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Learning gradients
Dimension reduction and dependence structure
Bayesian formulation

Motivation and related work

Data generated by measuring thousands of variables lies on or near
a low-dimensional manifold or strong dependencies between
variables.
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Learning gradients
Dimension reduction and dependence structure
Bayesian formulation

Motivation and related work

Data generated by measuring thousands of variables lies on or near
a low-dimensional manifold or strong dependencies between
variables.

Manifold learning: LLE, ISOMAP, Laplacian Eigenmaps, Hessian
Eigenmaps.

Simultaneous dimensionality reduction and regression: SIR, MAVE,
SAVE.
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Dimension reduction and dependence structure
Bayesian formulation

Generative vs. predictive modelling

Given data = {Z; = (x;,yi)}_y with Z; ¢ p(X, Y).

XeXCRPand YCIR and p>> n.
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Dimension reduction and dependence structure
Bayesian formulation

Generative vs. predictive modelling

Given data = {Z; = (x;,yi)}_y with Z; ¢ p(X, Y).

XeXCRPand YCIR and p>> n.

Two options
© discriminative or regression Y|X

Q generative X|Y (sometimes called inverse regression)
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Dimension reduction and dependence structure
Bayesian formulation

Regression

Given X € X CIRP and Y C IR and p > n and p(X,Y) we want
Y|X.

A natural idea
f,(x) = arg min[var (f)] = argminEy (Y — (X)),

and f,(x) = Ey[Y|x] provides a summary of Y|X.
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Bayesian formulation

Inverse regression

Given X e X CIRP and Y C R and p > n and p(X, Y) we want
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Q = cov (X|Y) provides a summary of X|Y.
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Dimension reduction and dependence structure
Bayesian formulation

Inverse regression

Given X e X CIRP and Y C R and p > n and p(X, Y) we want
X|Y.

Q = cov (X|Y) provides a summary of X|Y.

O Q;; — relevance of variable with respect to label

@ 2j; — covariation with respect to label
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Dimension reduction and dependence structure
Bayesian formulation

Learning gradients

of, of, )T
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Model simultaneously f,(x) and Vf, = (
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Dimension reduction and dependence structure
Bayesian formulation

Learning gradients

of, of, )T
axlv ) OxP "

Model simultaneously f,(x) and Vf, = (
Q regression: f,(x)

© inverse regression: gradient outer product (GOP)
I =E[Vf, ® VFf] or

o (96 o
Yo\oxTox [
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Dimension reduction and dependence structure
Bayesian formulation

Linear case

We start with the linear case
y=w-x+e, X No(0, o2).
¥, = cov(X), 02 =var(Y).

2
r:ai< —g—j> PRl 9) B SRV Mot 0 el
Y

I and Q are equivalent modulo rotation and scale.
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Dimension reduction and dependence structure
Bayesian formulation

Nonlinear case

For smooth f(x)
y=1f(x)+e ¢ " No(0, 02).

Q = cov (X|Y) not so clear.
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Bayesian formulation

Nonlinear case

Partition into sections and compute local quantities
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Dimension reduction and dependence structure
Bayesian formulation

Nonlinear case

Partition into sections and compute local quantities

T
X = UXi
i=1

Q; = COV(XX,-|YX,-)
L = cov(Xy)
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Dimension reduction and dependence structure
Bayesian formulation

Nonlinear case

Partition into sections and compute local quantities

T
X = UXi
i=1

Q; = COV(XX,-|YX,-)
L = cov(Xy)

0? = var (Yx,)
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Dimension reduction and dependence structure
Bayesian formulation

Nonlinear case

Partition into sections and compute local quantities

z
X = U X;
i=1
Q; = cov(Xy,|Yy,)
L = cov(Xy)
0? = var (Yx,)

m; = (X;)‘
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Dimension reduction and dependence structure
Bayesian formulation

Nonlinear case

Partition into sections and compute local quantities

T
X = UXi
i=1

Q; = COV(XX,-|YX,-)
L = cov(Xy)

0? = var (Yy.)

mi = p(x;)
7

> molxtQx .
i=1
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Dimension reduction and dependence structure
Bayesian formulation

Gradient estimate — for regression

Taylor expanding f(x) around data should result in

(f(x;) — f(xi) + VF(xi) - (xj — x,-))2 ~0 for x;~ X
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Dimension reduction and dependence structure
Bayesian formulation

Gradient estimate — for regression

Taylor expanding f(x) around data should result in

(f(x;) — f(xi) + VF(xi) - (xj — x,-))2 ~0 for x;~ X

L(f,F, data) = Z wi(y; — F(xi) + F(xi) - (x — xi))2.
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Dimension reduction and dependence structure
Bayesian formulation

Gradient estimate — for regression

Taylor expanding f(x) around data should result in

(f(x;) — f(xi) + VF(xi) - (xj — x,-))2 ~0 for x;~ X

L(f,F, data) = Z wi(y; — F(xi) + F(xi) - (x — xi))2.

Similar idea for classification, link function.
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Dimension reduction and dependence structure
Bayesian formulation

Gradient estimate

Optimization Problem

(fo.fp) =arg min {L(f,F,data) + A|IFI% + Nall % }
(f,F)eHo

f is vector of gradients
A1, Ao are regularization terms
L(-) is empirical error using convex loss function
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Dimension reduction and dependence structure
Bayesian formulation

Gradient estimate

Optimization Problem

(fo,fp) =arg min {L(f,F,data) + MlIFI% + Xall % }
(f,F)eHo

f is vector of gradients
A1, Ao are regularization terms
L(-) is empirical error using convex loss function

Representation form

fo(x) =Y _aipK(xi,x), fo(x) = _ cipK(xix)
i=1 i=1

with ap = (a1.p, --;anp) € R" and ¢p = (c1.p,---,cnp) " € R™.
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Dimension reduction and dependence structure
Bayesian formulation

Gradient Outer Product (GOP)

A central quantity in this talk will be the GOP.

Definition (GOP)

f = ®f=clKep ~E(VF @ V)
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Learning gradients

Bayesian formulation

Dimension reduction

Proposition
The eigenvectors corresponding to the d non-zero eigenvalues of I
span the subspace relevant to prediction.

Gradients provide information on the predictive directions b,
i=1,..d.
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Learning gradients

Bayesian formulation

Gaussian Markov distributions over graphs

Give a multivariate normal distribution with covariance matrix X
the matrix P = ¥ 1 is the conditional independence matrix

Pjj = dependence of i < j| all other variables.
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Learning gradients

Bayesian formulation

Gaussian Markov distributions over graphs

Give a multivariate normal distribution with covariance matrix X
the matrix P = ¥ 1 is the conditional independence matrix

Pjj = dependence of i < j| all other variables.

~

Note by construction I is a covariance matrix of a Gaussian
process.
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Learning gradients

Bayesian formulation

Gaussian Markov distributions over graphs

Give a multivariate normal distribution with covariance matrix X
the matrix P = ¥ 1 is the conditional independence matrix

Pjj = dependence of i < j| all other variables.

~

Note by construction I is a covariance matrix of a Gaussian
process.

J= inv(f) is the inferred conditional independence matrix.
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Learning gradients

Bayesian formulation

Restriction to a manifold

Assume the data is concentrated on a manifold M C IRP with
M € IR? and there exists an isometric embedding ¢ : M — RP.
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Learning gradients

Bayesian formulation

Restriction to a manifold

Assume the data is concentrated on a manifold M C IRP with
M € IR? and there exists an isometric embedding ¢ : M — RP.

Theorem

Under mild regularity conditions on the distribution and
corresponding density, with probability 1 — §

Clog <%> n~1/d

1\ 174
Ifo —flly, < Clog<g>n jel

I(d) o — V paf

IA

where (dp)* is the dual of the map de.

Sayan Mukherjee



Learning gradients
Dimension reduction and dependence structure

Bayesian kernel model for regression

yi=f(xj)+e, ¢ i No(O,az).

F(x) = /X K (x, u)Z(du)

where Z(du) € M(X) is a signed measure on X.
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Learning gradients
Dimension reduction and dependence structure

Bayesian kernel model for regression

yi=f(xj)+e, ¢ i No(O,az).

F(x) = /X K (x, u)Z(du)

where Z(du) € M(X) is a signed measure on X.

m(Z|data)  L(data|Z) 7(Z),

this implies a posterior on f.
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Learning gradients
Dimension reduction and dependence structure

Priors and integral operators

Integral operator £, : I — G

g:{f‘f(X) :=£K[V](X)=/XK(X’“) (). Ver}’

with T C B(X).
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Learning gradients
Dimension reduction and dependence structure

Priors and integral operators

Integral operator £, : I — G

g:{f‘f(X) :=£K[V](X)=/XK(X’“) (). Ver}’

with T C B(X).

A prior on [ implies a prior on G.
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Learning gradients
Dimension reduction and dependence structure

Equivalence with RKHS

For what I is Hx = span(G) ?

What is E;l(HK) =77, This is hard to characterize.
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Learning gradients
Dimension reduction and dependence structure

Equivalence with RKHS

For what I is Hx = span(G) ?
What is E;l(HK) =77, This is hard to characterize.

An appropriate choice for I is the union of integrable functions and
discrete measures.
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Learning gradients
Dimension reduction and dependence structure

Signed measures are (almost) just right

Nonsingular measures: M = L1(X)u Mp

Proposition
Lk (M) is dense in Hx with respect to the RKHS norm.
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Learning gradients
Dimension reduction and dependence structure

Signed measures are (almost) just right

Nonsingular measures: M = L1(X)u Mp

Proposition
Lk (M) is dense in Hx with respect to the RKHS norm.

Proposition
B(X) G L' (Hk(X))-
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Learning gradients
Dimension reduction and dependence structure

The implication

Take home message — need priors on signed measures.

A function theoretic foundation for random signed measures such
as Gaussian, Dirichlet and Lévy process priors.
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Learning gradients
Dimension reduction and dependence structure

Bayesian kernel model

yi=f(xj)+e, ¢ i No(O,az).

F(x) = /X K (x, u)Z(du)

where Z(du) € M(X) is a signed measure on X.
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Learning gradients
Dimension reduction and dependence structure

Bayesian kernel model

yi=f(xj)+e, ¢ i No(O,az).

F(x) = /X K (x, u)Z(du)

where Z(du) € M(X) is a signed measure on X.

m(Z|data)  L(data|Z) 7(Z),

this implies a posterior on f.
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Learning gradients
Dimension reduction and dependence structure

Dirichlet process prior

F(x) = /X K(x, u)Z(du) = /X K (x, u)w(u)F(du)

F(du) is a distribution and w(u) a coefficient function.
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Learning gradients
Dimension reduction and dependence structure

Dirichlet process prior

F(x) = /X K(x, u)Z(du) = /X K (x, u)w(u)F(du)

F(du) is a distribution and w(u) a coefficient function.

Model F using a Dirichlet process prior: DP(«, Fo)

Sayan Mukherjee



Learning gradients
Dimension reduction and dependence structure

Bayesian representer form

Given X, = (x1, ..., Xp) " E

F|Xo~DP(a+n,F,), Fp=(aFo+> &)/(a+n).
i=1

E[f | X,] = an / K, ) wlw) dFo(u)+n ™ (1-2,) Y wlx) K (x. %),

ap = af(a+ n).
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Learning gradients
Dimension reduction and dependence structure

Bayesian representer form

Taking lima — 0 to represent a non-informative prior:

Proposition (Bayesian representer form)

n
Fu(x) = Z w; K(x, xi),
i=1

w; = w(x;)/n.
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Learning gradients
Dimension reduction and dependence structure

Bayesian kernel model for gradient estimates

By Taylor expansion

yi = F0g) + F() - (% = x5) + ex,
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Learning gradients
Dimension reduction and dependence structure

Bayesian kernel model for gradient estimates

By Taylor expansion

yi = F0g) + F() - (% = x5) + ex,

By representer form
yi=ag+ Ka+ (LX,{ — X)CK,‘ + &

where . = (1,...,1), a = (aq,...ay) € R,
C = (c1,...cn) € RP*", X is the n x p data matrix, K; is the ith
column of K.
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Learning gradients
Dimension reduction and dependence structure

Likelihood: error term and spatial statistics

Intuition: Consider a spatial model (similarity matrix)

wij := 0 exp{—¢||x; — xj[|},

where 6 and ¢ are parameters of a spatial model.
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Learning gradients
Dimension reduction and dependence structure

Likelihood: error term and spatial statistics

Intuition: Consider a spatial model (similarity matrix)

wij := 0 exp{—¢||x; — xj[|},

where 6 and ¢ are parameters of a spatial model.
A natural modeling assumption is

-1
Exiyxg OC Wi~
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Learning gradients
Dimension reduction and dependence structure

Likelihood: error term and spatial statistics

Intuition: Consider a spatial model (similarity matrix)

wij := 0 exp{—¢||x; — xj[|},

where 6 and ¢ are parameters of a spatial model.
A natural modeling assumption is

-1
Exiyxg OC Wi~

Given this spatial structure
-1
ei ~ Non(0, W)
where W; = diag(wy; ;s -, W x,)-
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Learning gradients
Dimension reduction and dependence structure

Likelihood

Given the error model the likelihood is

L(datalf, f) o
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Learning gradients
Dimension reduction and dependence structure

Likelihood

Given the error model the likelihood is

L(datalf, f) o H wijexp { — %Z(efWie;)}
\/ ij i

with
K = FAF
A = diag(\3,...,\?)
a = FAT'B
e = y;—ao—Fﬁ—(LX,{—X)CK,'
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Learning gradients
Dimension reduction and dependence structure

Prior specification

m(ag,0) o 1/6,

Sayan Mukherjee



Learning gradients
Dimension reduction and dependence structure

Prior specification

m(ag,0) o 1/6,
B~ No(0,T)
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Learning gradients
Dimension reduction and dependence structure

Prior specification

m(ag,0) o 1/6,
8 ~ No(0,T)

\'
I

diag(71, ..., 7n), 7; ' ~ Ga(a, /2, b /2),

Sayan Mukherjee



Learning gradients
Dimension reduction and dependence structure

Prior specification

m(ag,0) o 1/6,
B ~ No(0,T)
T = diag(m, ...,7‘,,),7',-_1 ~ Ga(a,/2, b:/2),
G ~ (1—mk)do +mkNo(0, ¢, 1)
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Learning gradients
Dimension reduction and dependence structure

Prior specification

m(ag,0) o 1/6,
B ~ No(0,T)
diag(71, ..., 7n), 7; ' ~ Ga(a, /2, b /2),
G ~ (1—mk)do +mkNo(0, ¢, 1)
ok~ Ga(ac/2,6:/2)

\'
I
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Learning gradients
Dimension reduction and dependence structure

Prior specification

m(ag,0) o 1/6,
B ~ No(0,T)
diag(71, ..., 7n), 7; ' ~ Ga(a, /2, b /2),
G ~ (1—mk)do +mkNo(0, ¢, 1)
ok~ Ga(ac/2,6:/2)
Tk ~ Beta(ar, fr),

\'
I
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Learning gradients
Dimension reduction and dependence structure

Prior specification

m(ag,0) o 1/6,
B ~ No(0,T)
diag(71, ..., 7n), 7; ' ~ Ga(a, /2, b /2),
G ~ (1—mk)do +mkNo(0, ¢, 1)
ok~ Ga(ac/2,6:/2)
Tk ~ Beta(ar, fr),
¢ ~ Ga(ay/2,by/2)

\'
I
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Learning gradients
Dimension reduction and dependence structure

Prior specification

m(ag,0) o 1/6,
B ~ No(0,T)
T = diag(m, ...,7‘,,),7',-_1 ~ Ga(a,/2, b:/2),
G ~ (1—mk)do +mkNo(0, ¢, 1)
ok~ Ga(ac/2,6:/2)
Tk ~ Beta(ar, fr),
¢~ Ga(ag/2,by/2)

Standard Gibbs sampler simulates p(a, ag, C, ¢, 0|data).
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Digits

Linear example

Dimensions
RKHS norm
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Digits

Linear example

Dimensions
H]
1
H

10 2 3 4 s e 70 8
Dimensions
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Nonlinear example

Dimension 2

Sayan Mukherjee
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Simulated data

Digit classification

MNIST handwritten digits database: X; € R78 : 28 by 28
gray-scale pixel image
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Simulated data

Digit classification

MNIST handwritten digits database: X; € R78 : 28 by 28
gray-scale pixel image

Problem 1: '3 vs 8" with 50 3's, 50 8's
Problem 2: '5 vs 8" with 50 5's, 50 8's
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Simulated data

Digit classification

MNIST handwritten digits database: X; € R78 : 28 by 28
gray-scale pixel image

Problem 1: '3 vs 8" with 50 3's, 50 8's
Problem 2: '5 vs 8" with 50 5's, 50 8's

i
Goal

Learn features for predictive model:
@ 3vs8
@ 5vs 8

o
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Simulated data

3, 5, 8 Classification problem
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Simulated data

Top features: 3 vs 8

Sayan Mukherjee



Simulated data

Top features: 5 vs 8
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Progression in prostate cancer

Genes don't do things

Growth Signals
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Progression in prostate cancer

Diabetes — Oxphos
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Progression in prostate cancer

Gender

chry

chrypll
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Progression in prostate cancer

Gene set database

The gene sets in the database are defined by

© Positional gene sets: cytogenetic bands, 3 megabase windows;
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Progression in prostate cancer

Gene set database

The gene sets in the database are defined by
© Positional gene sets: cytogenetic bands, 3 megabase windows;
O Motif gene sets: TRANSFAC motifs, Representative motifs;
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Progression in prostate cancer

Gene set database

The gene sets in the database are defined by
© Positional gene sets: cytogenetic bands, 3 megabase windows;
O Motif gene sets: TRANSFAC motifs, Representative motifs;

© Curated gene sets: Pathways, Literature reviews, Animal
models, Clinical phenotypes, Expert curations, Chemical or
genetic perturbations.
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Pathways and gene sets

Progression of prostate cancer

Gene expression from 22,283 genes. 71 people 22 benign (b)
prostate epithelium, 32 primary (p) prostate cancer, 17 metastatic
(m) prostate cancer.
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Pathways and gene sets

Progression of prostate cancer

Gene expression from 22,283 genes. 71 people 22 benign (b)
prostate epithelium, 32 primary (p) prostate cancer, 17 metastatic
(m) prostate cancer.

Progression: {b+— p +— m}.
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Pathways and gene sets

Progression of prostate cancer

Gene expression from 22,283 genes. 71 people 22 benign (b)
prostate epithelium, 32 primary (p) prostate cancer, 17 metastatic
(m) prostate cancer.

Progression: {b+— p +— m}.

523 pathway defined gene sets.
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Pathways and gene sets

Progression of prostate cancer

Gene expression from 22,283 genes. 71 people 22 benign (b)
prostate epithelium, 32 primary (p) prostate cancer, 17 metastatic
(m) prostate cancer.

Progression: {b+— p +— m}.

523 pathway defined gene sets.

© Which pathways are involved in all or some stages of
progression 7
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Pathways and gene sets

Progression of prostate cancer

Gene expression from 22,283 genes. 71 people 22 benign (b)

prostate epithelium, 32 primary (p) prostate cancer, 17 metastatic
(m) prostate cancer.
Progression: {b+— p +— m}.

523 pathway defined gene sets.

© Which pathways are involved in all or some stages of
progression 7

© What are the pathway dependencies (inferring pathway
networks) ?
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Pathways and gene sets

Progression of prostate cancer

Gene expression from 22,283 genes. 71 people 22 benign (b)
prostate epithelium, 32 primary (p) prostate cancer, 17 metastatic
(m) prostate cancer.

Progression: {b+— p +— m}.

523 pathway defined gene sets.

© Which pathways are involved in all or some stages of
progression 7

© What are the pathway dependencies (inferring pathway
networks) ?

© For each relevant pathway infer gene network for pathway.
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Pathways and gene sets

Pathways relevant in progression
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Pathways and gene sets

Pathway dependencies: benign to primary
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Pathways and gene sets

Refinement of gene sets

© Not all genes in a gene set are relevant in the specific context
studied.

Sayan Mukherjee



Pathways and gene sets

Refinement of gene sets

© Not all genes in a gene set are relevant in the specific context
studied.

© Genes not included in the gene set maybe relevant to the
specific context studied.
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