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To TommyPoggio

This talk is dedicatedto my advisor Tommy Poggioas part of \a
journeythrough computation."
I hope I don't tarnish his nametoo much.
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Linear systemstheory

De�ne: the input signal,x(t ), and the output signal,y(t ).
A systemmapsan input signalto an output signalvia a system
operator S de�ned by an impulseresponseK

y(t ) = Sf X (t � � )g =
Z

X
K (t � � )x(� )d� :
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Linear systemstheory

De�ne: the input signal,x(t ), and the output signal,y(t ).
A systemmapsan input signalto an output signalvia a system
operator S de�ned by an impulseresponseK

y(t ) = Sf X (t � � )g =
Z

X
K (t � � )x(� )d� :

CharcterizeS by test functions{ sinusoidalinputs.
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Nonlinear systemstheory

y(t ) = Sf X (t � � )g:

Weinertheory: CharacterizeS by test functions{ Brownian
motion.
The method of Wienerpro�des a canonicalseriesrepresentation

Sx =
X

nki

Gnki x

where

Gnki =
Z

gnki (� 1; :::; � i )dx(� 1) � � � dx(� i ):
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Nonlinear systemstheory

y(t ) = Sf X (t � � )g:

Lee-Schetzen:CharacterizeS0 by test functions{ white noise.
A responseof S to _x

S_x = S0x =
X

nki

Gnki x

where

Gnki =
Z

gnki (� 1; :::; � i ) _x(� 1) � � � _x(� i )d� 1 � � � d� i :
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Nonlinear systemstheory

y(t ) = Sf X (t � � )g:

Lee-Schetzen:CharacterizeS0 by test functions{ white noise.
A responseof S to _x

S_x = S0x =
X

nki

Gnki x

where

Gnki =
Z

gnki (� 1; :::; � i ) _x(� 1) � � � _x(� i )d� 1 � � � d� i :

A question:For what stochasticinputs doesthis hold ?
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Regression{ learning ashypersurfacereconstruction

data = f Li = (xi ; yi )gn
i=1 with Li

iid� � (X ; Y ).

X 2 X � IRp and Y � IR and p � n.

A natural idea
fr (x) = EY [Y jx]:
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Regularization theory { RBF style

Minimization of the following functional was proposedin Poggio
and Girosi

H[f ] =
NX

i =1

(yi � f (xi ))2 + � kP f k2;

whereP is a di�erential operator.
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Regularization theory { RBF style

UsingGreen'sfunctions(operator theory)

f (x) =
NX

i =1

ci G(x; xi ):

in matrix-vector form

(G + � I )c = y;

whereGij = G(xi ; xj ).
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Regularization theory { RKHSstyle

f̂ (x) = arg min
f 2bs

[error on data+ smoothnessof function]

Sayan Mukherjee Integral operators and priors



Intergral operators and priors
Descriptive models that are predictive

Wiener theory
Radial basis functions networks
Bayesian kernel model

Regularization theory { RKHSstyle

f̂ (x) = arg min
f 2bs

[error on data+ smoothnessof function]

error on data = L(f ; data) = (f (x) � y)2

smoothnessof function = kf k2
K =

Z
jf 0(x)j2dx

big function space = reproducingkernel Hilbert space= H K
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Regularization theory { RKHSstyle

f̂ (x) = arg min
f 2H K

�
L(f ; data) + � kf k2

K

�

The kernel: K : X � X ! IR e.g. K (u; v) = e(�k u� vk2) .

The RKHS

H K =

(

f
�
�
� f (x) =

X̀

i =1

� i K (x; xi ); xi 2 X ; � i 2 R; ` 2 N

)

:
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Representertheorem

f̂ (x) = arg min
f 2H K

�
L(f ; data) + � kf k2

K

�

f̂ (x) =
nX

i =1

ci K (x; xi )

f̂ (x) =
nX

i =1

ci G(x; xi ):

Greatwhenp � n.
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Very popular anduseful

Theo, Massi,and Tommy:
1 Support vector machines

f̂ (x) = arg min
f 2H K

"
nX

i =1

j1 � yi � f (xi )j+ + � kf k2
K

#

;

2 RegularizedKernel regression

f̂ (x) = arg min
f 2H K

"
nX

i =1

jyi � f (xi )j2 + � kf k2
K

#

;

3 Regularized logistic regression

f̂ (x) = arg min
f 2H K

"
nX

i =1

ln
�

1 + e� yi �f (xi )
�

+ � kf k2
K

#

:
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Why go Bayes{ uncertainty
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Bayesianinterpretation

Poggioand Girosi

H[f ] =
NX

i =1

(yi � f (xi ))2 + � kP f k2;

exp(� H[f ]) = exp

 

�
NX

i =1

(yi � f (xi ))2

!

exp
�
� � kP f k2�

Pr(f jdata) / Lik(datajf )� (f ):
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Priors via spectral expansion

H K =

(

f
�
�
� f (x) =

1X

i =1

ai � i (x) with
1X

i =1

a2
i =� i < 1

)

;

� i (x) and � i � 0 are eigenfunctionsand eigenvaluesof K :

� i � i (x) =
Z

X
K (x; u)� i (u)d
 (u):
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Priors via spectral expansion

H K =

(

f
�
�
� f (x) =

1X

i =1

ai � i (x) with
1X

i =1

a2
i =� i < 1

)

;

� i (x) and � i � 0 are eigenfunctionsand eigenvaluesof K :

� i � i (x) =
Z

X
K (x; u)� i (u)d
 (u):

Specify a prior on H K via a prior on A

A =
n�

ak
� 1

k=1

�
�
�

X

k

a2
k=� k < 1

o
:
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Priors via spectral expansion

H K =

(

f
�
�
� f (x) =

1X

i =1

ai � i (x) with
1X

i =1

a2
i =� i < 1

)

;

� i (x) and � i � 0 are eigenfunctionsand eigenvaluesof K :

� i � i (x) =
Z

X
K (x; u)� i (u)d
 (u):

Specify a prior on H K via a prior on A

A =
n�

ak
� 1

k=1

�
�
�

X

k

a2
k=� k < 1

o
:

Hard to sampleand relieson computationof eigenvaluesand
eigenvectors.
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Priors via duality

The duality betweenGaussianprocessesand RKHS impliesthe
following construction

f (�) � GP(� f ; K );

whereK is givenby the kernel.
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Priors via duality

The duality betweenGaussianprocessesand RKHS impliesthe
following construction

f (�) � GP(� f ; K );

whereK is givenby the kernel.

f (�) =2 H K almost surely.
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Integraloperators

Integral operator L K : � ! G

G =
�

f
�
�
� f (x) := L K [
 ](x) =

Z

X
K (x; u) d
 (u); 
 2 �

�
;

with � � B(X ).

Sayan Mukherjee Integral operators and priors



Intergral operators and priors
Descriptive models that are predictive

Wiener theory
Radial basis functions networks
Bayesian kernel model

Integraloperators

Integral operator L K : � ! G

G =
�

f
�
�
� f (x) := L K [
 ](x) =

Z

X
K (x; u) d
 (u); 
 2 �

�
;

with � � B(X ).

A prior on � impliesa prior on G.
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Equivalencewith RKHS

For what � is H K = span(G) ?

For what classof test functionsdoesspan(L K [�]) = H K . This is
hard to characterize.
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Equivalencewith RKHS

For what � is H K = span(G) ?

For what classof test functionsdoesspan(L K [�]) = H K . This is
hard to characterize.

The candidates{ test functions{ for � will be
1 square integrablefunctions
2 integrablefunctions
3 discretemeasures
4 the union or integrablefunctionsand discretemeasures.
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Square integrablefunctionsare too small

Proposition

For every
 2 L2(X ), L K [
 ] 2 H K . Consequently,
L2(X ) � L � 1

K (H K ):
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Square integrablefunctionsare too small

Proposition

For every
 2 L2(X ), L K [
 ] 2 H K . Consequently,
L2(X ) � L � 1

K (H K ):

Corollary

If � = f k : � k > 0g is a �nite set, then L K (L2(X )) = H K

otherwiseL K (L2(X )) $ H K : The latter occurswhenthe kernelK
is strictly positivede�nite, the RKHS is in�nite-dimensional.
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Signedmeasuresare (almost) just right

Measures:The classof functionsL1(X ) are signedmeasures.

Proposition

For every
 2 L1(X ), L K [
 ] 2 H K . Consequently,
L1(X ) � L � 1

K (H K ):
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Signedmeasuresare (almost) just right

Measures:The classof functionsL1(X ) are signedmeasures.

Proposition

For every
 2 L1(X ), L K [
 ] 2 H K . Consequently,
L1(X ) � L � 1

K (H K ):

Discretemeasures:

M D =

(

� =
nX

i =1

ci � xi :
nX

i =1

jci j < 1 ; xi 2 X ; n 2 N

)

:

Proposition

Giventhe set of �nite discretemeasures,M D � L � 1
K (H K ):
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Signedmeasuresare (almost) just right

Nonsingular measures:M = L1(X ) [ M D

Proposition

L K (M ) is densein H K with respect to the RKHS norm.
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Signedmeasuresare (almost) just right

Nonsingular measures:M = L1(X ) [ M D

Proposition

L K (M ) is densein H K with respect to the RKHS norm.

Proposition

B(X ) $ L � 1
K (H K (X )) :
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The implication

Take homemessage{ needpriors on signedmeasures.

A function theoretic foundationfor randomsignedmeasuressuch
as Gaussian,Dirichlet and L�evy processpriors.
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Discussion

Lots of work left:

Further re�nement of integral operators and priors in terms of
Sobolevspaces.
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Semi-supervisedsetting: relation of kernelmodel and priors
with Laplace-Beltramiand graphLaplacianoperators.
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Lots of work left:

Further re�nement of integral operators and priors in terms of
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Semi-supervisedsetting: relation of kernelmodel and priors
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Semi-supervisedsetting: Duality betweendi�usion processes
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Discussion

Lots of work left:

Further re�nement of integral operators and priors in terms of
Sobolevspaces.

Semi-supervisedsetting: relation of kernelmodel and priors
with Laplace-Beltramiand graphLaplacianoperators.

Semi-supervisedsetting: Duality betweendi�usion processes
on manifoldsand Markov chains.

Bayesianvariable selection:E�cient samplingand search in
high-dimensionalspace.
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Wiener theory
Radial basis functions networks
Bayesian kernel model

Discussion

Lots of work left:

Further re�nement of integral operators and priors in terms of
Sobolevspaces.

Semi-supervisedsetting: relation of kernelmodel and priors
with Laplace-Beltramiand graphLaplacianoperators.

Semi-supervisedsetting: Duality betweendi�usion processes
on manifoldsand Markov chains.

Bayesianvariable selection:E�cient samplingand search in
high-dimensionalspace.

Numericstability and statistical robustness{ work with
Tommy.
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Regression and inverse regression
Estimating gradients
Picture break one
Dimension reduction
Picture break two
Multiscale graphical models

Generativevs. predictivemodelling

Givendata = f Zi = (xi ; yi )gn
i=1 with Zi

iid� � (X ; Y ).

X 2 X � IRp and Y � IR and p � n.
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Regression and inverse regression
Estimating gradients
Picture break one
Dimension reduction
Picture break two
Multiscale graphical models

Generativevs. predictivemodelling

Givendata = f Zi = (xi ; yi )gn
i=1 with Zi

iid� � (X ; Y ).

X 2 X � IRp and Y � IR and p � n.

Two options
1 discriminativeor regressionY jX
2 generativeX jY (sometimescalledinverseregression)
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Regression and inverse regression
Estimating gradients
Picture break one
Dimension reduction
Picture break two
Multiscale graphical models

Regression

GivenX 2 X � IRp and Y � IR and p � n and � (X ; Y ) we want
Y jX .

A natural idea

fr (x) = argminEY (Y � f (X ))2;

and fr (x) = EY [Y jx] providesa summary of Y jX .
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Estimating gradients
Picture break one
Dimension reduction
Picture break two
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Inverseregression

GivenX 2 X � IRp and Y � IR and p � n and � (X ; Y ) we want
X jY .


 = cov (X jY ) providesa summary of X jY .

Sayan Mukherjee Integral operators and priors



Intergral operators and priors
Descriptive models that are predictive

Regression and inverse regression
Estimating gradients
Picture break one
Dimension reduction
Picture break two
Multiscale graphical models

Inverseregression

GivenX 2 X � IRp and Y � IR and p � n and � (X ; Y ) we want
X jY .


 = cov (X jY ) providesa summary of X jY .

1 
 ii { relevanceof variable with respect to label
2 
 ij { covariation with respect to label
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Regression and inverse regression
Estimating gradients
Picture break one
Dimension reduction
Picture break two
Multiscale graphical models

Learning gradients

Givendata = f Zi = (xi ; yi )gn
i=1 with Zi

iid� � (X ; Y ).

We will simultaneouslyestimatefr (x) and r fr =
� @fr

@x1 ; :::; @fr
@xp

� T
.
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Regression and inverse regression
Estimating gradients
Picture break one
Dimension reduction
Picture break two
Multiscale graphical models

Learning gradients

Givendata = f Zi = (xi ; yi )gn
i=1 with Zi

iid� � (X ; Y ).

We will simultaneouslyestimatefr (x) and r fr =
� @fr

@x1 ; :::; @fr
@xp

� T
.

1 regression:fr (x)
2 inverseregression:gradientouter product (GOP)

� = E[r fr 
 r fr ] or

� ij =
�

@fr
@x i ;

@fr
@x j

�
:
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Linear case

We start with the linear case

y = w � x + "; " iid� No(0; � 2):

� X = cov (X ), � 2
Y

= var (Y ).

� = � 2
Y

� � 1
X


� � 1
X

:

� and 
 are equivalentmodulo rotation and scale.
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Nonlinear case

For smooth f (x)

y = f (x) + "; " iid� No(0; � 2):


 = cov (X jY ) not so clear.
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Nonlinear case

Partition into sectionsand computelocal quantities

X =
I[

i =1

� i


 i = cov (X� i
jY� i

)

� i = cov (X� i
)

� 2
i = var (Y� i

)

mi = �X (� i ):
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Nonlinear case

Partition into sectionsand computelocal quantities

X =
I[

i =1

� i


 i = cov (X� i
jY� i

)

� i = cov (X� i
)

� 2
i = var (Y� i

)

mi = �X (� i ):

� =
IX

i =1

mi � 2
i � � 1

i 
 i � � 1
i :
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Taylor expansionandgradients

GivenD = (Z1; :::; Zn) the error of f may be approximatedas

L(f ; D) =
nX

i ;j =1

wij

h
yi � f (xj ) � r f (xj ) � (xi � xj )

i 2
;

wij ensuresthe locality of xi � xj .
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Gradientestimate- regularization

Radialbasisfunction model

(fD ;~fD ) := arg min
f ;~f 2H p+1

K

h
L(f ; D) + � 1kf k2

K + � 2k~f k2
K

i
;

H p
K is the spaceof p functions~f = (f1; :::; fp) wherefi 2 H K ,

k~f k2
K =

P p
i=1 kfi k2

K , and � 1; � 2 > 0.
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Computationale�ciency

The computationrequiresfewer than n2 parametersand is O(n6)
time and O(pn) memory

fD (x) =
nX

i =1

ai K (xi ; x); ~fD (x) =
nX

i =1

ci K (xi ; x)

with aD = (a1; :::; an) 2 Rn and cD = (c1; : : : ; cn)T 2 Rnp:
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Linear example
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Linear example
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Nonlinear example
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Sensitivefeatures

Proposition

Let f be a smooth function on Rp with gradientr f . The
sensitivity of the function f alonga (unit normalized)directionu is
ku � r f kK .
The d most sensitivefeaturesare thosef u1; :::; ud g that are
orthogonaland maximizekui � r f kK . A spectral decomposition of
� is usedto computethesefeatures,the eigenvectors
corresponding to the d top eigenvalues.
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Projectionof data

The matrix
�̂ = ~fD 
 ~fD = cT

D KcD ;

is an empiricalestimateof �.
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Projectionof data

The matrix
�̂ = ~fD 
 ~fD = cT

D KcD ;

is an empiricalestimateof �.

Geometryis preservedby projection onto top k-eigenvectors.

No needto computethe p � p matrix, method is O(n2p + n3)
time and O(pn) memory.
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Linear example
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Linear example
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Nonlinear example

�8 �6 �4 �2 0 2 4 6 8
�8

�6

�4

�2

0

2

4

6

8

Dimension 1

D
im

en
si

on
 2

�8 �6 �4 �2 0 2 4 6 8
�8

�6

�4

�2

0

2

4

6

8

Feature 1

F
ea

tu
re

 2

Sayan Mukherjee Integral operators and priors



Intergral operators and priors
Descriptive models that are predictive

Regression and inverse regression
Estimating gradients
Picture break one
Dimension reduction
Picture break two
Multiscale graphical models

Nonlinear example
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Nonlinear example
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Nonlinear example
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An early graphicalmodel

weight at 33 days oo Gain 0-33 days oo External conditions

��

Heredity
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Gauss-Markov graphicalmodels

Givea multivariate normal distribution with covariancematrix C
the matrix P = C� 1 is the conditional independencematrix

Pij = dependenceof i $ j j all other variables:
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Gauss-Markov graphicalmodels

Givea multivariate normal distribution with covariancematrix C
the matrix P = C� 1 is the conditional independencematrix

Pij = dependenceof i $ j j all other variables:

Note by construction�̂ is a covariancematrix of a Gaussian
process.
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Multiscalegraphicalmodels

De�ne J = �̂ � 1: and the partial correlation coe�cient

rij = �
Jijp
Jii Jjj

:

De�ne Rij = rij if i 6= j and 0 otherwise.
De�ne Dii = Jii . De�ne ~R = D � 1=2RD� 1=2.

�̂ = D � 1=2(I � ~R)D � 1=2:
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Multiscalegraphicalmodels

The following expansionshold

�̂ = D � 1=2

 
1X

k=0

~Rk

!

D � 1=2

�̂ = D � 1=2

 
1Y

k=0

(I + ~R2k
)

!

D � 1=2:

Herek is path-lengthin the �rst equality. The secondequality
factorizesthe covariancematrix into low rank matriceswith fewer
entries.
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Toy example
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Toy example
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Realdata { progressionof prostatecancer
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Discussion

Lots of work left:

Semi-supervisedsetting.
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Discussion

Lots of work left:

Semi-supervisedsetting.

Multi-task setting.
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Discussion

Lots of work left:

Semi-supervisedsetting.

Multi-task setting.

Bayesianformulation.
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Discussion

Lots of work left:

Semi-supervisedsetting.

Multi-task setting.

Bayesianformulation.

Nonlinear projections{ di�usion maps.
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Discussion

Lots of work left:

Semi-supervisedsetting.

Multi-task setting.

Bayesianformulation.

Nonlinear projections{ di�usion maps.

Noiseon-o� manifolds.
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Relevantpapers

Learning Coordinate Covariancesvia Gradients.Sayan
Mukherjee,Ding-XuanZhou; Journalof MachineLearning
Research, 7(Mar):519{549, 2006.

Estimationof Gradientsand Coordinate Covariation in
Classi�cation. Sayan Mukherjee,QiangWu; Journalof
MachineLearning Research, 7(Nov):2481{2514,2006.

Learning Gradientsand FeatureSelectionon Manifolds. Sayan
Mukherjee,QiangWu, Ding-XuanZhou; Annalsof Statistics,
submitted.

Learning Gradients:simultaneousregressionand inverse
regression.Mauro Maggioni,Sayan Mukherjee,QiangWu;
Journalof MachineLearning Research, in preparation.
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ThanksTommy

and Alessandro,Gadi,and Federico
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Bayesiankernelmodel

yi = f (xi ) + "; " iid� No(0; � 2):

f (x) =
Z

X
K (x; u)Z(du)

whereZ(du) 2 M (X ) is a signedmeasureon X .
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Bayesiankernelmodel

yi = f (xi ) + "; " iid� No(0; � 2):

f (x) =
Z

X
K (x; u)Z(du)

whereZ(du) 2 M (X ) is a signedmeasureon X .

� (Z jdata) / L(datajZ ) � (Z );

this impliesa posterior on f .
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L�evyprocesses

A stochasticprocessZ := f Zu 2 R : u 2 X g is calleda L�evy
processif it satis�es the following conditions:

1 Z0 = 0 almost surely.
2 For any choiceof m � 1 and 0 � u0 < u1 < ::: < um, the

randomvariablesZu0; Zu1 � Zu0; :::; Zum � Zum� 1 are
independent. (Independentincrementsproperty)

3 The distribution of Zs+ u � Zs is independentof Zs (Temporal
homogeneity or stationary incrementsproperty).

4 Z hasc�adl�ag pathsalmost surely.
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L�evyprocesses

Theorem (L�evy-Khintchine)

If Z is a L�evy process,then the characteristic function of Zu : u � 0 has the following form:

E[ei � Zu ] = exp

(

u

"

i � a �
1

2
� 2� 2 +

Z

Rnf 0g
[ei � w � 1 � i � w1f w :j w j < 1g (w)] � (dw)

# )

;

where a 2 IR ; � 2 � 0 and � is a nonnegative measureon IR with
R

R(1 ^ j wj 2) � (dw) < 1 .
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L�evyprocesses

drift term a

varianceof Brownian motion � 2

� (dw) the jump processor L�evy measure.

exp
�

u
�
i � a � 1

2 � 2� 2
�	

exp
n

u
R

Rnf 0g

�
ei � w � 1 � i � w1f w:jwj< 1g(w)

�
� (dw)

o
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Two approachesto Gaussianprocesses

Two modellingapproaches
1 prior directly on the spaceof functionsby samplingfrom

paths of the Gaussianprocessde�ned by K ;
2 Gaussianprocessprior on Z(du) implieson prior on function

spacevia integral operator.
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Prior on randommeasure

A Gaussianprocessprior on Z(du) is a signedmeasureso
span(G) � H K .
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Direct prior elicitation

Theorem (Kallianpur)

If f Zu; u 2 X g is a Gaussianprocesswith covarianceK and mean
m 2 H K and H K is in�nite dimensional,then

P(Z� 2 H K ) = 0:

The samplepaths are almost surelyoutsideH K .
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A biggerRKHS

Theorem (Luki�c and Beder)

Given two kernel functions R and K , R dominates K (R � K ) if H K � H R . Let R � K . Then

k gk R � k gk K ; 8 g 2 H K :

There exists a unique linear operator L : H R ! H R whose range is contained in H K such that

hf ; gi R = hLf ; gi K ; 8 f 2 H R ; 8 g 2 H K :

In particular
LRu = Ku ; 8 u 2 X :

As an operator into H R , L is bounded, symmetric, and positive.
Conversely, let L : H R ! H R be a positive, continuous, self-adjoint operator then

K (s; t ) = hLRs; Rt i R ; s; t 2 X

de�nes a reproducing kernel on X such that K � R.

Sayan Mukherjee Integral operators and priors



Intergral operators and priors
Descriptive models that are predictive

Regression and inverse regression
Estimating gradients
Picture break one
Dimension reduction
Picture break two
Multiscale graphical models

A biggerRKHS

If L is nucular (an operator that is compactwith �nite trace
independentof basischoice)then we havenucular dominance
R�� K .
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A biggerRKHS

If L is nucular (an operator that is compactwith �nite trace
independentof basischoice)then we havenucular dominance
R�� K .

Theorem (Luki�c and Beder)

Let K and R be two reproducingkernels.Assumethat the RKHS
H R is separable.
A necessary and su�cient condition for the existenceof a Gaussian
processwith covarianceK and meanm 2 H R and with trajectories
in H R with probability 1 is that R�� K .
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A biggerRKHS

If L is nucular (an operator that is compactwith �nite trace
independentof basischoice)then we havenucular dominance
R�� K .

Theorem (Luki�c and Beder)

Let K and R be two reproducingkernels.Assumethat the RKHS
H R is separable.
A necessary and su�cient condition for the existenceof a Gaussian
processwith covarianceK and meanm 2 H R and with trajectories
in H R with probability 1 is that R�� K .

CharacterizeH R by L � 1
K (H K ).
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Dirichlet processprior

f (x) =
Z

X
K (x; u)Z(du) =

Z

X
K (x; u)w(u)F(du)

F(du) is a distribution and w(u) a coe�cient function.
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Dirichlet processprior

f (x) =
Z

X
K (x; u)Z(du) =

Z

X
K (x; u)w(u)F(du)

F(du) is a distribution and w(u) a coe�cient function.

Model F usinga Dirichlet processprior: DP(�; F0)
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Bayesianrepresenterform

GivenXn = (x1; :::; xn) iid� F

F j Xn � DP(� + n; Fn); Fn = (� F0 +
nX

i =1

� xi )=(� + n):

E[f j Xn] = an

Z
K (x; u) w(u) dF0(u)+ n� 1(1� an)

nX

i =1

w(xi ) K (x; xi );

an = �= (� + n):
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Bayesianrepresenterform

Taking lim � ! 0 to representa non-informative prior:

Proposition (Bayesianrepresentor theorem)

f̂n(x) =
nX

i =1

wi K (x; xi );

wi = w(xi )=n.
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Likelihood

yi = f (xi ) + " i = w0 +
nX

j =1

wj K (xi ; xj ) + " i ; i = 1; :::; n

where" i � No(0; � 2):

Y � No(w0� + Kw; � 2I ):

where� = (1; :::; 1)0.
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Prior speci�cation

Factor: K = F� F0 with � := diag(� 2
1; :::; � 2

n) and w = F� � 1� :
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Prior speci�cation

Factor: K = F� F0 with � := diag(� 2
1; :::; � 2

n) and w = F� � 1� :

� (w0; � 2) / 1=� 2

� � 1
i � Ga(a� =2; b� =2)

T := diag(� 1; :::; � n)

� � No(0; T )

wjK ; T � No(0; F� � 1T � � 1F0):
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Prior speci�cation

Factor: K = F� F0 with � := diag(� 2
1; :::; � 2

n) and w = F� � 1� :

� (w0; � 2) / 1=� 2

� � 1
i � Ga(a� =2; b� =2)

T := diag(� 1; :::; � n)

� � No(0; T )

wjK ; T � No(0; F� � 1T � � 1F0):

Standard Gibbssamplersimulatesp(w; w0; � 2jdata).
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Kernelmodel extension

K� (x; u) = K (
p

� 
 x;
p

� 
 u)

with � = f � 1; :::; � pg with � k 2 [0; 1 ) as a scaleparameter.

k� (x; u) =
pX

k=1

� k xk uk ;

k� (x; u) =

 

1 +
pX

k=1

� k xk uk

! d

;

k� (x; u) = exp

 

�
pX

k=1

� k (xk � uk )2

!

:

Sayan Mukherjee Integral operators and priors



Intergral operators and priors
Descriptive models that are predictive

Regression and inverse regression
Estimating gradients
Picture break one
Dimension reduction
Picture break two
Multiscale graphical models

Prior speci�cation

� k � (1 � 
 )� 0 + 
 Ga(a� ; a� s); (k = 1; : : : ; p);

s � Exp(as); 
 � Be(a
 ; b
 )

Sayan Mukherjee Integral operators and priors



Intergral operators and priors
Descriptive models that are predictive

Regression and inverse regression
Estimating gradients
Picture break one
Dimension reduction
Picture break two
Multiscale graphical models

Prior speci�cation

� k � (1 � 
 )� 0 + 
 Ga(a� ; a� s); (k = 1; : : : ; p);

s � Exp(as); 
 � Be(a
 ; b
 )

Standard Gibbssamplerdoesnot work: Metropolis-Hastings.
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GRBFandHyperBFnetworks { a reprise

Suppose

f m(x) =
mX

� =1

c� G(x; t � ; � � );

coe�cients c� , knots t � , and scale� � .
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GRBFandHyperBFnetworks { a reprise

Suppose

f m(x) =
mX

� =1

c� G(x; t � ; � � );

coe�cients c� , knots t � , and scale� � .

Minimize

H[f m] =
NX

i =1

(yi � f m(xi ))2 + � kP f mk2;

whereP is a di�erential operator.
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GRBFandHyperBFnetworks { a reprise

Suppose

f m(x) =
mX

� =1

c� G(x; t � ; � � );

coe�cients c� , knots t � , and scale� � .

Minimize

H[f m] =
NX

i =1

(yi � f m(xi ))2 + � kP f mk2;

whereP is a di�erential operator.

Solvefor c� , t � , and � � via stochasticdi�erential equations

_c� = !
@H[f m]

@c�
+ � � (t ); � = 1; :::; m

_t � = !
@H[f m]

@t �
+ � � (t ); � = 1; :::; m

_� � = !
@H[f m]

@� �
+ � � (t ); � = 1; :::; m:

vspace.1inThe aboveis solvede�ciently via MCMC.
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Problemsetup

Labelleddata : (Y p; X p) = f (yp
i ; xp

i ); i = 1 : npg iid� � (Y ; X j�; � ).

Unlabelleddata: X m = f xm
i ; i = (1) : (nm)g iid� � (X j� ).
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Problemsetup

Labelleddata : (Y p; X p) = f (yp
i ; xp

i ); i = 1 : npg iid� � (Y ; X j�; � ).

Unlabelleddata: X m = f xm
i ; i = (1) : (nm)g iid� � (X j� ).

How can the unlabelleddata help our a predictivemodel ?

data = f Y ; X ; X mg

p(�; � jdata) / � (�; � )p(Y jX ; � )p(X j� )p(X m j� ):

Needvery strong dependencebetween� and � .
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Bayesiankernelmodel

Resultof DP prior

f̂n(x) =
np+ nmX

i =1

wi K (x; xi ):
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Bayesiankernelmodel

Resultof DP prior

f̂n(x) =
np+ nmX

i =1

wi K (x; xi ):

Sameas in Belkin and Niyogi but without

min
f 2H K

�
L(f ; data) + � 1kf k2

K + � 2kf k2
I

�
:
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Bayesiankernelmodel

Resultof DP prior

f̂n(x) =
np+ nmX

i =1

wi K (x; xi ):

1 � = F(�) so that p(xj� )dx = dF(x) - the parameter is the full
distribution function itself;

2 p(yjx; � ) dependsintimately on � = F; in fact, � � � in this
caseand dependenceof � and � is central to the model.
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Bayesiankernelmodel

Resultof DP prior

f̂n(x) =
np+ nmX

i =1

wi K (x; xi ):

1 � = F(�) so that p(xj� )dx = dF(x) - the parameter is the full
distribution function itself;

2 p(yjx; � ) dependsintimately on � = F; in fact, � � � in this
caseand dependenceof � and � is central to the model.
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Simulateddata { semi-supervised
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Simulateddata { semi-supervised
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Cancerclassi�cation{ semi-supervised
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MNIST digits { featureselection
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MNIST digits { featureselection
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