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Modelling Hazard

Goal: quantify the hazard from Pyroclastic Flows (PFs)|

For speci ¢ locations X" on Montserrat, we would like to nd
the probability of a \catastrophic event” (inundation to 1m)
within T years| for T =1, T =5, T =10, T =20 years
Re ecting all that is uncertain, including:

- How often will PFs of various volumes occur?

- What initial direction will they go?

- How will the ow evolve?

- How are things changing, over time?
This isnot what is needed for short-term crisis and event
management| here we consider onlyong-term hazard

General Principle: Keep it as simple as possible;
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Pieces of the Puzzle

Our team (geologist/volcanologist, applied mathematinig
statisticians, stochastic processes) breaks the problem dimim
three parts:
[Tty to model thevolume frequency and initial direction of
PFs at SHV, based on 15 years' data;

[ Tools used: Probability theory, extreme value statistics.

[Fbr speci cvolumeV and initial direction 6 (and other
uncertain things like thenbasal friction anglep), try to model
the evolution of the PF, and max depth (x) at x;

[ Tools used: Titan-Il PDE solver.
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Titan-11
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. A
geophysical mass

h=s—b

\

ground z=h{x,p,t)

Use “thin layer' modelingl_system of PDEs for ow depth
and depth-averaged momenta

Incorporates topographical data from DEM

Consumes 20m{2hr of computing time (in parallel on 16
processors) for each run| say, about 1 hr.



Introduction

o] lo}

Titan-1l (cont)

Empirical Volume-dependent E ective Basal Friction Angle;
Uptoge 25 atlow volumesV;

Higher volumes ow more freely:
@ 8{12° at high volumesV, due to:

= Subduction of water;
- Higher gas content;
- Later ows cover earlier ows, not dry rock.

Empirically

Elevation

= arctan
@ Run-out
falls to asymptotic value of about®for V.= 10’m?3

Similar behavior at other volcanos (Augustine, Colima,
Unzen, ...)) hierarchical regression model:
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Titan-1l (cont)
For " PF atit" volcano,

ai, b No(Ha, 03), No(Hp, 0f)
logtangj; = a + bj logVj

50 replicates of @vs. V at Montserrat
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Emulation

We would like to run Titan-1I at each of:
100 Initiation Anglest;;
100 Volumesvj;
100 Friction Anglespy;

Which would entail maybe 100 100 100 = 1000000 runs of
Titan-11...but we don't have 1000000 hours. Our Solution:

Build an Emulator for our PDE ow model.
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statistical model(based on Gaussian Processes) for our
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volcano

The emulatorcan predict (in seconds) what Titan-I11 would
return (in hours),with an estimate of its accuracy;
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Emulators

An Emulatoris a (very fast):
statistical model(based on Gaussian Processes) for our
computer modelbased on PDE solver) of the
volcano

The emulatorcan predict (in seconds) what Titan-I11 would

return (in hours),with an estimate of its accuracy;

Based on Gaussian Stochastic Process (GaSP) Model. We:
= Pick a few hundred \design points"\(j, 8;, @;, ...);

* Run Titan-1l at each of them to nd Titan-1I Model Output
M(X; Vi, 8, 9));
* Train the GaSP to return astatistical estimate

EM(x: V,8,0) jfM(x: Vj, 6,059

of model outputM for site x at untried points(V, 6, ).
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Why?

Our immediate goal is to nd a \threshhold function” for each
location of concerrx in Montserrat:

( 8) = Smallest volumeV that would inundatex
if ow begins in direction6

for each possible angk (0-360 in degrees, but we usually use
radians 0{21, with 0 = due East andn/2 = due North).
Then we can quantify thenazard atx for T yearsas
n o]
Pr Vi ( 6) for some PF ¥i,0;) in time [tg,to + T]

which in turn we study with the probability models.
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Design points/,
Design Points (40 in subdesign; 2048 total)

2n F +

312

=i
N

Initiation Angle, @ (radians)
El

10°

Pyroclastic Flow Volume, V (n?)

2048 Design Points total; 40 used for determining at=
Level 4 Trigger Point: Dyers River Valley (head of Belham wglle
Black() M(x; V,8,0)=0,Red() M(x; V,08,0)=>0.
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50 Simulations of () for Level 4 Trigger Point, Dyers R

Pyroclastic Flow Volume, V (n13)

0 2 T 32 2n
Initiation Angle, 6 (radians)
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talk to Bruce Pitmanat the Poster session;
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To hear more about...

The Simulation Model Titan-1J
talk to Bruce Pitmanat the Poster session;

The Gaussian Emulator
talk to Elaine Spillerat the Poster session;

The PF Dataand geological basifor our Volume &
Frequency models, talk t&liza Calderhere;
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To hear more about...

The Simulation Model Titan-1J
talk to Bruce Pitmanat the Poster session;

The Gaussian Emulator
talk to Elaine Spillerat the Poster session;

The PF Dataand geological basifor our Volume &
Frequency models, talk t&liza Calderhere;

The we use forf (Vi, 8;)g,
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As Eliza said| for us a PF iscatastrophicif its volumeV exceeds
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For a hazard summary we wish to report, for eath> 0,
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=Pr{f(Vi,0i,t)g: Vi=> (0),t; T]
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Catastrophes

As Eliza said| for us a PF iscatastrophicif its volumeV exceeds
an uncertain amount( 6) that depends on the anglé.
For a hazard summary we wish to report, for eath> 0,

Pr[ Catastrophe withinT Years ]
=Pr{f(Vi,0i,t)g: Vi=> (0),t; T]

SO, we need a joint model for poinfgV;,8;,t;)g R3.
Let's do it in that order: rst Volumes then Angles then Times
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PF Volumes
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PF Volume (m®)

Seems kind of linear, on log-log scale...
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Linear log-log plots oMagnitudevs. Frequencyare a hallmark of
the Pareto probability distribution Paf, D]

PV >v]=(v/0T¢, v > []

Which is kind ofbad news
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The Pareto Distribution

The negative slope seems to be abaut 0.64 or so.
The Pareto distribution witha < 1 has:
Heavy tails;
In nite mean EV]= 1 , in nite variance EV?] = 1 ;
No Central Limit Theorem for sumso(-Stable);

Signi cant chance that, in the future, we will see volumes
larger than any we have seen in the past.
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The Pareto Distribution

The negative slope seems to be abaut 0.64 or so.
The Pareto distribution witha < 1 has:

Heavy tails;
In nite mean EV]= 1 , in nite variance EV?] = 1 ;
No Central Limit Theorem for sumso(-Stable);

Signi cant chance that, in the future, we will see volumes
larger than any we have seen in the pastke V > 10°m?®.

The Pareto comes up all the time in the Peaks over
Threshhold (PoT) approach to thestatistics of Extreme
Eventg related to Fisher/Tippett Three Types Theorem.
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How big is bad?

Kinda depends which way it goes...
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PF Initiation Angles

Our data on angles is quite vague| we only know which of 7 or 8
valleyswere reached by a given PF, from which we can infer a
sectorbut not a speci c angleb: 4,

280
Any nonuniformity for6? Any dependence &f on VolumeV ?
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Angle/Volume Data (cont)

We need goint density function forV and 6, given by:

V.0 alfV Ty s g (6)
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Angle/Volume Data (cont)

We need goint density function forV and 6, given by:
V.0 alfV Ty s g (6)

wheret(0) is the von Misesdistribution with pdf

gKcos 6—p)

f(0)K W= m,

centered atd close to zero (East) with concentratior that
might depend onV if the data support that.
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How high is the dome just now?
Any seismic activity suggesting dome growth and instabHity
Has it rained recently?
How long since last PF?

But, for long-term predictions all these factors average out and we
assume that:
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PF Times

If we observe\ PFs per year of volum& > [ then what is the
probability that such a PF will occur in the next 24 hours?
For short-term predictions, it may be important to note this can
depend on many things, such as:

How high is the dome just now?

Any seismic activity suggesting dome growth and instabHity

Has it rained recently?

How long since last PF?
But, for long-term predictions all these factors average out and we
assume that:

PF occurrences in disjoint time intervals amedependent

PF rates are constant over time, neither rising nor falling.
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PF Times (cont)

Under those assumptions (which we will revisit), the numbér o
PFs in any time interval has &oisson Distributionwith mean
proportional to its length.

For an interval of length t =1/365, a single day, the expected
number of PFs is\ t and so theprobability of

P[ At least one PF duringtime t ]=1 exp( A t)
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PF Times (cont)

Under those assumptions (which we will revisit), the numbér o
PFs in any time interval has &oisson Distributionwith mean
proportional to its length.

For an interval of length t =1/365, a single day, the expected
number of PFs is\ t and so theprobability of

P[ At least one PF duringtime t ]=1 exp( A t)

Or about 1 e72%/365 530 for one day with the SHV data from
1995{2010.
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PFs arrival times follow a stationary Poisson process at some
rate A (- 22)lyr.
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A Summary of our Stochastic Model:

The data suggest a (provisional!) model in which:

1. PF Volumes are iid from a Pareto Pa( DIdistribution for
some shape parameter( 0.63) and minimum ow
1 5 10°m3); and
2. PF Initiation Angles have a von Mises distribution on 2@);
and
3. PFs arrival times follow a stationary Poisson process at some
rate A (- 22)lyr.

These have the beautiful and simplifying consequence tlnat t
number of PFs inany region of three-dimensionaM| 6 t)
space has a Poisson probability distribution| so, we can evate:
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Hazard

The hazard prediction we wish to make is

P[ Catastrophy withinT Years ]
=1 P[YT=0] (where Yt is the numberof catastrophes)

=1 exp EYt
Z 2n

=1 exp T ( 8) %1, (dB)
0

Which we can compute pretty easily on a computer.
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Hazard

The hazard prediction we wish to make is

P[ Catastrophy withinT Years ]
=1 P[YT=0] (where Yt is the numberof catastrophes)
=1 exp EYt
Z 2n
=1 exp TIM ( 0)"%m(d0)
0

Which we can compute pretty easily on a computer.
Accommodatinguncertainty inA, K, o, etc. is easy in Bayesian
statistics| we use Reference Prior distributions, and
simulation-based methods (MCMC) to evaluate the necessary
integrals.
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Hazard Over Time at Plymouth & Bramble
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[Titan-II relies on Digital Elevation Maps for its ow

predictions. How can we quantifyncertainty in the DEM
and its e ect on hazard?
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Related matters...

Some challenges along the way:

[Titan-II relies on Digital Elevation Maps for its ow
predictions. How can we quantifyncertainty in the DEM
and its e ect on hazard?

I Duke PhD studentDanilo Lopesis building models, with
advice from UB geologisBea Csatlo;

[MVO is a spectacular and rare resource, giving unrivaled
wealth of data for the SHV. How can we explditeismic Data
available at other volcanos to support improved hazard
prediction?

[ Duke PhD studentlianyu Wangis building models for seismic
activity; see also poster here Bruce Pitman
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for a while at times; we're building change-point models fhist
which feature possibility oA = 0 for some time intervals.
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Model Improvements

All three of thesePreliminary Assumptiongre wrong, of course:
1. PFs arrive as atationary Poisson process at some rate
A 22)lyr;

In fact the rate A varies over time, and sometimes seems to vanish
for a while at times; we're building change-point models fhist
which feature possibility oA = 0 for some time intervals.

No cyclicity yet (7{11 hr, 6{7 wk, etc.),
No Survival Curve (cf. Steve Sparks' talk).
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Model Improvements (pt 2)

2. PF Volumes are iid from &areto Pa(a, Dddistribution for
some shape parameter( 0.63) and minimum ow

[@ 5 10*md);
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Model Improvements (pt 2)

2. PF Volumes are iid from &areto Pa(a, Dddistribution for
some shape parameter( 0.63) and minimum ow

[@ 5 10*md);

At extremely high volumes the Pareto has unrealistic tails,
suggesting a 0.1% chance that Sufrere Hills will have ow
exceeding 1¥m3 within a century. Nobody believes that; we're

building temperedPareto models for more realistic extreme tails
for V.
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Model Improvements (pt 3)

3. PF Initiation Angles areuniformly distributed on [Q2m) (or
maybe w/unimodal von Mises dist)ndependery of V.

Conclusions
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3. PF Initiation Angles areuniformly distributed on [Q2m) (or
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We've already seen signs that easterly ows are more frequent, and
suggestions thalv and 6 may be dependent. Can extend to
mixture of von Mises, regression modetc.
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Model Improvements (pt 3)

3. PF Initiation Angles areuniformly distributed on [Q2m) (or
maybe w/unimodal von Mises dist)ndependery of V.

We've already seen signs that easterly ows are more frequent, and
suggestions thalv and 6 may be dependent. Can extend to

mixture of von Mises, regression modetc.

Probably I'm out of time now, and it's time tc¢ ; if not, I'll

show how we're approaching one of these issues:
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Tempered Pareto Models

There's a slight suggestion of downturnin the Freqg-vs-Vol
log-log plot; perhaps a better model iEempered Paretpwith

PV >v]=(v/0T% FV=01  v>[

logis Prob [V >v]

Tempered Pareto TP(a = 0.43, £=10", k =10) Disrbution

Note Downturn

T

T T T T T T
4 5 6 7 8 o 10

105.0 PF volume v (m)

See the drop-o near 1®m? or 10° m3?
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Tempered Pareto Models

There's a slight suggestion of downturnin the Freqg-vs-Vol
log-log plot; perhaps a better model i®empered Paretpwith

PV >v]=(v/0T% FV=01  v>[

Tempered Pareto TP(a = 0.43, £=10", k =10) Disrbution

logis Prob [V >v]

s Note Downturn

T

T T T T T T
4 5 6 7 8 o 10

105.0 PF volume v (m)

See the drop-o near 1®m?3 or 1® m3? That's Good news!
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three parameters of this model are:

Shape a 0.64 0.04
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Uncertainty

MLE and reference Bayesian posterior means{D's) for the
three parameters of this model are:

Shape a 0.64 0.04
Rate A 2242 13 lyear
Bend B 922 10° 60 10° /m?3

Note howuncertainf3 is... only 1.5 SD above zero.
How does this a ect hazard predictions?

How doesPareto (3 = 0) model di er from
Tempered Pareto § > 0)?
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Now the drop-o approaching 1®m? is fast!
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Tempering

Morals

It's hard to tell about tail behaviour (extremes) from data;

Clearer picture of tempering would help|
working to elicit expert opinion about physical limits

All our model assumptions bene t from closer scrutiny.
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Conclusions

Probability, Statistics, Computational PDE, and Geology are a
good mix!

Even simple models capture some important features of the
data, and the approach allows for gradual embellishment;

Simulations from model appear \similar” to real data, and
model \predictions" for past events are pretty good;

Missing observations, irregular space and time are okay.
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Model Shortcomings

AssumesStationarity, but patterns change over decades
Assumedndependencebut patterns exist over short periods

EmploysParetq whoseextremetails aretoo at| after all,
the 10?1 m3 volume of the earth is an absolute limit!

No other volcano has this much data| we're looking for ways
to exploit cheaper, more available data.§, seismographic).



Conclusions
€000

Open Questions

How much does fals&tationarity assumption matter?

How much does falsendependencassumption matter?

How much does falsPareto assumption matter?



Conclusions
€000

Open Questions

How much does fals&tationarity assumption matter?
[ 1 Can we make a dynamic time-varying version?
How much does falsendependencassumption matter?
1 Should we construct cluster models? Do we need to?
How much does falsPareto assumption matter?
[ 1 Does it help to temper the tails like

PV >v]=(v/DT% P00 yv>2
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Ongoing Work & Extensions

Studying models fowariable rateof eruption process;

Studying possiblelependencdetween
angle6 and ow volume V;

Re ning dataset and accumulating additional data;
Improving our censorship models for complex data.
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Thanks!

More details (references, this talk in .pdf, related work) are
available from Yroggy' website
www . stat.duke.edu/research/projects/frog/
or on request from
rlw@duke.edu.

Thanks to SAMSIland to MVO and to NSF/FRA
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