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SUMMARY

When some of the records used to estimate the imputation models in multiple im-
putation are not used or available for analysis, the usual multiple imputation variance
estimator has positive bias. We present an alternative multiple imputation approach
that enables unbiased estimation of variances and, hence, calibrated inferences in such
contexts. First, using all records, the imputer samples m values of the parameters
of the imputation model. Secondly, for each parameter draw, the imputer simulates
the missing values for all records n times. From these mn completed datasets, the
imputer can analyze or disseminate the appropriate subset of records. We develop
methods for interval estimation and significance testing for this approach. Methods
are presented in the context of multiple imputation for measurement error.

Some key words: Combining data; Confidentiality; Measurement error; Missing data.

1. INTRODUCTION

The multiple imputation framework proposed by Rubin (1987) is useful for many
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statistical problems, most notably to handle missing data and to correct measurement
errors. In some scenarios, records used to estimate the imputation models are not
used or available for analysis. This can arise, for example, when a statistical agency
supplements the original data with administrative records to enable or improve es-
timation of imputation models. When confidentiality laws prevent the agency from
sharing the supplementary data with outsiders, the agency might disseminate only the
original data with multiple imputations. Alternatively, the supplementary data may
not be representative of the intended target population, perhaps being records from
subpopulations, from different time periods or from conveniently available databases.
The agency may find it easier to disseminate or base inferences on the original data
after using the combined data for imputations, especially for design-based estimation
since combining the original and supplementary data complicates interpretation of
sampling weights.

When records are used for imputation but not for analysis, Rubin’s (1987) variance
estimator can have positive bias, because of a mismatch in the conditioning used by
the analyst and the imputer: the derivation of Rubin’s (1987) variance estimator
presumes that the analyst conditions on all records used in the imputation models,
not just the available data. Unfortunately, the mismatch makes it difficult to find an
alternative variance estimator that is generally unbiased.

This article presents a resolution to this dilemma based on a different approach for

generating imputations, which leads to a different variance estimator for analysis from



that outlined by Rubin (1987). The approach is motivated with multiple imputation

for measurement error, although it can be used in other contexts.

2. MULTIPLE IMPUTATION FOR MEASUREMENT ERROR

2.1. General context

In many datasets, some variables are measured with error. For example, sur-
vey respondents might provide incorrect information about their incomes, or medical
patients’ self-reported measurements of health variables like blood pressure or choles-
terol levels may differ from clinical measurements. Occasionally, data analysts can
obtain true values for these variables, or at least more accurate values than those
collected initially, for some sampled or nonsampled units for which with-error mea-
surements are also known. The data containing both gold-standard and with-error
values are called validation data.

When validation data are available, inferences can be adjusted for measurement
error via multiple imputation. We first append the records in the validation data to
the original data when they are not in the original data, and treat the unknown gold-
standard values in the original data as missing. Then, we complete the missing data
with draws from a model relating the gold-standard and with-error values. Analyses
are based on the combined data and Rubin’s (1987) methods for combining the point
and variance estimates from the multiple datasets. This and similar approaches have

been used by Rubin & Schenker (1987), Clogg et al. (1991), Brownstone & Valleta



(1996), Raghunathan & Siscovick (1998), Ghosh-Dastidar & Schafer (2003), Yucel &
Zaslavsky (2005), Cole et al. (2006), Durrant & Skinner (2006), Harel & Zhou (2006)
and Schenker & Raghunathan (2007). Multiple imputation is especially appealing
for statistical agencies disseminating data for public use, as they often have more
resources, such as access to administrative databases or other surveys, for correcting
measurement error than secondary data analysts.

We consider a scenario in which a statistical agency seeks to disseminate ideal
datasets to the public without including the validation data used to estimate the
imputation models. As a genuine example of these scenarios, Raghunathan (2006) and
Schenker & Raghunathan (2007) use the National Health and Nutrition Examination
Survey, which had both self-reported health measurements and clinical measurements
from physical examinations for a sample of individuals, to multiply impute ideal values
of health measurements for different sampled individuals in the larger National Health
Interview Survey, which had only self-report measurements. They release only the
multiply-imputed data from the National Health Interview Survey to the public.

To fix notation, let Z represent gold-standard values, let Y represent with-error
measurements of those values, and let X represent covariates measured without error.
The agency owns two databases, an original survey Doe = (Xorg, Yorg) With Serg
records, and validation data Dy, = (Xyal, Yaal, Zval) With sy, records. The records in
Dy, are not in Dy,e. The gold-standard values Z,,, are not observed for the records in

D,,s. Variables in D, are on the same scales as the corresponding variables in Dy,.



In what follows, we assume that there are no missing data in Dy or Dy,, although

the approach can handle missing values.
2.2. Inaccuracy of variance estimator when using one-stage multiple imputation

We now illustrate via simulation that 7,,, the usual multiple imputation variance
estimator, can be badly biased when the validation data are used for imputation but
not for analysis. For all records j, let X; ~ N(0, 1) be a covariate, let Z; ~ N(X;,1)
be the true value of the survey variable, and let Y; ~ N(Z;,7?) be the with-error
measurement of Z;, where 7 € (0.1,1,10). The original data, Do = (Xorg, Yorg),
comprise Sore = 200 draws from these distributions. The validation data, Dy, =
(Xval, Yval, Zval), are drawn from the same distributions with sample size sy, equal to
either 100 or 2000. Using standard Bayesian methods with diffuse priors, we construct

m = 10 idealized datasets by simulating values of Z,,, from

f(Zorg|D0rg7 Dval> = /f(Zorgu Q‘Dorgv Dval)de = /f(Zorg‘Dorga 0)f(‘9‘Dval)d97 (1)

where 6 contains the coefficients of the model relating Z, to (Xya, Yva). For | =
1,...,10, let ZW be the Ith set of imputed values of Z,, and let DU = (X,q, ZW)
be the [th ideal dataset. We exclude Y, from DU to emphasize that inferences are
based on the idealized rather than with-error values. We further suppose that the
analyst bases inferences only on (DW, ... DU9): that is, D, is not available to the
analyst.

We now briefly review Rubin’s (1987) methods for inferences for multiply-imputed
datasets; see Reiter & Raghunathan (2007) for more details. For [ =1,...,m, let ¢®
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and ©¥) be respectively the estimate of some population quantity @ and the estimate
of the variance of ¢ in completed dataset D®). Analysts use G, = Yoy ¢ /m
to estimate @, and use T,,, = (1 + 1/m)b,,, + 4, to estimate var(g,,), where b,, =
St(@Y = @n)?/(m — 1) and @, = >;", uY/m. For large samples, inferences for
@ are obtained from the ¢-distribution, (g, — @) ~ t,, . (0,7,,), where the degrees
of freedom is vy, = (m — 1) [1 + G/ {(1 + 1/m)byn}]°. A better degrees of freedom
for small so, is presented by Barnard & Rubin (1999). Tests of significance for
multicomponent null hypotheses are derived by Li et al. (1991a), Li et al. (1991b),
Meng & Rubin (1992) and Reiter (2007).

Table 1 summarizes the properties of multiple imputation inferences for the popu-
lation average of Z obtained from 1000 simulations of each scenario. The averages of
G10 are within simulation error of zero and so are not reported. In all settings except
when 7 = 0.1, which represents very little measurement error, 7,, is positively biased
and confidence interval coverages exceed 95%. Similar results were obtained for a
subdomain mean and tail probability of the distribution of Z, and for the coefficients
in the regression of Z on X and of X on Z.

Since T, is positively biased, we also examine the performance of 7, = u,, +
by, /m, the variance estimator for partially synthetic data (Little, 1993; Abowd &
Woodcock, 2004; Reiter, 2003, 2005b). The aim of partially synthetic data is to
protect confidentiality in public-use data by replacing values of sensitive variables

with multiple imputations. Results using T, are quite poor for 7 € {1,10}: T}, is at



least 25% too small when s, = 100 and at least 25% too large when s, = 2000.
Thus, 7T}, is not appropriate either.

The bias in T, can be illustrated analytically with a simple example. Let Dg,q
and Dy, be simple random samples without covariates X. In both D, and Dy,
let f(Z;|Y;) = N(Y;,0?%) for all records j. Let sy be large enough that 3 and o?
are measured with negligible variance. Finally, let m = oo so that T}, = s + bso-
When only the idealized versions of D, are analyzed, the estimate of the population
mean of 7 is ¢ = lim,, .o Z;il Z(l)/m = Krgﬁ, where Yorg is the mean of Y,,.
Using repeated sampling arguments, we have var(qds,) = [?var(Yey). However, the
expectation of T}, is something different. For any u(!) = Zj(Z](l) — ZW0)2/1s(s — 1)},
we have E(ul)) = B%var(Y,,) + 0%/s. We also have E(b,,) = 02/s. Hence, in this
case, E(T,,) > var(gs). One might think that the bias can be avoided by using
Uy, — by, to estimate var(gs,). While this works here, it fails when € is not known
with very high precision. In fact, when sy, < Sorg, as is typical, the variability in q¥

induced by sampling values of 6 can exceed u,,, so that u,, — b, < 0.
3. THE TWO-STAGE IMPUTATION APPROACH
3.1. Summary of two-stage approach

The inadequacy of T},, and other combinations of u,, and b,, suggests that alterna-
tives to (1) may be useful for generating idealized datasets. We propose imputation

in two stages. First, the imputer samples m values of 6 from f(6|Dy,). Secondly,



for each 80, for [ = 1,...,m, the imputer simulates n versions of Z®) by drawing n
times from f(Zorg| Dorg, 0D). Let Z"9 be the ith copy in the [th nest of the simulated
Zorg, and let D) = (Xorg, Z (19)). The imputer releases the collection of datasets,
D*={DW) :[=1,...,m;i=1,...,n}, without Dy,. Each D" includes an index
of its nest [. Related two-stage imputation schemes have been proposed for han-
dling missing data, see Rubin (2003), Schafer & Harel (2002), and an unpublished
2000 Harvard University Ph.D. thesis by Z. Shen, and for imputing confidential and
missing data simultaneously (Reiter, 2004).

Analysts can obtain valid inferences from D* by combining quantities computed
from each D¢). For I =1,...,mand i =1,...,n, let ¢*9 and u“) be respectively
the estimate of @ and the estimated variance computed with D®%. The following
quantities are used for inferences:

o= Y > " /(mn) =" q0/m, (2)
I=1

=1 i=1

o= 303 =g mln =1} = Y wldm, (3

=1 i=1
m

b = 3@ — qu)/(m - 1), (1)

=1

uy = ZZu(l’”/(mn). (5)

=1 i=1
The analyst can use gy to estimate @ and Ty = @iy — Wy + (1+1/m)bys — W /0

to estimate the variance of qy;. When s, is large, inferences are based on a t-



distribution, (g — @) ~ t,,,(0,Ths). The degrees of freedom, vy, equal

(m —1)Ty {mn — 1)} T, (6)

o ({(1 Fmbu {0+ 1/n>wM}2> o

It is possible that Ty, < 0, particularly for small m and n. Instead, analysts can
use the always positive variance estimator, Thy = AN + (1 — A)(1 + 1/m)bys, where
A =1 when T); > 0 and A = 0 otherwise. Motivation for this estimator is provided
in the next section. Generally, negative values of T); can be avoided by making m

and n large. When Ty, < 0, inferences are based on a t-distribution with (m — 1)

degrees of freedom, which comes from using only the first term and Ty in (6).
3.2. Derivation of inferences for the two-stage approach

To derive the inferential methods, we follow a Bayesian paradigm, as done by
Rubin (1987, Ch. 3) for standard multiple imputation. Let Q® be the estimate of Q
if the true 6 was known and used by the analyst to impute Z,, and let V) be the
estimate of var(Q|Q®, Do) Let QU be the estimate of @ if 8¢ was known and used
by the analyst to impute Zyq, and let Qy = >, QW /m. Let By = lim > (QY —
Qu)2/(m —1) as m — oo, let W =1im 327, (") — Q®)2/(n — 1) as n — oo, and
let Wy = limY ", Wéé)/m as m — oo. Finally, let Q* = {QW,...,Q"} and
wr = {wi . owiy

The derivation proceeds by using Q) to estimate Q, Qs to estimate Q@ and Gy,



to estimate QQ);. To be specific, the analyst seeks f(Q|D*), which is obtained from

f@|p*) = / F@QID*,QW, Q" V® B, W) f(QWD*,Q",V? B, W)  (7)

x  f(Q*|D*, VO B, W) (VO B, W2 |D*)dQ®dQ*dV P dB..dW? .

We assume that the sample sizes are large enough to permit normal approximations
for the distributions involving @, Q”) and each Q. Thus, we require only the first
two moments for each of these distributions, which we derive using standard large-
sample Bayesian arguments. Diffuse priors are assumed for all parameters.

To begin, all quantities associated with the imputations are irrelevant for in-
ference about @ given Q¥ and V. Hence, f(Q|D*,QY,Q*,V® B Wx) =

f(Q|Dorg, Q¥ V). We assume that
Q|D0rg7 Q(e)a V(e) ~ N(Q(e), V(e)) (8)

The imputed values in D* and all elements in W are irrelevant for inference about
Q' given Q* and By,. Hence, f(Q|D*,Q*, Boo, W5,) = f(Q”|Derg, Q, Bs). Since
each QU is a draw from the posterior distribution of Q) , which we assume is normally

distributed, we have
Q| Dorg, Q°, Boo ~ N{Qur, (1+1/m)Buc}. (9)

Only ¢*9, where 1 < i < n, from the /th nest and W are relevant for inferences

about each Q. We assume that the sampling distribution for ¢»? is

4" | Dorg, QU W2~ N@QV, WY, (10)
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so that

OID Wy, ~ N(@) Wi /n), (11)

Qu|D*, W, ~ N{qu, W/ (mn)}. (12)

Having derived the distributions of the mean parameters in (7), we now turn to
the variance parameters. To estimate f(V®|D* By, W%), we first define V9 =
var(Q| D" QW) = QW B, Wx). Given only one dataset D% the analyst would
use ul™) to estimate var(Q|D"), Bo,, W2 ). Relating these quantities and using an

iterated variance computation, we have
Wt = BWVWDW B W) + var(QV| DU, B, WZ).

Rewriting this as an expression for V) we have E(VED| DD B W) = o) —

W<, We assume that the sampling distribution of V*% has mean V@, so that

E(VY\D* B,W2) = E{E(VY|D* By, W.,Q")|D*, Bs, W5}
= E {Z VD J(mn) | D*, Bs, W;} = Uy — W
1

Finally, we assume that the variance in the sampling distribution of V¢ is of lower
order than V. This implies negligible sampling variance in %,;, which typically is
reasonable in multiple imputation contexts with large sample sizes (Rubin, 1987, Ch.
3). Thus, we write f(V©®|D* B,,,WZ) as a distribution concentrated at @y — W
with negligible variance.

To obtain the conditional distributions of B, and each Wo(é), we use an analysis-
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of-variance set-up. From (10), we have

(n— 1)wg)

From (9) — (13) and the simplifying assumption that W = W, for all I, we have

(m — 1)bM

ST OPM D g~ R 14
Boo + Woo/n ? Xm—l ( )
m(n — Dwy| -, 5

We now have all distributions needed for inference about ). Integrating over the

distributions in (8), (9) and (12), we have
QID*,\ VO, Boo, Wi ~ N{Gas, V¥ + (1 + 1/m) Boo + Wi/ (mn)}. (16)

To obtain f(Q|D*), we should integrate (16) with respect to the distributions of V(9
B, and WZ. Although this integration can be carried out numerically, we desire
a straightforward approximation that can be easily computed by analysts using D*.
For large m and n, we can approximate f(()|D*) by a normal distribution with mean

E(Q|D*) = qu- If we suppress the conditioning on D*, the variance is

var(Q|D*) = E{var(Q|Q")} + var{ E(Q|Q'")}
= E{E(V71Q")} + E{var(Q?|Q")} + var{ E(Q|Q")}
= ity — E(Wx) + E{(1 +1/m)By} + war/(mn). (17)
Based on (14) and (15), we approximate the expectations in (17) as E(W,|D*) = Wy,
and E(Ba|D*) = by — Wy /n. Substituting these into (17), we have

var(Q|D*) =ty — Wy + (1 + 1/m)(byr — war/n) + war/(mn) = Ty
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For modest m and n, we use a t-distribution, (ga; — Q) ~ t,,,(0, Ths). The degrees
of freedom, vy, is derived by matching the first two moments of (vy/Tys)/{un —
W + (1 4+ 1/m)Bo + Wa/(mn)} to those of a x2  distribution. The derivation is
presented in the Appendix.

When T); < 0 we estimate var(Q|D*) with (1 4+ 1/m)by,. This is motivated as
follows. We might observe T); < 0 because @), — wy; < 0. This is most likely to
happen when W is close to Us, = s, and variability in w,; is relatively large.
Hence, we set U,y — W to zero and drop @, — Wy, from the variance estimator. We
also might observe Ty, < 0 because by, — wy;/n < 0. Hence, we drop wy;/n from
the variance estimator. When U, — W, is small, (1 + 1/m)by; should be positively
biased for var(Q|D*), since (1 + 1/m)bys in expectation equals (14 1/m)By + (1 +
1/m)Wa/n. It is possible to use other conservative variance estimators, such as
max (0, up —wpr) + (1 +1/m)bys, when Ty < 0. In the simulations described in §3.3,
Tw had up to 40% smaller bias than this more conservative estimator for the few

settings where negative variances were a nontrivial occurrence.
3.3. lllustrative simulations of the two-stage approach

To illustrate the performance of the approach, we adapt the simulation of §2.2.
All values of one variable are measured with error in D, and both with-error and
gold-standard values are available in D.,. The combinations of m and n include
(m,n) = (12,3),(6,6) and (3,12). With the three levels of 7 and two levels of sy,
there are eighteen simulation scenarios. We obtain inferences about the mean of Z,
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the mean of Z for observations with X < 1, the percentage of observations with
Z > 1, truly about 24%, and the coefficients in the regressions of Z on X and of X
on Z. We also obtain inferences for these quantities using the true values (Xorg, Zorg)
for the records in D,,,. The simulation is repeated 1000 times.

For all ninety estimands, Fig. 1 displays the ratio of the simulated average T},
over the corresponding simulated var(gy,) that it is meant to estimate. The ratios
are generally near one, and the simulated averages of T); are rarely inaccurate by
more than 10% in either direction. In contrast, the simulated averages of T,, for
the one-stage imputation procedure in §2.2 are inaccurate by 40% or more when
T € {1,10}.

In scenarios with 7 < 10, few values of T); are negative. When s, = 2000 and
7 = 10, however, Ty; < 0 in about 35% of the simulations for the coefficient in the
regression of Z on X. In this case, %), and w); are nearly equal in expectation,
but wy; has higher-order variability than u,,. This creates a relatively high chance
that wy > @y, which leads to negative variance estimates. Using Ty results in
overestimation of variances in these settings by factors of between two and three,
depending on m and n.

Fig. 2 displays 95% confidence interval coverage rates for all ninety estimands.
For the most part, coverage rates for the imputed data are in line with those from
the true data and near the nominal 95% mark. All but one of the incidences in which

coverages dip below 90% occur when (m,n) = (3,12) and 7 € {1,10}. This suggests
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that, when entire variables are subject to measurement error, imputers should use
large m to obtain coverage rates that are close to nominal. The average coverage
rate is 94.0% when m = 12 and 93.3% when m = 6, suggesting that, for fixed M,
allocating replicates to the first stage, i.e. making m large, may result in better
calibrated inferences than allocating them to the second stage, i.e. making n large.
Analysts pay a price in terms of efficiency for not using or having D,,, for analysis.
To illustrate this efficiency loss, we compared variances based on D* to those based
the combined data, (Doyg, Dyal). Standard multiple imputation was used to create 36
completed versions of the combined data. When 7 = 1 and s,y = 100, the simulated
variances of the five estimands were 1.15 to 1.33 times higher when using the two-stage
imputations with (m,n) = (12,3) than when using the multiply-imputed versions of
the combined data. Variances were 5.7 to 8.8 times higher when s, = 2000.
Although not shown here, the simulation was repeated with (m,n) = (10, 10). The
95% confidence intervals were well calibrated, with simulated coverage rates between

93.0% and 95.5%, with coverage rates within £ 1% of those based on the true data.

4. LARGE SAMPLE SIGNIFICANCE TESTS

4.1. Summary of tests

In addition to interval estimation for scalar quantities, analysts of D* may seek to
test the null hypothesis () = )y for some d-component estimand (@), to test if d regres-

sion coefficients equal zero, for example. We now derive a large-sample significance
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test for multicomponent null hypotheses for the two-stage multiple imputation ap-
proach. In each D® | let ¢9 be the estimate of Q and let u¥) be the estimate of the
d x d covariance matrix associated with ¢, We use multivariate analogues of (2) —
(5) and T} for inferences; for example, we use by, = Z;’ll(cjg)—QM)(@(LI)—(]M)’/(m—l).

Given the normal distributions used in inferences about (), it may appear rea-
sonable to use a Wald test with statistic A = (gy — Qo) Ty (G — Qo). However,
this test is unreliable when d is large and m and n are moderate, as may be the
case when statistical agencies release ideal datasets to the public, because by, or wy,
can have large variability. Estimating by, or wj; in such cases is akin to estimating
a covariance matrix using few observations compared to the number of dimensions.
This same problem arises in multiple imputation for missing data (Rubin, 1987). The
instability in T, can be avoided by making m and n large.

For modest m and n, analysts can use the test statistic
S = (Gu — Qo) urt(@u — Qo)/{d(1 + 1] — i)},

where TJ(\Z) = (1+1/m)tr(byrtiy})/d and 7"5\2") = (1+1/n)tr(wyay; ) /d. This statistic is
derived assuming that B, = r¥u u and that W =rg u for all [, thereby reducing
the number of unknown parameters in B,, and each W, These proportionality
assumptions may not be met in practice, especially when only some variables are
subject to imputation for measurement error. However, similar assumptions have
been used in other multiple imputation contexts with good results; see Li et al.
(1991a), Li et al. (1991b), Meng & Rubin (1992), Reiter (2005a, 2007) and Z. Shen’s
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thesis. Simulation studies by those authors show that tests based on proportionality
assumptions, even when they are not met, tend to have better properties than tests
based on the equivalents of A.

The reference distribution for S is an Fj,, distribution, where

b w 2 b w
I U iR v / (ol ()’ . (18)
-2 cp—2 (o —2)2(cs— 4)  (co— 2)2(c — )

for ¢, > 4 and ¢, > 4, and ¢, = d(m —1) and ¢, = dm(n—1). The p-value for testing
Q = Qo equals pr(F,,, > S5). When ¢, <4 or ¢, < 4, v, is not defined. This occurs
only for small d when m = 2, a combination that is not likely to arise in practice

because of the benefits of making m large for inferences for scalar Q).
4.2. Derwation of test

Let Ty = Uy — Woo + (1 +1/m) By, + Wy /(mn). Extending the derivations in

§3.2 to multivariate @, we have (Q|D*, T,) ~ N(Ga, T) and

(m — )by (B + Wao/n) | D* Wy ~ W(m—1,1), (19)

m(n — Doy W DY ~ W{m(n—1),1}. (20)

Conditional on T, the p-value for testing Q = Qo equals pr{x? > (qar— Qo) T (qnr —
Qo)|D*, T }. Since T is not known, we should average over its distribution to obtain
the p-value conditional only on D*. If we assume that B,, = r U, that wl =
i )Uoo for all [, and that U, = 1/, this requires averaging over the distributions of

r) and r$. If we write Tho = up[1+ (1 + l/m)rg;) —{1- 1/(mn)}ré§u)], the p-value
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equals

an — Qo) 'ty (qu — Q \ y
1+ (1+1/m)reg —{1—=1/(mn)}rs

xpr(r®|D*, v pr(r| D*)dr® dr(®

oo

=

1+ (1+1/m)rl — {1 = 1/(mn)}r . "
=/pr[(x§/d) W tfmyre ULl gl pa,r)| - 21)

x<pr(r | D, 1 pr(r) | D) drQ drly).

The conditional distributions of 7 and 7’ can be obtained from (19) and (20) if
we assume that B, = r U, and that Wi =l )Uoo for all [. Applying multivariate

normal theory, we have

d(m — D)tr(byiy,))/d
rc@ + Tgf})/n
dm(n — Dtr(wyty;)/d] -,

T'oo

D, T&U) ~ X?l(m—l)’ (22)

Substituting the implied distributions for r& + & /n in (22) and for & in (23) into

(21), after some algebra we have

pr {(x?z/ d) (24)

b w
OB >S5
14+7ry — T

Following the approach of Li et al. (1991b), we approximate the random variable in
(24) as proportional to a F-distributed random variable, §Fy,,. The approximation
is obtained by matching the first two moments of dFy,, to those of the left-hand
side of the inequality in (24). This yields the expression in (18) for vy and 0 =
{(s —2) /o H1 + D (e = 2) — cor$ /(co — 2)} /(1 + 7 — (%)), The derivation
is presented in the Appendix. When ¢, and ¢, are sufficiently large, 6 = 1, and the
approximate p-value equals pr(Fy,, > 95).
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4.3. Illustrative simulations of significance tests

This section illustrates the test based on S, showing its advantages over the test
based on pr(x3 > A). The original data, Dy, comprise one variable, which for
any record j we label as Zjo, measured with error and d variables measured without
error, where d = 5 or d = 20. For all records j, Zj ~ N(2,1) and Z;;, ~ N(1,1),
for k =1,...,d. The with-error measurements are Y;o ~ N(Z;p,1). To ensure large
sample size for the Wald approximation, Do, comprises so;g = 1000 observations. The
validation sample, D.,, comprises independent observations, (Yo, Zjo, . .., Zjq) where
j=1,...,8m = 200. The two-stage multiple imputation proceeds with (m,n) =
(3,12) and (12, 3). There are two true null hypotheses of interest: that all coefficients
equal zero in the regression of Z, on (Z1, ..., Zy), and that all coefficients equal zero
in the regression of Z; on (Zy, Zs, ..., Zy). The simulation is repeated 1000 times.

Table 2 displays the simulated significance levels of the tests for nominal levels of
a = 0.10,a = 0.05, and a = 0.01. The p-values for the test based on S are reasonably
well calibrated. They tend to be better calibrated when m = 12 than when m = 3,
providing further evidence that increasing m can improve inferences. On the whole,
the simulated levels based on S are closer to the corresponding nominal levels than
those based on A. Additionally, in some settings A < 0 for large percentages of
simulations; for example, A < 0 in 78% of the simulations for the scenario with
d=5 m=3,n=12 and Z, as a dependent variable. In contrast, S is always

positive in these simulations. Using (1 + 1/m)by, in place of Ty when A < 0 results

19



in even higher simulated significance levels than those shown here.

5. CONCLUDING REMARKS

In addition to measurement-error contexts, this two-stage imputation approach
can be useful in missing-data contexts. For example, a statistical agency may seek
to improve precision by supplementing the original data with complete records from
other sources, especially when the original data have high fractions of missing infor-
mation. The agency can apply the procedures of §3 with a slight modification: the
parameters of the imputation model are estimated with the combined data rather
than just the supplementary data. A related application is to use two-stage mul-
tiple imputation on an entire dataset to handle missing values, but release only a
subsample of records to the public to protect confidentiality.

The two-stage imputation approach can be used when agencies seek to combine
information from two data sources, often called data fusion (Rassler, 2003). Suppose
that a large dataset contains only the variables X and a small dataset contains the
same variables plus some others, Z. It may be desired to disseminate multiply im-
puted, ideal datasets (X, Z*) for analysis. The methods in §3 apply directly: simply
exclude the with-error variables in the conditioning arguments.

The two-stage approach can also be used to adjust for changes in the codings or
definitions of variables over time. As an example, consider a modification of race
bridging (Schenker, 2003; Schenker & Parker, 2003). In the 2000 U.S. census, in-
dividuals were allowed to select more than one race from five categories. However,
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some state-level data sources do not allow for multiple-race reporting and use only
four categories. These state agencies plan to phase in the federal standard over
time. Fortunately, there exists a validation sample for bridging the inconsistencies in
race reporting in the intervening years: the National Health Interview Survey allows
multiple-race reporting but also asks respondents to select one primary race. Thus,
using the relationships between the multiple-race and single-race variables in the Sur-
vey, we can impute multiple-race reporting for the state-level data sources using the

two-stage imputation procedure.
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APPENDIX

Derivations of degrees of freedom

Scalar estimands. Inferences from D* are made using a t-distribution. A key step is

to approximate the distribution of

v T

ﬂM—I/T/C>O+(1+1/m)BOO—I—T/T/C>O/(7717’L)|D>k (A1)

as a X?/M distribution. We determine vy, by matching the mean and variance of the
chi-squared distribution to those of (Al).

Let a = (By + Wao/n) /by and v = Wy /@y Then, o~ | D*, W, and v~! | D*
have mean-square distributions, i.e. the distribution of z/k when z is a random
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variable with a x3 distribution (Rubin, 1987, p. 91), with degrees of freedom m — 1
and m(n — 1), respectively. Let f = (14+1/m)by/tps, and g = (14 1/n)wys/ty. We
write (Al) as

T]\{ L up(1+f—9)
pr + (1+1/m)(Bao + Wo/n) — 1+ 1/n)Wo  an(l+af —7vg)

(A2)

For the expectation of (A2), we use an iterated expectation and first-order Taylor

series expansions in a~! and 4! around their expectations, which equal one, to obtain

E{E(iilliquWg)uf}iE<iiiliym)iL
Il+af —~vg 1+ f—g

For the variance of (A2), we use the conditional variance representation
1 — - 1 — _
E § var M|D*,Ww | D* % +var< E M|D*,WM | D* 5.
14+ af —vg 14+ af —vg
For the interior variance and expectation, we use a first-order Taylor series expansion

in a~! around one. Since var(a~! | D*, W) = 2/(m — 1), this expression equals

approximately

AP ) (L2 )
Bty e P e (= 7)) 49)

1

We now use first-order Taylor series expansions in 7~ around one to determine the

components of (A3). The first term in (A3) is

A1+ f— g2 f?
E{<

1 252
m—nu+f—wv*D}‘0n—n (A4)

(1+f—g9)?

Since var(y~' | D*) = 2/{m(n — 1)}, the second term in (A3) is

1+f—g 292
var _— * A= . A
a<1+f—w|D) =D+ ] =g (45)
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If we combine (A4) and (A5), the variance of (A2) equals approximately

212 n 2g2
(m—=1)(1+f=9)? mh-1)0+f-g)?*

(A6)

Since a mean-square random variable has variance equal to 2 divided by its degrees
of freedom, we conclude that vy, equals the expression in (6).
Significance tests. Significance tests of the null hypothesis Q = Qy with D* are made

using an F-distribution. Here, we approximate

g

as proportional to an Fj, distribution. The vy is determined by matching the mean

L4 (14 1/m)rl = {1 = 1/(mn)}r)

1—|—7’](\Z)—7’](\1/[”)

(A7)

and variance of the F-distribution to the mean and variance of (A7).

It is useful to rewrite the second part of the random variable as

1+ (14 1/m) e + 78 m) — (L + 1) 1+ arl) /X3 — corly) /X2, (A8)
1+r§\?—r§f;) 1+r§\?—r§\}”) 7
where the equality results from (22) and (23).

For the first two moments of (A8), we use an iterated expectation, conditioning

on (D*, r&”)) for the innermost expectation. Since E(1/x?) = 1/(t — 2), we have

) (w) b 7
- (1 + ey X2 — coTyy /X2, |D*> _ 1+ cory) /(e — 2) — curyy [ (co — 2). (A9)

1—1—7‘5\?—7“5\2”) 1—1—7‘5\?—7"5\2”)
Since E(x?2/d) = 1, the first moment of (A7) equals the expression in (A9).

For the second moment of (A8), we add its variance to the square of (A9). Since
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var(1/x?) = 2/{(t — 2)%(t — 4)}, we have

- (1+cr§?/xa—cwr§@”/xzw>2 _ ey /o =27(0 -4}

1470 rj(\f[”) (1+ r(b) rj(\i[”))

22 {(cw — 2w — 0} (14 /(e —2) — e (e —2)\
+ 1+ 70— ) +< : 1b PR (A10)

Since E{(x3/d)?*} = d(d +2)/d?, the second moment of (A7) equals the expression in
(A10) multiplied by d(d + 2)/d>.

We set the two moments of (A7) equal to the first two moments of §Fy,,, which
are E(0Fs,) = v/ (v, — 2), and E(F2, ) = 8 (v, /d)2d(d +2)/{(v, — (v, — 1)},
Solving yields § = {(vs —2) /v {1+ cbrj(\l/’[)/(cb —-2)— cwryj)/(cw —-2)}/(1+ 7‘5\? — 7"5\2”))

and the expression in (18) for v;.
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Figure 1: Simulation study. Box plots of ratios of simulated average Ty, to simulated

var(qy ), for m =3, m = 6 and m = 12.
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Coverage Rates: Two—Stage Multiple Imputation

I T T T T T T I
0.930 0.935 0.940 0.945 0.950 0.955 0.960 0.965

Coverage Rates: True Data

Figure 2: Simulated 95% confidence interval coverage rates for two-stage multiple
imputation for measurement error. Rates for m = 3 are displayed with '3’, for m =6
with '6’, and for m = 12 with '1’. The horizontal and vertical axes show the rates

when using the true values and the imputed data, respectively.
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Table 1: Illustration of the bias in T,, and conservative 95% confidence interval cov-

erage rates when using standard multiple imputation for measurement error.

Setting var(qio) Avg. Tip 95% CI Cov.
Sval = 100, 7 = 0.1 0.010 0.010 94.0%
Sval = 100, 7 =1 0.013 0.019 98.3%
Syval = 100, 7 = 10 0.015 0.027 99.1%
Sval = 2000,7 =0.1  0.011 0.010 94.5%
Sval = 2000, 7 =1 0.008 0.013 99.0%
Sval = 2000, 7 =10 0.006 0.016 99.7%

Note: Avg., average; 95% CI Cov., 95% confidence interval coverage rate.
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Table 2: Simulated significance levels for two-stage multiple imputation approach.

Based on S Based on A
True significance level 10% 5% 1% 10% 5% 1%

Zy is dependent variable

(m,n)=(12,3) d=5 83 46 09 273 229 175
d =20 112 69 18 292 275 252
(m,n)=(3,12) d=5 77 46 0.6 A7 45 37
d =20 108 58 21  17.6 168 15.7

Zy is independent variable

(m,n)=(12,3) d=5 102 59 13 185 125 59
d =20 11.2 57 26 176 168 15.7
(m,n)=(3,12) d=5 141 97 36 76 44 24
d =20 136 87 25 11.0 67 28

32



