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To TommyPoggio

This talk is dedicatedto my adviss Tommy Poggio as patt of \a
journeythrough computation.”
| hope | don't tarnish his nametoo much.
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Radial basis functions networks
Bayesian kernel model

Linea systemgheay

De ne: the input signal,x(t), and the output signal,y(t).
A systemmapsan input signalto an output signalvia a system
operata S de ned by an impulserespnseK

z

y(t) = SFX(t )g= . K(t )x()d :
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Radial basis functions networks
Bayesian kernel model

Linea systemgheay

De ne: the input signal,x(t), and the output signal,y(t).
A systemmapsan input signalto an output signalvia a system
operata S de ned by an impulserespnseK

z

y(t) = SFX(t )g= . K(t )x()d :

Chacterize S by test functions{ sinusoidalinputs.
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Radial basis functions networks
Bayesian kernel model

Nonlinea systemsheay

y(t) = SEX(t o
Weinertheay: ChaacterizeS by test functions{ Brownian

motion.
The method of Wienerpro des a canonicalseriesreresentation
X
Sx = Gnki X
nki
where Z

Gnki = Onki( 250 0)dx( 1) dx( i):
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Radial basis functions networks
Bayesian kernel model

Nonlinea systemsheay

y(t) = SFX(t )
Lee-SchetzenChaacterizeSC by test functions{ white noise.
A resmpnseof S to x

X

Sx = Sk = Ghki X

nki
where
Z

Gwi = O 15 )x(1) x(i)d1 di:
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Radial basis functions networks
Bayesian kernel model

Nonlinea systemsheay

y(t) = SFX(t )
Lee-SchetzenChaacterizeSC by test functions{ white noise.
A resmpnseof S to x

X

Sx = Sk = Ghki X

nki
where
Z

Gwi = O 15 )x(1) x(i)d1 di:

A question: For what stochasticinputs doesthis hold ?
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Wiener theory

Bayesian kernel model

Regressiof leaning as hypersurfaceaeconstruction

data= fL; = (Xi;yi)gL,; with L; id (X;Y).
X2X IRPandY IRandp n.

A natural idea
fr(x) = Ey[Yx]:
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Wiener theory

Bayesian kernel model

Regulaizationtheay { RBF style

Minimization of the following functional was proposedin Poggio
and Girosi
XN

HIF1= (v fa)?+ kPfK?
i=1
whereP is a di erential operata.

Sayan Mukherjee



Wiener theory

Bayesian kernel model

Regulaizationtheay { RBF style

Using Green'sfunctions (operata theary)
X
f(x) = G G(X;X):
i=1
in matrix-vecta form

whereG; = G(X; Xj).
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Wiener theory

Bayesian kernel model

Regulaizationtheay { RKHSstyle

f(x) = arg mibn [erra on data+ smaoothnessof function]
f2bs
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Wiener theory

Bayesian kernel model

Regulaizationtheay { RKHSstyle

f(x) = arg mibn [erra on data+ smaoothnessof function]
f2bs

erra on data L(f; data) = (f (x) y)?

kfkz = jfqx)j%dx

smaothnessof function

big function space = repoducingkernel Hilbert space= H
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Wiener theory

Bayesian kernel model

Regulaizationtheay { RKHSstyle

f(x) = arg min L(f;data)+ kfkZ
f2H «

Thekernel:K : X X! IRe.g. K(u;v) = elku vk?)

The RKHS
{ \
\ X ]
He= f f(xX)= iKX;xi); x2X; i2R;"2N
i=1
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Wiener theory

Bayesian kernel model

Repesenteitheaem

f(x) = arg min L(f;data)+ kfk3
f2H «

X

fx) = Gi K (X; i)
i=1

f(x) = GiG(X;%):
i=1

Greatwhenp n.
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Wiener theory

Bayesian kernel model

Very popula and useful

Theo, Massi,and Tommy:
O Support vecta machines

#
X
f(x) = arg min il oy f(x)js + kfkZ ;
f2H g i=1
Q Regulaized Kernelregression "
X
foy=agmin  jy FOQP+ KikE
foHk .,
O Regulaized logistic regression "

X
f\(X) = arg min In 1+ e yi f(xi) + kf k%
f2H ¢

i=1
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Wiener theory
Radial basis functions networks

Bayesianinterpretation

Poggio and Girosi

HIf] (i f(a)2+ KkPFK%

i=1 I

" !

exp (vi f(x))? exp kPfk?
i=1

Pr(fjdata) / Lik(datajf) (f):

exp( HIf])
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Wiener theory
Radial basis functions networks

Priors via spectral expansion

( % % )
He= f f(x)= & ;(x)with a?=;<1 ;
i=1 i=1
ix)and ; Oare eigenEJnctionsand eigenvaluesf K:

i i(x)= XK(X;U) i(ud (u):
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Wiener theory
Radial basis functions networks

Priors via spectral expansion

( % % )
He= f f(x)= & ;(x)with a?=;<1 ;
i=1 i=1
ix)and ; Oare eigenEJnctionsand eigenvaluesf K:

i i(x)= XK(X;U) i(ud (u):

Specify a prior on Hy via a prior on A
n 0

1
A= &, a2= <1

k
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Wiener theory
Radial basis functions networks

Priors via spectral expansion

( % % )
He= f f(x)= & ;(x)with a?=;<1 ;
i=1 i=1
ix)and ; Oare eigenEJnctionsand eigenvaluesf K:

i i(x)= XK(X;U) i(ud (u):

Specify a prior on Hy via a prior on A
n 0

1
A= &gy =<1

k

Hard to sampleand relieson computationof eigenvaluesnd
eigenvectas.
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Wiener theory
Radial basis functions networks

Priors via duality

The duality between Gaussiamprocesseand RKHS impliesthe
following construction

f()  GP( +;K);

whereK is givenby the kernel.
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Wiener theory
Radial basis functions networks

Priors via duality

The duality between Gaussiamprocesseand RKHS impliesthe
following construction

f()  GP( +;K);

whereK is givenby the kernel.

f() 2Hk almostsurely

Sayan Mukherjee



Wiener theory
Radial basis functions networks

Integraloperatas

Integraloperata L, : ! G
z
G= f f(x)=LJ[1x)= Kxud @), 2 ;
X

with  B(X).
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Wiener theory
Radial basis functions networks

Integraloperatas

Integraloperata L, : ! G
z
G= f f(x)=LJ[1x)= Kxud @), 2 ;
X

with  B(X).

A prior on impliesa prior on G.
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Wiener theory
Radial basis functions networks

Equivalencevith RKHS

For what isHg = span(@) ?

For what classof test functionsdoesspar(L,[]) = Hk. Thisis
hard to chaacterize.
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Wiener theory
Radial basis functions networks

Equivalencevith RKHS

For what isHg = span(@) ?

For what classof test functionsdoesspar(L,[]) = Hk. Thisis
hard to chaacterize.
The candidate{ test functions{ for will be

@ squae integrablefunctions

@ integrablefunctions

© discretemeasures

© the union or integrablefunctionsand discretemeasures.
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Wiener theory
Radial basis functions networks

Squae integrablefunctionsare too small

Proposition

For every 2 L%(X), Lx[ ]2 Hk. Consequently
LX) Ly'(Hk):
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Wiener theory
Radial basis functions networks

Squae integrablefunctionsare too small

Proposition

For every 2 L%(X), Lx[ ]2 Hk. Consequently
L2(X) Ly *(Hk):

Caollary

If =fk: x> Ogisa nite set,thenLy (L*(X)) = Hg
otherwiseL k (L?(X)) $ Hk: The latter occurswhenthe kernelK
is strictly positivede nite, the RKHS is in nite-dimensional.

A\
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Wiener theory

Radial basis functions networks

Signedmeasuresre (almost) just right

Measures:The classof functionsL1(X) are signedmeasures.

Proposition

For every 2 LY(X), L[ ]2 Hk. Consequently
LY(X) L M(Hk):
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Wiener theory
Radial basis functions networks

Signedmeasuresre (almost) just right

Measures:The classof functionsL1(X) are signedmeasures.

Proposition

For every 2 LY(X), L[ ]2 Hk. Consequently
LY(X) L M(Hk):

Discretemeasures:

€ 0 )

MD: = CiXi: jcij<1;xi2X;n2N

Proposition

Giventhe setof nite discretemeasuresM p LKl(HK):
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Wiener theory
Radial basis functions networks

Signedmeasuresre (almost) just right

Nonsingula measuresM = LY(X)[ M p

Proposition
Lk (M) isdensein Hi with respect to the RKHS norm.
- saanMukherjee |
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Wiener theory
Radial basis functions networks

Signedmeasuresre (almost) just right

Nonsingula measuresM = LY(X)[ M p

Proposition
Lk (M) isdensein Hi with respect to the RKHS norm.

Proposition
B(X)$ L (Hk (X)):
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Wiener theory
Radial basis functions networks

The implication

Take homemessagd needpriors on signedmeasures.

A function thearetic foundationfor randomsignedmeasuresuch
as Gaussianpirichlet and Levy processpriors.
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Wiener theory
Radial basis functions networks

Discussion

Lots of work left:

o Further re nement of integral operatas and priors in terms of
Sololev spaces.
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Lots of work left:

o Further re nement of integral operatas and priors in terms of
Sololev spaces.

e Semi-survisedsetting: relation of kernelmodel and priors
with Laplace-Beltramiand graph Laplacianoperatas.
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Wiener theory
Radial basis functions networks

Discussion

Lots of work left:
o Further re nement of integral operatas and priors in terms of
Sololev spaces.
e Semi-survisedsetting: relation of kernelmodel and priors
with Laplace-Beltramiand graph Laplacianoperatas.

@ Semi-survisedsetting: Duality betweendi usion processes
on manifoldsand Markov chains.
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Wiener theory
Radial basis functions networks

Discussion

Lots of work left:
o Further re nement of integral operatas and priors in terms of
Sololev spaces.

e Semi-survisedsetting: relation of kernelmodel and priors
with Laplace-Beltramiand graph Laplacianoperatas.

@ Semi-survisedsetting: Duality betweendi usion processes
on manifoldsand Markov chains.

o Bayesianvariable selection:E cient samplingand seach in
high-dimensionapace.
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Wiener theory
Radial basis functions networks

Discussion

Lots of work left:
o Further re nement of integral operatas and priors in terms of
Sololev spaces.

e Semi-survisedsetting: relation of kernelmodel and priors
with Laplace-Beltramiand graph Laplacianoperatas.

@ Semi-survisedsetting: Duality betweendi usion processes
on manifoldsand Markov chains.

o Bayesianvariable selection:E cient samplingand seach in
high-dimensionapace.

@ Numericstability and statistical robustnesq work with
Tommy

Sayan Mukherjee



Estimating gradients
Picture break one
Dimension reduction
Picture break two

Multiscale graphical models

Generativers. predictivemodelling

Givendata = fZ; = (x;yi)gL, with Z " (X;Y).

X2X IRPandY IRandp n.
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Estimating gradients
Picture break one
Dimension reduction
Picture break two

Multiscale graphical models

Generativers. predictivemodelling

Givendata = fZ; = (x;yi)gL, with Z " (X;Y).

X2X IRPandY IRandp n.

Two options
@ discriminativeor regressiory jX
@ generativeXjY (sometimescalledinverseregression)

Sayan Mukherjee



Estimating gradients
Picture break one
Dimension reduction
Picture break two
Multiscale graphical models

Regression

GivenX 2 X IRPandY IRandp nand (X;Y) wewant
YiX.

A natural idea
fr(x) = agminEy (Y (X))

and f, (x) = Ey[Yjx] providesa summay of Y jX.

Sayan Mukherjee



Estimating gradients
Picture break one
Dimension reduction
Picture break two
Multiscale graphical models

Inverseregression

GivenX 2 X IRPandY IRandp nand (X;Y) wewant
XjY.

= cov (X]jY) providesa summay of XjY .

Sayan Mukherjee



Estimating gradients
Picture break one

Dimension rt

Picture break two
Multiscale graphical models

Inverseregression

GivenX 2 X IRPandY IRandp nand (X;Y) wewant
XjY.

= cov (X]jY) providesa summay of XjY .

@ i { relevanceof variable with respect to label
@ jj { covaiation with respect to label

Sayan Mukherjee



Estimating gradients
Picture break one
Dimension reduction
Picture break two
Multiscale graphical models

Leaning gradients

Givendata= fZ; = (x;yi)g, with Z; " (X;Y).

We will simultaneouslyestimatef, (x) andr f, = Z¢;:::; G5
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Estimating gradients
Picture break one

Dimension rt

Picture break two
Multiscale graphical models

Leaning gradients

Givendata= fZ; = (x;yi)g, with Z; " (X;Y).

We will simultaneouslyestimatef, (x) andr f, = Z¢;:::; G5

© regressionf;(x)

@ inverseregressiongradientouter product (GOP)
=E[rf rf]or

_ @ @
i a@

Sayan Mukherjee



Estimating gradients
Picture break one
Dimension reduction
Picture break two
Multiscale graphical models

Linea case

We start with the linea case

y=w x+" ""No©; ?:
« = cov(X), Z=var(Y).
-2 1 1
Y X X

and are equivalentmodulo rotation and scale.

Sayan Mukherjee



Estimating gradients
Picture break one
Dimension reduction
Picture break two
Multiscale graphical models

Nonlinea case

For smaoth f (x)

y=100+" " " No@©; ?):

= cov (X]jY) not soclea.

Sayan Mukherjee



Estimating gradients
Picture break one
Dimension reduction
Picture break two
Multiscale graphical models

Nonlinea case

Partition into sectionsand computelocal quantities

[I

X = i
i=1
i = cov(X jY )
i = cov(X)
F o= var(Y )
m = ()

Sayan Mukherjee



Estimating gradients
Picture break one
Dimension reduction
Picture break two
Multiscale graphical models

Nonlinea case

Partition into sectionsand computelocal quantities

[I

X = i
i=1

i = cov(X jY )
i = cov(X)

F o= var(Y )

m = ()

= X m; |2 i ! i !
i=1

Sayan Mukherjee



RE‘QI'E‘SSIOH and inverse regression

Picture break one
Dimension reduction
Picture break two

Multiscale graphical models

Taylor expansiorand gradients

GivenD = (Z3;:::;Z,) the erra of f may be approximated as
X0 h i o
L(f;D) = wi Yy f(g) rfg) xioox)
i;j=1

wij ensureghe locality of x;  X;.
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RE‘QI'E‘SSIOH and inverse regression

Picture break one
Dimension reduction
Picture break two

Multiscale graphical models

Gradientestimate- regulaization

Radial basisfunction model

h i
(fo;fo) = arg min_ L(f;D) + 1kfkg + okTkg ;
f12H p
HE isthg spaceof p functionst = (fy;::;fp) wherefi 2 Hy,
Krkg = [ Kfikg, and 13 2> 0.
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RE‘QI'E‘SSIOH and inverse regression

Picture break one

Dimension rt

Picture break two
Multiscale graphical models

Computationale ciency

The computationrequiresfewer than n? parametersand is O(n®)
time and O(pn) memay

xXn xXn
fp(x) = aK(xi;x); To(x)= CiK(x;x)
i=1 i=1

Sayan Mukherjee



Regressionand inverse regression
Estimating gradients

Dimension reduction
Picture break two
Multiscale graphical models

Linea example
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Regressionand inverse regression
Estimating gradients

Dimension reduction
Picture break two
Multiscale graphical models

Linea example
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Nonlinea example
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Regressionand inverse regression
Estimating gradients
Picture break one

Picture break two
Multiscale graphical models

Sensitivefeatures

Proposition

Let f be a smaoth function on RP with gradientr f. The

sensitiviy of the function f alonga (unit normalized)directionu is

ku r fkg.

The d most sensitivefeaturesare thosef uy; :::; ugg that are

orthogonaland maximizeku; r fkg. A spectral decommsition of
is usedto computethesefeatures,the eigenvectes

carespndingto the d top eigenvalues.
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Regressionand inverse regression
Estimating gradients
Picture break one

Picture break two
Multiscale graphical models

Projectionof data

The matrix
A= T'D TchgKCD;

is an empiricalestimateof .
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Regressionand inverse regression
Estimating gradients
Picture break one

Picture break two
Multiscale graphical models

Projectionof data

The matrix
A= T'D TchgKCD;

is an empiricalestimateof .
Geometryis preservedoy projection onto top k-eigenvectcs.

No needto computethe p  p matrix, methad is O(n?p + n?)
time and O(pn) memay.

Sayan Mukherjee



Regressionand inverse regression
Estimating gradients

Picture break one

Dimension reduction

Multiscale graphical models

Linea example
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Regressionand invi
Estimating gradients
Picture break one
Dimension reduction

Multiscale graphical models

Linea example
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Nonlinea example

.
6| *
4
~ + +,
7" & 4
3, R
IR M
E, o
[a) . +
Joe
.
6
N
.
8
s 6 2 2 0 2
Dimension 1

Regressionand inver
Estimating gradients
Picture break one

Dimension reduction

Mul le graphical models
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Regressionand inver
Estimating gradients
Picture break one

Dimension reduction

Mul le graphical models

Nonlinea example
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Regressionand invi
Estimating gradients
Picture break one
Dimension red

Multiscale graphical models

Nonlinea example
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Regressionand inverse regression
Estimating gradients

Picture break one

Dimension reduction

Multiscale graphical models

Digits: \6" vs.\9"
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Regressionand invi
Estimating gradients
Picture break one
Dimension red

Multiscale graphical models

Digits: \6" vs.\9
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Regressionand invi
Estimating gradients
Picture break one
Dimension red

Multiscale graphical models

Nonlinea example
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Digits: \6" vs.\9
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Regressionand invi
Estimating gradients
Picture break one
Dimension red

Multiscale graphical models
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Regressionand inverse regression
Estimating gradients

Picture break one

Dimension reduction

Picture break two

An ealy graphicalmodel

weight atéS days [o Gain 0-33¢dRe 0 External conditions

con itior@f dam

weight at pjrth [0 B Rate of gr
S

Gestation period Heredity of dam
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Regressionand inverse regression
Estimating gradients

Picture break one

Dimension reduction

Picture break two

Gauss-Mgkov graphicalmodels

Givea multivariate normal distribution with covaiance matrix C
the matrix P = C 1 is the conditionalindependencematrix

P;j = dependenceofi $ jj all other variables
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Regressionand inverse regression
Estimating gradients

Picture break one

Dimension reduction

Picture break two

Gauss-Mgkov graphicalmodels

Givea multivariate normal distribution with covaiance matrix C
the matrix P = C 1 is the conditionalindependencematrix

P;j = dependenceofi $ jj all other variables

Note by construction” is a covaiancematrix of a Gaussian
process.

Sayan Mukherjee



Regressionand inverse regression
Estimating gradients

Picture break one

Dimension reduction

Picture break two

Multiscalegraphicalmodels

Dene J =" 1: andthe partial carelation coe cient

= pli .

| - —_—

! Jii Jj

De ne R = rjj if i 6 ] and 0 otherwise.
De ne Dj = Jj. Dene R= D ¥RD 72

=D 21 R)D ¥
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Regressionand inverse regression
Estimating gradients

Picture break one

Dimension reduction

Picture break two

Multiscalegraphicalmodels

The following expansionsold
I

N - p 12 R Rk p 12
k=0 |
A 1=2 ¥ 2k 1=2.
= D (1+R°) D :
k=0

Herek is path-lengthin the rst equalil. The secondequality
factorizesthe covaiance matrix into low rank matriceswith fewer
entries.

Sayan Mukherjee



Regressionand inverse regression
Estimating gradients

Picture break one

Dimension reduction

Picture break two

Toy example

Xabcd

w
=
Ul
o

O FR Wwaou
a1
(6]
a1
a1
(6]
NN

Sayan Mukherjee



Regressionand inverse regression
Estimating gradients

Picture break one

Dimension reduction

Picture break two

Toy example

Xabcd

w
=
Ul
o

O FR Wwaou
a1
(6]
a1
a1
(6]
NN

o ——0
(o

Sayan Mukherjee



Regressionand inverse regression
Estimating gradients

Picture break one

Dimension reduction

Picture break two

Realdata{ progressiorof prostatecancer
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Discussion
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@ Semi-survisedsetting.
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Discussion

Lots of work left:

@ Semi-survisedsetting.

o Multi-task setting.

o Bayesianformulation.

o Nonlinea projections{ di usion maps.
@ Noiseon-o manifolds.
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Relevantpapers

o Leaning Coordinate Covaiancesvia Gradients.Sayan
Mukherjee,Ding-Xuan Zhou; Journal of MachineLeaning
Reseech, 7(Mar):519{549, 2006.

o Estimation of Gradientsand Coordinate Covaiation in
Classi cation. Sayan Mukherjee,Qiang Wu; Journal of
MachineLeaning Reseech, 7(Nov):2481{2514,2006.

@ Leaning Gradientsand Feature Selectionon Manifolds. Sayan
Mukherjee,Qiang Wu, Ding-XuanZhou; Annalsof Statistics,
submitted.

@ Leaning Gradients:simultaneougegressiorand inverse
regression Mauro Maggioni, Sayan Mukherjee,Qiang Wu;
Journal of MachineLeaning Reseech, in prepaation.
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ThanksTommy

and AlessandroGadi, and Federico
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Bayesiankernelmodel

vi=fo)+ " " No©; 2):

Z
f(x) = K (x;u)Z(du)
X

whereZ(du) 2 M (X) is a signedmeasureon X .
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Bayesiankernelmodel

vi=fo)+ " " No©; 2):

Z
f(x) = K (x;u)Z(du)
X

whereZ(du) 2 M (X) is a signedmeasureon X .

(Zjdata) / L(datagjz) (Z);

this impliesa posterio on f.

Sayan Mukherjee



Regressionand inverse regression
Estimating gradients

Picture break one

Dimension reduction

Picture break two

Levy processes

A stochasticprocessZ = fZ, 2 R:u2 Xgiscalleda Levy
processif it satis es the following conditions:

@ Zo = 0 almostsurely.

@ For anychoiceofm l1and0 up< u;< ::< up, the
randomvariablesZ,,; Zy, Zu; 5 Zum  Zuy, , @€
independent. (Independentincrementsproperty)

© The distribution of Zs.,  Zs is independentof Zs (Temporal
homogeneit or stationay incrementsproperty).

© Z hascadlag pathsalmostsurely
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Levy processes

Theorem (L evy-Khintchine)

If Z is a Levy process, then the characteristic function of Z, : u 0 has the following form:

" z #)

Ele “Ul=exp u i a 2 2 YL W< 1gW)] (dw)
Rnf 0g

NI =

2

R
wherea 2 IR; Oand is a nonnegative measureon IR with (1~ jwjz) (dw) < 1 .
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Levy processes

o drift term a
@ varianceof Brownian motion 2
o (dw) the jump processor Levy measure.

expuia 322
n R ) 0
exp U pneog e 1 i Wiy jwj<ig(W) (dw)
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Two appoachedo Gaussiamprocesses

Two modelling approaches

@ prior directly on the spaceof functions by samplingfrom
paths of the Gaussiarprocessde ned by K;;

@ Gaussiamrocessprior on Z(du) implieson prior on function
spacevia integral operata.
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Prior on randommeasure

A Gaussiarprocessprior on Z(du) is a signedmeasureso
span(G) Hk.
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Direct prior elicitation

Theaem (Kallianpur)

If fZ,;u 2 Xg is a Gaussiamprocesswith covaianceK and mean
m 2 Hk andHg isin nite dimensionalthen

P(Z 2 Hk) = O

The samplepaths are almost surelyoutsideH .
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A biggerRKHS

Theorem kic and Beder)

Given two kernel functions R and K, R dominates K (R K) if H Hgr. LetR K. Then
kgkr  kgkk; 892 Hg:
There exists a unique linear operator L : H g ! H r whoserange is contained in H ¢ such that
hf;gir = hif;gix; 8f 2 Hr; 892 Hg:

In particular
LRy = Ky; 8u2 X:

As an operator into H g, L is bounded, symmetric, and positive.
Converselylet L : Hg ! H g be a positive, continuous, self-adjoint operator then

K(s;t) = hLRs; Rtig; s;t 2 X

de nes a reproducing kernelon X such that K R.
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A biggerRKHS

If L is nucula (an operata that is compactwith nite trace
independentof basischoice)then we havenucula dominance
R K.

Sayan Mukherjee



RE‘QI'ESSIOH and inverse regression
Estimating gradients

Picture break one

Dimension reduction

Picture break two

A biggerRKHS

If L is nucula (an operata that is compactwith nite trace
independentof basischoice)then we havenucula dominance
R K.

Theaem (Lukic and Beder)

Let K and R be two regroducing kernels. Assumethat the RKHS
Hr is sepaable.

A necessa and su cient condition for the existenceof a Gaussia
processwith covaianceK and meanm 2 Hg and with trajectaries
in Hr with probability 1 isthat R K.
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A biggerRKHS

If L is nucula (an operata that is compactwith nite trace
independentof basischoice)then we havenucula dominance
R K.

Theaem (Lukic and Beder)

Let K and R be two regroducing kernels. Assumethat the RKHS
Hr is sepaable.

A necessa and su cient condition for the existenceof a Gaussia
processwith covaianceK and meanm 2 Hg and with trajectaries
in Hr with probability 1 isthat R K.

ChaacterizeHg by L, '(Hk).
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Dirichlet processprior

VA VA
f(x) = K(x;u)Z(du) = K (x; u)w(u)F(du)
X X

F(du) is a distribution and w(u) a coe cient function.
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Dirichlet processprior

VA VA
f(x) = K(x;u)Z(du) = K (x; u)w(u)F(du)
X X

F(du) is a distribution and w(u) a coe cient function.

Model F usinga Dirichlet processprior: DP( ; Fg)
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Bayesianrepgesenterform

id

GivenXp = (Xg;:5 %) F
X
FjiXn DP( +nFn); Fan=( Fo+ x)=( +n):
i=1
Z X
E[f j Xnl = @ KOGu)w(u)dRo(u)+n 21 a))  wx)K(x;x);
i=1
&= =( +n)
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Bayesianrepgesenterform

Takinglim ! 0 to representa non-infamative prior:

Proposition (Bayesianrepgresento thearem)

w; = w(Xj)=n.
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Likelihood

X
yi = f(x)+"i=wo+ WK (xi; %)+ " 1= 1Lu5n
j=1

where"; No(0; ?):
Y No(wg + Kw; 2I):

where = (1;::;1)°
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Prior speci cation

Facto: K = F FOwith := diag %;::; 2)andw=F 1
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Prior speci cation

Facto: K = F FOwith :=diag %;::; 2)andw=F 1 :

(wo; ?) / 1=7
1 Gaa =2;b =2)
T = diad 1;:5 n)
No(0; T)
wjK; T No(G;F T F9:
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Prior speci cation

Facto: K = F FOwith = diag 2;::; 2)andw=F 1 :

(wo; ) 1 1=2

- Gaa =2;b =2)
T = diad 1;:5 n)
No(0; T)
wjK; T No(G;F T F9:

Standad Gibbssamplersimulatesp(w; wp; 2jdata).
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Kernelmodel extension
K (x;u) = K(p_ x;p_ u)
with = f 4;: pgwith 2 [0;1 ) asa scaleparameter.
X
k (x;u) = k Xi Uk;
k=1
X o
k (x;u) = 1+ KXk Uk
k=1 |
0 !
k (x;u) = exp k(X U2
k=1
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Prior speci cation

K a o+ Ga&a;as);, (k=1:::;p);
s Exp(@s); Be(@ ;b )
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Prior speci cation

K a o+ Ga&a;as);, (k=1:::;p);
s Exp(@s); Be(@ ;b )

Standad Gibbssamplerdoes not work: Metropolis-Hastings.

Sayan Mukherjee



Regressionand inverse regression
Estimating gradients

Picture break one

Dimension reduction

Picture break two

GRBFand HyperBF networks{ a reprise

Suppose
xn
fM(x) = c G(x;t; )
=1
coe cients ¢ , knotst , and scale
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GRBFand HyperBF networks{ a reprise

Suppose
fM(x) = c G(x;t; )
coe cients ¢ , knotst , and scale
Minimize
XN
HIE™ = (v f™(x))2+ kP™K%

i=1
whereP is a di erential operata.
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GRBFand HyperBF networks{ a reprise

Suppose
fM(x) = c G(x;t; )

coe cients ¢ , knotst , and scale
Minimize
XN
HIf M= (i f706)%+ kPfMmk%;
i=1
whereP is a di erential operata.
Solvefor ¢ ,t , and via stochasticdi erential equations
m
. - @M,
- @

(t); =121:=5m
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Problemsetup

Labelleddata: (YP;XP) = f(y?;x"); i= 1:npg™

(Xj ).

(Y5 Xj5 ).

Unlabelleddata: X™ = fx™: i = (1) : (Nm)g ™
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Problemsetup

Labelleddata: (YP;XP) = f(y?;x"); i= 1:npg™

(Xj ).

How canthe unlabelleddata help our a predictive model ?

(Y5 Xj5 ).

Unlabelleddata: X™ = £x™: i = (1) : (nm)g ™

data= fY;X;X™Mg
p(; jdata)/ (; )p(YiX; Ip(Xj )p(X™Mj ):

Needvery strong dependencebetween and
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Bayesiankernelmodel

Resultof DP prior

nN Nm
fa(x) = wi K (X; %)
i=1
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Bayesiankernelmodel

Resultof DP prior
nN Nm
fa(x) = wi K (X; %)
i=1

Sameasin Belkin and Niyogi but without

min L(f;data) + 1kfk2 + okfk?
f2H «
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Bayesiankernelmodel

Resultof DP prior

nx— Nm
fa(x) = wi K (X; %):
i=1

@ = F() sothat p(xj )dx = dF(x) - the parameteris the full
distribution function itself;

Q p(yjx; ) dependsintimatelyon = F; in fact, in this
caseand dependenceof and is centralto the model.

Sayan Mukherjee



Regressionand inverse regression
Estimating gradients

Picture break one

Dimension reduction

Picture break two

Bayesiankernelmodel

Resultof DP prior

nx— Nm
fa(x) = wi K (X; %):
i=1

@ = F() sothat p(xj )dx = dF(x) - the parameteris the full
distribution function itself;

Q p(yjx; ) dependsintimatelyon = F; in fact, in this
caseand dependenceof and is centralto the model.
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Simulateddata{ semi-suprvised
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Simulateddata{ semi-suprvised

2 2
15 15
1 1 ©.
0.5 0.5
[0}
0 0
0.5 0.5
1 1 © g
[0]
15 15
[0]

2 2 ® -

2 151 05 0 051 15 2 2 15 1 05 0 05 1 15 2

Sayan Mukherjee



Regressionand inverse regression
Estimating gradients

Picture break one

Dimension reduction

Picture break two

Cancerclassi cation{ semi-suprvised

0.4

T T T T
—&— Without Unlabellled Data
—#— With Unlabelled Data

0.35F |

0.3f ]

0.2r N
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Percentage of Labelled Examples
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With variable selection
Without variable selection
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