaptiéée algorithm lies in the conditional posterior



distributions and is due to the point mass mixture priors. When this effect is encountered
in combination with correlated predictors, the joint conditional posteriors of pairs or sub-
sets of coefficients may be multimodal. For extreme such cases, no component-wise MCMC
algorithm will mix well, including the adaptive one given here. Instead, joint updates of de-
pendent parameters must be introduced. It would be relatively straightforward to extend the
current algorithm to handle such situations. Currently the algorithm builds a proposal dis-
tribution which approximates the posterior by a product of univariate mixture distributions
for each parameter. If significant posterior covariance exists among parameters, an alterna-
tive is to selectively replace component-wise proposals with joint proposals, using mixtures
of bivariate or multivariate normals and tables of joint inclusion probabilities. The need
for such additional terms can be identified by examining sample estimates of joint inclusion
odds ratios p;;/p;p; where p;; = %22:1 5§k)5§k), as well as estimated posterior covariances
for non-zero values of the 3; and 3;’s. Note that this should be based on multiple MCMC
runs from widely dispersed starting points (Gelman and Rubin, 1992), as lack of covariance
in a single run may be misleading. However if significant multivariate posterior covariance
exists, inclusion of higher dimensional proposal distributions will require an explosion of
adaptive proposal parameters. In such cases orthogonalization of the predictor variables is
to be preferred when possible. Nevertheless, extension of the adaptive sampling algorithm
described here to handle such cases automatically is of interest.

Finally, it should be emphasized that all our results, while convincing, are empirical.
The theory for adaptive MCMC algorithms still lags far behind that of even non-adaptive
MCMC algorithms. In particular, recent results in this area (Andrieu et al., 2005; Andrieu
and Moulines, 2006; Erland, 2003; Roberts and Rosenthal, 2007, 2006) provide weak laws
of large numbers, but often do not yet provide central limit theorems or any information
about convergence rates. Indeed, adaptive schemes may potentially slow convergence by
adapting prematurely to local characteristic of the target distribution. For example, Schmi-

dler and Woodard (2009) prove that several adaptive algorithms proposed in the literature
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can converge no faster than their non-adaptive counterparts, at least in a formal compu-
tational complexity sense. Significant work remains to be done on rates of convergence for
these adaptive schemes. Nevertheless, empirical results such as reported here for Bayesian
variable selection demonstrate that adaptive MCMC algorithms have the potential to be a

powerful addition to the Monte Carlo toolbox available to the applied Bayesian statistician.
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APPDX: Derivation of Adaptive Updates for Mixtures

For mixture proposal distribution ¢(x;w, V) = Zn]\fle Wi G (T30, With w = {wy, ..., wpr}

and U = {4y, ..., 1y} the parameters to be optimized, we wish to find optimal parameters
(w*, U*) that minimize the KL-divergence D|m(x)||q(z; w, V)], or equivalently maximize the

negative cross-entropy H(w, ¥) = [ w(z)logg(z; w, U)v(dz). Taking partial derivatives with
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respect to the w;’s gives:

for Lagrange multiplier \. As before, h,,, involves an intractable integration w.r.t. m(z), but

can be estimated from the previous sample path X by fzwi = % Zle H, (X®);w, U) where

a:(X; )
Hy (X;w,U) = ——————— 4 )
(Xw, 1) d(Xiw, 0)
. 7 * * : m(X’!(Lk) Pm)
Then using S, hy, (z; w*, U%) = 0 yields X = — = M leﬁ, and for K =1

n+12"7"

we obtain the stochastic approximation recursive update for w;:

Wi n+1 = Win + T'n+1 (Oz (Xn+1) - O(Xn-i-l))

where X, is the sample path at iteration n + 1, 7,1 is the step-size in the stochastic
approximation algorithm, O;(X) = % and O(X) = - M 0i(X).

In Algorithm 3 the mixture also contains a point mass, in which case we instead get

O(X) = ﬁ Z%:O O;(X) where

L for X=0; 1=0

O:(X) = « 4 (X39) L
( ) Z»,Ay/{:l wmqm(X;’(/}m) for X ;é O) 1 1, ey M

0 otherwise

\

Note these updates enforce ) w,, = 1 but not w,, > 0. Rather than add slack variables to
satisfy the Karush-Kuhn-Tucker conditions, we simply project back onto the unit simplex if

weights become negative, as common in stochastic approximation (Kushner and Yin, 1997).
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The partial derivatives of H(w, ¥) with respect to component parameters ¢; are similar

o (w0, W) = 2

[ / () log gl W, \If)d:):}

_ /W(x)wia%i [qi (5 1;)]
q(X;w, )

— [ S Doy ) = [ ) i)

with associated sample path Monte Carlo estimate ﬁwi =L Zszl Hy, (X0 w ).

For the specific case of ¢ a normal mixture, we have g;(x; ;) = é(x; p;, ;) and

(X s -
Hy (X;w,0) = chb( ) (X = )
Zmzl wm¢(X§ wm)
Hy,(Xiw, 0) = gty iy (5 o (s )" = 57)

But since ¥; is positive definite, the roots of H,, and Hy, are the same as those of

wi¢(X; ¢z‘)

H, (X;w,¥) = (X — i) =0
. S W (X )
B (0, ) = 208 (06— ) (X )" = 5] =0

with the latter yielding the recursive updates (6-8) for ¢; = [u;, ;] given in Algorithm 2.
Taking M = 1 yields the updates (4-5) given in Algorithm 1. When including a point mass
component, the same derivation gives all Hy, multiplied by indicator 1{xg}.

Similarly, when ¢ is a mixture of gamma distributions (Section 4.2) we have ¢;(p; ;) =

G(p; i, Bi) = %po‘_le_ﬁp, and the associated derivatives become:

wig(pi s i) log(3;) — ¥ (qy lo
S w0,G(p; M( g(B;) — () +log(p))

) _ G (p; i, Bi) (ai )
Hy(piw, U) = — = Y _
ﬁl(p v ) Z%:l wmg(p; O‘maﬁm) ﬁ’ ’

Haz‘(p;w> \Ij) =
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where (o) denotes the digamma function, yielding the updates (10-11) of Section 4.2.
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