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1 Introduction

Hydrocarbon reservoir models are widely used to predict future oil, gas and water production and to give guidance
for sensible reservoir management. The models are implemented as simulators which take as input a description
of the geology and yield as output a simulated production history for the reservoir.

History matching concerns the problem of finding an input reservoir geology for which the simulator produc-
tion output matches the observed production history for the reservoir which is being modelled. History matching
is an important and time consuming component in the creation of reservoir models. Usually, this matching is
done by trial and error by reservoir engineers, running the simulator with various choices of geology, to attempt
to reproduce the history of the reservoir. Problems with this approach are that input and output dimensions
may be very high, and each run of the simulator may be very expensive in CPU time, so that often, even with
a large investment of time and effort, the quality of the final match will be unsatisfactory. In a recent study of
a large reservoir, it took two man years to obtain a less than satisfactory match, with each simulator run taking

up to twenty hours. Mattax and Dalton (1990) say

History matching can be time consuming, expensive, and frustrating, primarily because reservoir
performance can be complex, responding to numerous interactions that, as a whole, may be difficult
to comprehend. As a consequence, there has been considerable research on programs for inverse
simulation or automatic history matching. The programs are rarely used, however, because for most

studies automatic history matching is less efficient than manual matching.

In this paper, we develop Bayes linear methods for history matching. Our intentions are twofold. Firstly,
we hope to make a practical contribution, by showing how the expert judgments of the reservoir engineer, in
combination with Bayes linear analysis, may lead to improved history matching. Secondly, history matching is
an example of a wide class of hard problems, namely high dimensional, ill-posed, non-linear inverse problems for
functions which are expensive to evaluate, and so offers an interesting case study in how we may structure and
exploit expert judgments to help us solve such problems.

Our account offers a general strategy for history matching. We discuss the essential components of the
strategy, and offer suggestions for implementing each component. We demonstrate our approach with an example

which, while comparatively simple, illustrates many of the issues involved in practical history matching.

2 History matching

Efficient management and prediction of reservoir production in the oil industry is crucially dependent on having

a good mathematical model of the reservoir. Reservoir engineers, in conjunction with petrophysicists, geologists



and mathematicians, build a mathematical model of an operating reservoir. The model takes as data the
physical description of the reservoir, including the geology, geometry and other parameters, such as porosities,
permeabilities and relative permeabilities, which affect fluid flow. The model is a complex system of time
dependent, non-linear, partial differential equations that describe oil, gas and water flows through a structural
description (including well placement, faults and other geological features) of the reservoir over time. The model
cannot be solved exactly, but an approximate numerical solution can be obtained using a reservoir simulator.

The simulator is a computer code which solves the model by including certain simplifying assumptions about
the data. For example, in the real reservoir rock permeabilities are likely to be a varying function of position. In
the simulator the physical region is represented by a grid, and it is often assumed that porosities and permeabilities
are constant over each grid block. Small grid blocks increase the complexity of the problem, but more closely
approximate the original model. It is common to run simulators with several tens of thousands of grid blocks.
A single run of the simulator will usually be expensive both in CPU time and in monetary terms. The output is
several time series, including production and pressures at each of possibly several wells.

A major problem is that we often have a very imprecise geological description, so that we don’t know the
values of the physical parameters to any degree of accuracy. The aim of history matching is to solve the inverse
problem where we know aspects of reservoir behaviour, such as a history of production, pressures and other
variables, over a historical period of time, and we try to deduce the geology which will cause the simulator
output to match this history. After running the simulator, the output will be compared to historical data usually
in the form of several time series (oil/gas/water production and pressures) from each of the production wells.
Some aspects of the history may be very detailed, while others are sparse, and possibly themselves estimated.
Further, unlike the corresponding simulator output, these data may not be smooth, and this raises questions as
to what constitutes a good match. The engineer will then attempt to change the input data for the simulator in
order to make the simulator output match the reservoir behaviour more closely.

History matching has been and will continue to be a major economic and scientific concern in the oil industry.
There have been various one-shot attempts at history matching using regression-type approaches, but these have
generally yielded infeasible solutions. Therefore in practice, history matching is done by trial and error; see for
example the comparative study in Anterion (1988). The reservoir engineer, using experience and knowledge,
runs the simulator several times for different choices of the values of the parameters until a satisfactory match is
obtained, if at all. During this process, the engineer may also decide to occasionally change the model structure,
by modifying the location or extent of a fault, or the alignment or layering of rock types. The match is validated
by the geologists, who may suggest further modifications to the model. For a recent overview of history matching,
see Mattax and Dalton (1990).

There are various motivations for formalising this process. Firstly, the time of the expert is very costly, so that
we may gain directly by partially automating the process. Secondly, history matching is often at least partially
unsuccessful, so that we may hope to improve the quality of the history match. Thirdly, systematically quantifying
and comparing expert judgments with the performance of the simulator should lead to useful qualitative insights
about reservoir performance. Finally, history matching is an example of a wide class of hard problems, to which
similar approaches may be applied. While we shall describe our approach in the context of history matching,
the methodology that we shall develop is potentially applicable for quite general computer experiments and in

particular for sequential searches to solve general high dimensional inverse problems.



2.1 History matching as a computer experiment

Mathematically, history matching can be thought of as finding a zero of a multivariate time-varying function,
namely the reservoir simulator. Thus, the problem can be viewed as one of design and analysis of a computer
experiment; for an overview of this field, see Sacks, Welch, Mitchell, and Wynn (1989). The particular features
which make this problem extremely challenging are: the function often has very high dimensional input and
output; the input dimension may greatly exceed the output dimension, so that there may be many solutions; the
function is very costly to evaluate at any input; and the simulator is just a model of the reservoir, so that the
best that we can reasonably hope for is a “close” approximate match, and there may be no exact solutions.
The design problem is to choose, sequentially, the collection of input values at which to evaluate the function.
This may be viewed as a “design for control” problem, in which we learn about a surface in order to identify the
inputs which are necessary to produce a desired output. Design for control problems are known to be hard even
for relatively simple, well specified linear models of moderate dimension. Realistically, therefore, we should not
expect to produce formal solutions to the much harder problem in which each function evaluation tells us about
(i) the location of the zero; (ii) the qualitative shape of the surface; (iii) the lack of fit between the reservoir and
the reservoir simulator. Further, given the possibility of no solutions or a very large class of solutions, estimation
of the zero given evaluation of a relatively small number of values of the function requires solution of a very high
dimensional, ill-posed, non-linear inverse problem for which expert knowledge is crucial in identifying solutions
which are acceptable in engineering terms; see O’Sullivan (1986) for a statistical overview of such problems,
where a much simplified version of the history matching problem is used as an illustration. See also O’Hagan

(1992) and Smith (1993) for a discussion of Bayesian numerical analysis.

2.2 Notation

In line with the above view, we may consider that we have a function y = f(z), where the vector z is termed
the geology input to the simulator, for example permeabilities and porosities, expressing aspects of the reser-
voir geology, and the vector y is termed the production output from the simulator, for example pressures and
oil/gas/water rates at the wells, expressing the reservoir history. We write y(z) when we need to explicitly display

the dependence on z. The observed reservoir production history is yp,, and we are seeking zp defined by

yn = y(zn). (1)

It is possible that either there are several solutions, or, as the simulator is only an approximation to the reservoir
and the actual history of the reservoir is recorded with error, that there may be no exact solutions to (1) on the
simulator. To simplify our notation, we shall suppose throughout that the observed history, ys, of the reservoir

has been transformed to zero, so that zp is the zero of y, i.e. y(zp) = 0.

2.3 Example

The example we will use to illustrate the paper is one which was created by our industrial collaborator Scientific-
Software Intercomp (SSI) as a test for their Adaptive History Matching (AHM) software. We received reservoir
simulator control files which, once values of uncertain reservoir properties are supplied, enable the simulator to
calculate the corresponding production. A special aspect of the example is that the production history we are

trying to match is actually the simulated production for a known set of values for the uncertain properties. While
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Figure 1: The reservoir geometry.

Region Porosity Permeability
lower guess upper lower guess upper
1 4 6 8 10 100 1000
2 8 10 12 100 320 1000
3 8 10 12 100 320 1000
4 8 10 12 0.1 1 10
5 8 10 12 100 320 1000

Table 1: Best guesses and 95% limits for permeabilities and porosities.

one of the difficult components of real history matching has been removed, the example still embodies many of
the important issues in history matching.

Figure 1 is a two-dimensional plan of the three-dimensional reservoir. It is a single layer dipping oil-water
reservoir divided into five regions. The lowest part of the reservoir is an aquifer (region 1), which is the main
pressure source to drive gas or oil through the reservoir to the three production wells, well 1 in region 5, well
2 in region 3 and well 3 in region 2. The narrow region 4 represents a fault, which acts as a leaky barrier.
The angle of dip of the reservoir, except in region 1, is in excess of 45°. The plan shows a 200 cell solver grid
superimposed over the five regions that make up the reservoir: notice that the grid cells are not all the same
size. The shading will be explained later.

The flows of gas, oil and water in this model are determined by porosity and permeability, a single value of
each being assigned to each region. Thus, z = (z1,...,210)7, where the first five components z;, . .., z5 represent
the porosities of the corresponding regions and the last five components s, ..., z1¢ represent the logarithms of
the corresponding permeabilities. Porosity is a measure of the percentage of volume that may be occupied by
fluids, and permeability measures how easily fluid can flow through rock. Porosity (¢) is a scalar and is expressed
as a percentage or a proportion, whereas permeability (k), measured in millidarcies, is in general dependent on
the direction of flow; in this problem it is taken to be the same in all directions. Both ¢ and x are functions of
position, but in this example they are taken to be constant within each region. In reality there is almost certainly
spatial correlation in both ¢ and «, and well core rock samples show a strong positive correlation between ¢ and
k; we ignore these considerations here.

SSI provided us with 95% ranges and best guesses for the components of z; as shown in table 1. Note that
the porosity ranges are symmetric about the best guess and that the same is true for the permeability ranges
after logarithms have been taken. We use this information to restrict the set of geologies in which we search for
zp. Each component is searched for over the range given in the table and we impose no further restriction on

the simultaneous values of the components.
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Figure 2: Production history time series.

In what follows, the porosities and logarithms of the permeabilities have been transformed to make the search
range be [—%, %] for each geology variable, so that we search over a 10-dimensional cube centered at the origin.
The simulated production history which we are attempting to match was generated by taking each geology
variable to be 0.25. Thus z, is well within the region described in the table but is still well away from the best
guess values which might be thought of as prior means for the components of zj,.

There are two history variables, gas/oil ratio (gor) and bottom hole pressure (bhp) which are given as output
each quarter over a period of about five years for each of the three wells. The simulated production history for
our chosen zj is shown in figure 2. A recorded gas/oil ratio is simply the ratio of volume of gas (in cubic feet
at standard conditions) to volume of oil (in standard barrels) produced over the previous three months, and we
notice immediately from the history that production at both well 1 and well 2 was halted after a certain time
because of overproduction of gas at these two wells. The simulator is instructed to automatically halt production
at a well when gas production exceeds a certain threshold; the time when it happens depends on z. Bottom hole

pressure is the pressure at the bottom of the well and physically can only be measured during production.

3 History matching as a Bayes decision problem

As the reservoir model is very complex, high dimensional and expensive to evaluate, it is essential to incorporate
the expert judgments of the reservoir engineers into our procedures. These include both generalised knowledge
about the reservoir and also beliefs about the response of the simulator to changes in the values of inputs.

The software development company Scientific Software Intercomp have developed a history matching approach
based on a fully-specified Bayesian one-step-ahead sequential scheme to advise on possible choices for the values
of the reservoir properties at which to make the next simulator run. This approach proceeds by assigning a joint
prior distribution over the values of the unknown input quantities and the collection of possible deterministic

outcomes of the simulator for given inputs. The approach has been implemented in the software system AHM



(Adaptive History Matching) now available for leasing from SSI; see (Watkins, Parish, and Modine 1992). The
project was funded by several oil companies, and the software has been used with a degree of success.

Problems with any Bayes formulation for history matching are as follows:

Prior knowledge It is very difficult to translate the highly detailed but partial statements of prior knowledge
from the engineers into the extremely high dimensional probability measures required for a formal Bayes

analysis. In particular, for design tractability, we are usually restricted to very simple prior forms.

Numerical solutions The Bayes analysis involves very complicated numerical problems of integration and

maximisation of extremely high dimensional multimodal distributions.

Design Bayesian design problems are notoriously computer intensive, even for moderate dimensions, simple
models, fixed sample sizes and straightforward objectives. Bayes sequential design for a control problem
for an ill-posed, non-linear, inverse problem in very high dimensions can require calculations which are

more extensive than those for the original simulator!

The model All beliefs relate to the reservoir, but all experiments are performed on the simulator. It is difficult

to incorporate into the analysis the discrepancy between model and reality.

The problems in Bayes history matching are typical of the difficulties arising in many fields of application.
There is a complex design-type task which is carried out by experts with only partial success. A very compli-
cated, high dimensional mathematical model partially underlies this task. Our only hope for approximating the
solution to the mathematical problem is to incorporate expert prior knowledge. However, when this knowledge
is formalised by a full Bayes specification, the resulting design problem appears to be about as hard as (or harder
than!) the original task. To make progress, we should therefore consider using a simpler and more tractable
approach to quantifying and analysing the beliefs of the expert. We now develop history matching using an
approach which is similar in spirit to full Bayes analysis but easier to implement, in requiring both more modest
prior inputs and also less complex numerical calculations.

Our formulation for history matching is therefore based on Bayes linear methodology, which uses limited prior
moment specifications as input, and makes no distributional assumptions. We combine the prior inputs linearly
with data to adjust the prior specifications. Also provided are a variety of interpretive and diagnostic tools to
explore the implications of these beliefs. For an overview of Bayes linear methodology, see Farrow and Goldstein
(1993). For a discussion of foundational issues raised by this approach, see Goldstein (1985, 1994).

Prior belief specification for Bayes linear methods is based on moment assessments. In our problem, we shall
observe production output y(z) for various choices of geology input z. Using these observations, we want to
predict the value of y for further values of #, and in particular identify the history match zj defined by (1). The
minimal prior inputs that we require for this analysis are (i) a prior mean vector E(y(z)), for each geology z, and
(ii) a prior covariance matrix Cov(y(z), y(z')), for each pair of geologies 2, ’. In this paper, we describe how to
make these specifications, and their application to history matching. A full formalisation would incorporate a
prior covariance structure over this variance structure; that is, specification of variances of variances, in order to
learn about the covariance structure from the data. Such details are beyond the scope of this paper, however, so

that we shall merely make informal comments as to how such second order learning might proceed.



4 Formulating prior beliefs for history matching
4.1 General approach to prior specification

Our strategy for prior specification is as follows.

1. Working with geologists familiar with the reservoir, we elicit a high prior probability (say 95%) region, G,

for the actual values of the geology inputs in the reservoir.

2. Working with reservoir engineers, we now elicit qualitative beliefs relating geology input z to production
output y which we hope to be valid over G. This qualitative structure is based partly on numerical/physical

insights about simulator performance and partly on previous practical experience in history matching.

3. Qualitative prior beliefs about the simulator are tested, quantified and refined by constructing simple, fast
approximations to the simulator; for example, reducing the number of grid blocks in the simulator to speed

up the calculations.

4. The revised, quantified structure is checked by the engineer for plausibility and consistency in relation to
beliefs about geology and production on the full simulator, and differences in beliefs between the full and

the approximate simulator are quantified.

We now describe the qualitative and quantitative construction of such prior specifications. For brevity, we
omit stage 1 of the process above, as this is involves a relatively familiar type of elicitation problem. However,
there are substantial questions of interest here, in particular concerning beliefs about the relationship between

the actual geology of the reservoir and the formal history match zp in the simulator.

4.2 Qualitative beliefs

Our intention is to create a prior specification which is simple enough to lead to a tractable design search
methodology, while describing enough variation to generate sensible design points. Therefore, we hope to find,
for each output variable, a relatively small set of input variables which govern variation over the range of interest.

While each problem will have distinctive features, certain considerations will be fairly common. For example,
production at a given well will usually be strongly affected by geological features which are local to that well.
The effect of non-local inputs may be expected to be more pronounced at later time points, so that our beliefs
will tend to be simpler for early times. Further, we may speed up the running of the simulator by evaluating the
production only at early time points for each well. This suggests a procedure where we try to identify geology
inputs local to each well by matching on early production output. When we have a reasonable local match, we
identify non-local features of geology by matching on later production output, treating local geology essentially
as known. This illustrates the advantages of matching at each stage on carefully chosen subsets of the production
variables. It is common engineering pratice to match at an early and a late time point.

With the reservoir engineer, we create qualitative beliefs as follows. We choose a representative collection
of production variables y,, which are judged appropriate to match. For each selected y,, we identify the active
collection, Ay, = {#14, T2y, ...}, of geology inputs which are judged to have substantial effects on y,, in the range
G. From A, we construct the linear collection, Af = {3, x5,, ...}, where each z}, is a deterministic function
of the elements of A, which we judge to have substantial linear effect on y,, over G. Typically, though not
necessarily, each z}, will be a linear or quadratic function in one, or a product of two, elements of A,, so that

we fit a locally quadratic surface, allowing for first order interactions, although we may choose to redefine some



of the variables, for example placing them on the log scale. Interactions may be anticipated between non-local
variables; as the effect on a well of changes in the geology far from that well may be largely dependent on the
intervening geology. We further elicit prior judgments as to the ‘signs’ and relative strengths of the effects of the
various elements of each collection A} on the corresponding production output y,, and informal judgments as to

the amount of variation in y, which can be explained by A .

4.3 Example: qualitative beliefs

We simplify our treatment of the example somewhat by reducing the number of components of y to match on;
specifically, we consider gor and bhp at time points 2 and 6 (6 and 18 months) at each of the three wells. In this

reduced version y has twelve components. The reduced history y is given by

yn = (1229, 1448, 3806, 3414, 1249, 1532, 3777, 3337, 1270, 1358, 4061, 3643)

where the components are in three successive groups of four in the order gor,, gorg, bhp, and bhpg for each of
wells 1, 2 and 3. We subtract these values from the values produced by the simulator for other input geologies
and so we seek to find the geology for which the outputs are all 0.

The simplification avoids over-burdening our account with too many layers of modelling. We do not have
to model the time of well shut in, which will not occur earlier than the sixth quarter for the range of z under
consideration and we avoid time series modelling of the production variables. Moreover, matching only on early
time points means that simulated production is needed only for early time points, which implies a substantial
saving of CPU time. Of course, as we match on these twelve variables we compare the simulator outputs at the
other time points with the corresponding history values.

We now consider the first stage of modelling prior beliefs about the relationships between the 10 input
variables, the 5 porosities and 5 permeabilities for the 5 regions, and the twelve output variables, gor and bhp
at time points 2 and 6 for each of the three wells.

We had a brief elicitation discussion with a reservoir engineer at SSI. For each of the twelve output variables,
he was asked to rank the 10 input variables in order of the strength of their influence on the output variable. His
beliefs turned out to be very highly structured. At each well, he chose the same ranking for all four variables:
gor and bhp at the two time points; in other words his beliefs were about influences on wells rather than about
particular variables at wells. Moreover, in all cases, he ranked equal the porosity and permeability from each
region; his beliefs about influence were in terms of regions rather than specific input variables. As a result,
table 2, which shows his beliefs, is comparatively simple.

In the table, x; symbolises the permeability in region j and ¢; its porosity. The rankings displayed in the
table indicate the relative importance, for each well, of the influences from the five regions. Thus, for example,
the 4 in the top left hand corner indicates that the reservoir engineer believes that region 1 is the region having
the least influence on well 1, which is situated in region 5. In fact, this well is believed to be most influenced by
the permeability and porosity in its own region, the influence of the geology of the other regions declining with
distance. Belief in strong dependence on geology local to a well is a feature for all 3 wells.

The engineer qualified his rankings with the following remarks, which we shall not use directly but which we
may expect to confirm in the quantitative procedures described later: although the rank orderings for time point

6 are the same as those for time point 2 the “strength” of the contrasts is reduced for the later time point; bhp



Well Region | k1 and ¢1 kg and ¢3 k3 and ¢3 k4 and ¢4 K5 and @5
1 5 4 3 3 2 1
2 3 4 2 1 3 4
3 2 5 1 2 3 4

Table 2: Reservoir engineer’s beliefs about relative importance of regional parameters for different wells.

is an increasing function of each of permeability and porosity, whereas gor is a decreasing function of each of
them, for both time points and at each of the three wells; the influence of permeability on both gor and bhp in
a region where a well is located is greater than that of the porosity of the region; and the porosity of the aquifer
(region 1) and the permeability of the fault (region 4) will be key geological variables, particularly for gor and
bhp at later time points.

4.4 Quantifying prior beliefs

We now construct a simple description of second order beliefs consistent with the qualitative features that we
have identified. For each production output y, that we intend to match, we have a collection AX = {7, 25,,...}

of functions of z which we judge to have substantial linear effects on y,. We express this dependence as

Yo = ) Bruiy + eul2) + bu(2). (2)

In (2), each Sy, is a random quantity, for which we must specify a prior mean and variance, and possibly
covariances with other such quantities. Each €, (z) expresses the difference between y, and the linear form based
on the collection A}, keeping all other elements of the geology x fixed, and is taken to be a stationary random

function of z, uncorrelated with all terms in # and §, and having prior mean zero and prior covariance

Cov(ey(2),eu(2)) = U?u exp(— ZHZU(I;ku — 25,)P) (3)

where 0;,,, p; are non-negative constants to be specified. Each é,(z) is a residual term, with prior mean zero,
prior variance a?u, for all z, and Cov(éy(2),84(2)) = 0, unless z = z. The terms 6, () express the additional
variation (hopefully small) in our beliefs for y, given that y, does depend, to some extent, on aspects of the
geology that we have excluded from A,. The reason that we do not express a spatial correlation structure for
&, 1s that, when history matching for y,, for simplicity we usually treat those elements excluded from A, as
unknown. Technically, the effect of this form is to slightly reduce spatial correlations, which has the side benefit
of compensating for possible local ill-conditioning and thus stabilising various of our subsequent calculations.
However, if U?u, forms a large component of total variation, then we must express a covariance structure over &,
of similar form to (3), as even if we only search for matches for y, within A, covariances over §, will be relevant
for updating beliefs.

In this formulation, spatial and temporal correlations between different production outputs are induced by the

shared dependence on similar geology inputs. We may strengthen such relationships by introducing correlations

between coeflicients By, By if the terms z7,,, 27, express similar types of variation in outputs y., y, which are
closely spatially or temporally related, and we may similarly induce correlations between terms ¢, €,. Alternately,

we may explicitly model the temporal development of the process, for example applying forms such as (2) to



appropriate transforms of the changes in the production outputs over time.
It is possible that, when we try to validate (2), as described below, we find that the various coefficients 8,

are very small, with most of the variation in y, explained by ¢,. In such cases, we may replace the coefficients

*
U’

Biu by corresponding stationary random (but slowly varying) functions of «},, namely 8;,(2},) with stationary
mean and covariance structure, for example using the localised regression forms of O’Hagan (1978). Such forms
are more flexible and may provide better descriptions of variation, but are less tractable for the design problems
arising in history matching.

There are two complementary approaches that we may follow in quantifying prior second order structure over
(2). Firstly, we may elicit prior means, variances, and covariances for the quantities directly from the reservoir
engineer. Secondly, we may assess these values by creating simple approximations to the reservoir simulator, for
example versions which have the same formal geology and production variables, but which are much faster to
run as they are based on larger, and thus fewer, grid blocks. As we can evaluate many runs of the fast simulator,
for the cost of one run of the full simulator, we may quantify prior beliefs by data analytic fitting of (2) over a
sample of values from the fast simulator, exploiting the qualitative judgments of the reservoir engineer.

The latter approach may be particularly appropriate for history matching, as one way in which the engineer
will try to answer elicitation questions related to the full simulator is by trying informally to give approximate
solutions for very simple versions of the simulator. Therefore, it is natural to view the actual behaviour of the
fast simulator as providing extra information which refines any such prior assessments. Further, such fitting acts
as a useful substitute if the expert is unwilling or unable to devote the considerable time and effort required for
careful quantitative elicitation. While we prefer using expert judgment to suggest the qualitative form for our
beliefs, it is feasible to quantify prior beliefs by fitting as described below. Note that the approximation of a
complex system by a simpler version of that system offers a general approach to quantifying prior beliefs.

If we first quantify beliefs about the fast simulator, we must then transform our description from the fast
to the full simulator. There are various ways to do this, and we currently express the relationship between the
simulators as follows. Let §,(z) denote the value of production variable u calculated by the fast simulator for
geology . For each g, , we fit two components, namely a systematic component §,(z) =), Bw z}, and a residual
component 7, () = &(z) + bu (2). For each corresponding y,, we fit corresponding uncorrelated systematic and
residual components s, (2) = >_; Biuz}, and ry(z) = eu(2) + bu().

The forms §,(z) are checked for qualitative plausibility on the full simulator. We therefore view §,(z) as our

prior mean for s, (z), given the observations on the fast simulator, and so judge the discrepancy s,(z) — §,()

to be uncorrelated with §,(z). Thus, we require, for each coefficient §;,, that

where all quantities b;,, have mean zero and are uncorrelated with all quantities ij. Thus, our prior mean for
each ;. is the mean value that we have assessed for Bw and the variance 1s the sum of Var(éiu), the variance due
to uncertainty about this mean value, as we only evaluate a sample of values on the fast simulator, and Var(b;,),
expressing beliefs about differences between the two simulators. The latter variance is elicited by expert judgment
based on physical and numerical insights into differences between the simulators. If we have physical reasons to
change the mean estimates, then these will be incorporated as prior means for b;,. This procedure is usually a

reasonable approximation to the fully coherent procedure involving joint prior second moment specification over

10



the two simulators, followed by adjusting beliefs over the fast simulator, and consequently the full simulator, by
Bayes linear updating given the sample values on the fast simulator. However, if there are strong quantitative
prior beliefs as to the values of the 3 coefficients, then the full prior specification may substantially reduce the
number of runs needed on the fast simulator.

While we view the systematic components for the fast simulator as predictive for the corresponding compo-
nents on the full simulator, our current judgment is that residual variation on the two simulators is far more
dependent on the individual characteristics of the two simulators, so that we view 7,(z), r,(2) as uncorrelated.
Therefore, we do not use the residual values on the fast simulator to predict the corresponding prior mean values
on the full simulator. Instead, we choose the prior means for terms €,(z), 8,(x) to be zero, and reassess the
constants in the covariance structure (3) using the values we have assessed for Ugu, U%u. In principle, this involves
a Bayes linear variance analysis which is outside the scope of this paper, but informally we express beliefs relating
2 2

2
far 050 to o; ,

the values o a'gu. The simplest such beliefs result in assessing roughly similar values for O'gu, U?u,
to those fitted on the fast simulator. We will typically use similar values for each correlation parameter 6;, as
were fitted on the fast simulator, at least initially, unless there is some external reason to change these values.

However, we may alter these values subsequently, if this is indicated by our diagnostic monitoring

4.5 Example: quantifying prior beliefs

In the example, we used a coarsening of the simulation grid from 200 to 10 cells for our fast simulator. The
shading in figure 1 shows the coarsened grid. A rule of thumb used by SSI suggests that for real problems, run
time of the simulator is proportional to the number of cells raised to the power 1.2. For the coarsening used in
the example, that implies 36 runs of the the fast simulator in the time taken for a single run on the full simulator.
We have used 360 runs of the fast simulator to develop a description for the fast simulator of the relationship
between input geologies and output productions.

We took a 360 point latin hypercube design in the input variables (for details see McKay, Conover, and
Beckman (1979)) and ran the fast simulator on each geology. Starting from the engineer’s qualitative description
and using ordinary least squares, we then built for each output variable a linear model of the form (2) with
linear, quadratic and first order interaction terms in the geology variables. The goal was to choose models which
explained a large proportion (75% or more) of the output variance while involving a small collection of geology
variables. We also preferred to split the output variables into groups so that the model for each output within
each group involves the same active geology variables and so that different groups mostly involve different geology

variables. Some overlap turned out to be unavoidable. Having chosen the model for each output variable, we

2

then estimated the the variances o7 and &gu and the correlation parameter 0, for the fast simulator using the
residuals from the least squares fits.

The fast simulator description is shown in table 3. We see that, broadly speaking, the engineer’s assessments
are correct. The active variables are mostly those local to the wells, increasing permeability or porosity increases
bhp and decreases gor, and permeabilities have larger coefficients than porosities. However, his belief that aquifer
porosity (z1) and fault permeability (zg) are key variables is not supported at this stage; in fact it is aquifer
permeability (#¢) which is a driving force in the problem and is an active variable for both wells 2 and 3.

As described in section 4.4, we take the estimated coefficients from the equations fitted on the fast simulator,

shown in table 3, as our prior means for those coefficients for the full simulator. As prior standard deviation for

each coefficient, for simplicity we take the magnitude of the prior mean, which allows considerable uncertainty
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FEquation o5 | oz | 0
Well 1 in region 5

bhp, = —219 + 9625 + 588x10 — 209Q(z10) 4110 |21
?)71?96 = —397 4+ 35325 + 868x10 — 336Q(z10) 20132 7
ﬁQ =26 — 581‘5 — 401’10 + 11Q(I5) + IOQ(Ilo) 2 2 5
gorg = 521 — 599x5 — 254x10 + 177Q(z5) + 104Q(210) 34129 6
Well 2 in region 3
bhp, = —338 + 6323 + 96225 + 17226 — 348Q(s) 24 |18 | 4
?)71?96 = —499 4+ 177x3 + 289x¢ + 138025 — 548Q(zs) 72 (61| 2
ﬁ‘? =9 —20x3 — bTwg — 3923 + HTx326 + 9326258 10 9 6
gorg = 315 — 21523 — 44226 — 1T1ws + 180Q(ws) + 138Q(xs) | 99 | 57 | 1

Well 3 in region 2

bhp, = —102 + 4324 + 21026 + 15027 — 58Q(x7) 21119 6
bhps = —123 4 13325 + 20625 + 15527 — 48Q(x6) — 54Q(x7) | 45 | 21 | 1
ﬁ2 = —5—|—7I2+ 19I6—9Q(I6) —211‘2I6 1 3 2
gorg = 97 — 16525 — 26326 + 85Q (26 ) + 2312926 52 (38| 1

Table 3: Equations approximating the coarse grid simulator; Q(z) :3;1@2—% is chosen to be orthonormal to .

about the coefficient, and is consistent with subsequently discovering that the sign of a coefficient should be
reversed. All prior correlations between coefficients are 0, again largely for simplicity, although least squares

estimation for the latin hypercube design produces uncorrelated estimates. The parameters o, , 05, and 6, are

all taken to be the same as the estimates of their fast simulator equivalents.

Because the example has a small number of grid cells, we were able to make a detailed examination of the
relationships between the fast and full simulators. It was possible to run the full simulator on each of the geologies
in the latin hypercube used to estimate equations for the fast simulator, a luxury that would be unavailable in
real history matching problems. We observed that the A}, provide good fits for y, on the full simulator, but
often with noticeably different coefficients. However, the magnitude of the change in a coefficient from fast to

full models is generally, but not uniformly, much smaller than suggested by our simple choice of prior standard

deviation. We also observed that generally the covariance structures on the two grids differ little.

5 Bayes linear history matching

High dimensional Bayes design is extremely computer intensive. Bayes linear design calculations are more
tractable, and in particular much of the numerical processing for choosing the next design point may be carried
out while the simulator is running using the current choice. The process of history matching involves the following

iterative cycle.

1. Choose one (or several) design points; that is, values of the geology input z at which to evaluate the

corresponding production output, y.
2. Having observed simulator production, update beliefs.

3. Assess diagnostics based on observed outputs and where necessary reformulate qualitative as well as quan-
titative modelling, either because beliefs are discrepant with observations, or because we need to refine our

belief description for efficient history matching.

4. Use updated beliefs to reassess plausible locations for the history match.

We now describe this process, beginning with the updating of beliefs.
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5.1 Bayes linear belief adjustment

As we only assess second order structure, the appropriate belief adjustments are by linear fitting; see the overview
in Farrow and Goldstein (1993). The adjusted expectation of the random vector W given 7, denoted as Ez (W),

is the best linear fit in Z for W, under quadratic loss. In this case
Ez(W) = E(W) + Cov(W, Z)[Var(Z)]" Y7 — E(Z)). (5)

(If Var(Z) is of less than full rank, then we first reduce Z to any maximal subcollection of full rank.) Linear

fitting of W by Z leaves an adjusted variance of Varz(W), where
Varz(W) = Var(W) — Cov(W, Z)[Var(Z)] " Cov(Z, W) = Var([W/Z]) (6)

and [W/Z] = W — Ez (W) is the adjusted version of W by Z. The amount of variance resolved by the adjustment
is RVarz(W), where
RVarz(W)=Var(W) = Vargz(W) = Var(Ez(W)).

When we adjust W firstly by U and secondly by V, then the change in adjusted expectation for W is equal to
the centred adjusted expectation of W given [V/U], i.e.

Ewvy(W) = Ev(W) + Elvju)(W — E(W)). (7)
The terms on the right of (7) are uncorrelated, so that
RV(IT’{Uy}(W) = RV(IT’U(W) + RVGT[V/U](W). (8)

We call Epy,p)(W — E(W)) and RV arpy u)(W), the partial adjusted expectation and partial resolved variance
of W by V given U.

5.2 Adjusted beliefs for history matching

At stage m, we have evaluated a collection (y)(n] = {¥y[1], .-, Ypm]}, of production output vectors corresponding to
input geologies x[1, ..., T[;p]. We now adjust beliefs about the value of the production y, corresponding to general

geology x, using (y)[m]. We simplify notation by writing

Epni(y) = E(y)[m1 (v), Varp(y) = Var[<y)[m]](y), RV ary,(y) = RVaT’(y)[m] (y).

At stage m — 1, having observed (y)[n—1], we choose a further geology [, and wait for the simulator to
evaluate the production yj,). We denote the adjusted version of y,], given (y)n—-1], and the partial adjustment

for a general y given y[,] as

Yim/] = Yim] — Elm-11Um))s Epm)(¥) = By, (y — E(y)),
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with corresponding partial resolved variance
RVary,(y) = RVary,, ().

From (7) and (8) we have the stepwise updating rules

Epm)(y) = Epm-11(y) + Efm/1(v) 9)

and

RV arpn(y) = RVarp,—1(y) + RVarp,(y). (10)

As our prior beliefs for each component of production, y,, that we are currently matching are expressed by

(2) except at design points, our adjustedexpectations are given by

B} (%) = Y (Epm-11Biu) + Eim/1(Biu)) %50 + Epm-11(€u(®)) + Epmyj(€u(®))) (11)

K3

so that we stepwise update the regression coeflicients and the e terms.
Note that RVarp,,)(y) depends on z[,) but not on y,), which allows us to program much of the design
choice for z[y, 417 while yj,,) is being evaluated by the simulator. Further from (5), (6) and (9), the partial change

in adjusted expectation for a general production y, given y, is

Eim1(y) = Epm—11(¥) = Epm/1(¥) = Ciomy1(9)" dpmyy (12)

where

Ctmn(y) = Cov(y, Yimp)s dimpy = (Var(ypmn)) ™ yim)- (13)

Thus, updating the expectation surface for y is fast as, from the data, we only evaluate the single vector d 1,
which we multiply by the adjusted covariance matrix between each element of interest and the current adjusted
observation y[;, /1. The adjusted covariance does not depend on the observed value of y[,;,) and so may be computed
while the simulator is evaluating yp).

Further, there is a natural diagnostic which is suitable for tracking all changes in our expectations over the
whole production surface, y(z), namely the comparison of the observed with the predicted value for df,,;, or
equivalently for y, /). For example, we will usually be interested in the magnitude of the largest predictive

discrepancy over all possible linear combinations ¢ y of components of production for all geologies 2, which from

(12) and (13) is bounded as

(" ypmp)?
X *.
¢ Var(c" ym/)

(Epmy(c'y) = Epm-1(c’y))?
< Stmpy =

et Var(Epm(c'y) — Epn_1y(c’y)) ~ o

Slmy] is straightforward to compute; for example, it is equal to the sum of squares of any linear transform of

Y[m/] Whose components are uncorrelated and have unit variance. Therefore

E(Sim) = Rank(Var(ypm,)) = rim/]» (15)
so that we evaluate the ratio Spn,/)/rm/) after each observation. We expect that, possibly after a burning in
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adjusted expectation adjusted standard deviation
run 1 Ts5 z10  Qzs) Q(z10) 1 25 210 Qzs) Qz10)
0 521 —600 —255 177 104 521 600 255 177 104
5 214 —165 —659 129 30 93 88 101 86 28
10 183 —379 —459 179 —56 58 58 94 82 21

Table 4: Adjusted expectations and standard deviations of well 1 gor at time 6.

period, the ratio will settle down to a stable value. If that value is much larger/smaller than one, then we should

2

€)

inflate/deflate the residual variance terms o2, o%. If the ratio does not settle down, then this may suggest that
there is something qualitatively wrong with our prior description, for example that we have omitted an important
term in some collection A, .

Note that we have supposed in the above account that we use all of the production output at each stage to
predict all of the production output at the next stage. However, usually we structure our prior description so

that various aspects of the production, for example uncertainties related to different wells, are uncorrelated, and

we may therefore analyse each such sub-problem in isolation.

5.3 Example: adjusted expectations

For the specified description, adjustments for each output variable can be performed separately. Here we illustrate
the adjusted expectation and standard deviation of the coefficients and the expectation and standard deviation
surfaces for the gas/oil ratio at time 6 for well 1 in region 5, after five and after ten runs on the full simulator.
The actual choice of geology at each run was determined by a design criterion to be described in section 6.2.
We do not give adjusted correlations between the coefficients, but note that in magnitude they are all less 0.5,
and initially they were all taken to be zero. The results are summarised in table 4. Notice that apart from the
quadratic term in z1g, the signs of the coefficients do not change, but there are large changes in magnitude. The
eventual ratios of expectation to standard deviation emphasise the dominance of the constant and linear terms
in the description for this production variable, at least for the range of variation of x5 and 1 considered so far.

Table 5 shows for each of the 10 runs the (x5, z10) coordinates of the design points chosen according to the
design criterion described in section 6.2, the signed difference yj,,/; between the observed value and the predicted
value of the gas/oil ratio, and the adjusted standard deviation Sy(., ©f this difference, and their ratio. Notice
that runs 4, 5 and 6 are near three of the four “corner points” of the (x5, z1¢) region. For this production variable,
the first three runs are estimating the overall mean, the next three the other parameters, and the last four have
little effect.

The diagnostic ratios indicate close agreement between observed and predicted gor, with the exception of
design point six. We experimented by taking the same 10 design points but moving the point 6 to the end of the
sequence. We found that the coefficient expectations changed little from run 5 to run 9 and very substantially
from run 9 to run 10. Design run 6 is both influential and surprising, which is true also for the other well 1
variables, especially the other gor variable. In this illustration, design points have been generated automatically,
but this diagnostic would signal the desirability of expert intervention to consider changes in the model.

Figure 3 shows a contour plot of the expected gor surface after 10 runs. Notice the position of the zero line

in the expectation surface, and that the standard deviation surface appears very “flat”.
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, ) Y[m/]
L5 Tio Ym/l  Sypmp 5 901

0.11 0.12 =279 530 —0.526
—-0.22 -0.15 —44 216 —0.204
—0.26 0.44 —342 169 —2.024

0.50 0.48 =30 195 —0.154
—-0.50 —-0.50 —14 138 —0.101

0.48 —-0.42 —-292 94 —3.106

0.05 0.15 38 44 0.864

0.08 0.14 28 41 0.683

0.09 0.15 12 39 0.308

0.10 0.14 11 38 0.289

—_
500010 ot N = 3

Table 5: Diagnostics for a sequence of ten design points for well 1 gor at time 6.
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Figure 3: Contours of adjusted expectation and adjusted standard deviation of well 1 gor at time 6 as functions
of 5 and z1¢ after 10 design points.

5.4 Identifying potential history matches

At any stage, we may assess for which values of # it is ‘plausible’ that y(z) = yn. We have transformed the
observed production history, y, to zero, and we must first decide whether to seek the set G of values of z for
which it is plausible that y; = 0, for each j, or to seek for each j the set GG; of x values for which it is plausible
that y; = 0, and then look for history matches in the intersection. Seeking G directly is most efficient if we
have carefully formulated joint beliefs and have reliable history data from the reservoir. In favour of seeking
each G; individually, however, is that if we have described part of the system badly, or if some aspects of the
history that we are trying to match are in error (through faulty data measurement or misrepresentation of our
beliefs), then overall matching may be impossible, whereas matching on most individual components may still be
straightforward. Further, the number of quantities to be calculated and stored is substantially reduced by single
variable matching. In general, we consider it appropriate to take an intermediate position, namely to group
together ‘similar’ outputs into exclusive subsets, and match on a subset by subset basis. As we have already
observed, practical considerations usually lead us to match only on a subset of ouput variables at any stage.
Any methods to identify plausible history matches involve searches and evaluations over high dimensional

z spaces, repeated at many stages. Therefore, we use fast simple methods for identifying regions where it is
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possible that we may find the match, and within these regions, where appropriate, we carry out more complex
assessments to quantify relative plausibility. To simplify our account, we describe history matching separately
for individual scalar components y; of y. Extensions to matching for collections of production variables are
straightforward. Our overall procedure is as follows.

Firstly, we identify, for each component of production, those regions of z space in which we judge that the
match might possibly occur. Our belief revisions are limited to the current adjusted mean and standard deviation
functions pimje = Epm)(y;(2)), Omje = \/W for the production surface. A simple assessment is to
identify those values of z for which ¢mje = fmjz/Omje is near zero, so that, informally, we consider it possible
that such an z could be a history match for component y;. We are most interested in values of z which lie in
such ‘possible regions’ for most components of production. If we can’t find such common values, then this may
lead us to question our formulation.

Within regions where, for most j, ¢, is relatively small, we also want 0,,,;, to be small so that z is not
only a possible, but also a relatively likely history match. We may formalise such judgments in various ways.
For example, we may suppose that the corresponding y; has probability distribution of form (1/0pm;j.)f((y; —
Hmjz)/Omjz) for some general density function, f(-), symmetric and unimodal about zero. We may evaluate
this function at y; = 0, giving {(z) = (1/0mjz) f((—cmjz) as analogous to a likelihood that z is really a history
match for y;. Different choices of density f suggest different ways of combining ¢, and 0,5, into a relative
plausibility measure. For example, we might change from a comparatively thick tailed distribution early in our
search to a more centrally concentrated form when we have more confidence in the quality of our fit.

More in the spirit of the Bayes linear approach is to consider whether a value y;(z) = 0 would be consistent
with the rest of our judgments and data. For example, we may consider, were we to make our next observation
at x and to observe that y; = 0, how our beliefs about other values of y; would change, for example on a grid
of geology values neighbouring to . We can now measure our surprise at the magnitude of these changes, given
such an observation, using Bayes linear diagnostics, such as the ‘bearing length’ described in Goldstein (1988).
This approach conveys more information than the likelihood type approach, as it pays attention not just to
the local mean and variance at z, but also to the covariances with neighbouring values. The approach requires
more computation and so is most practicable when applied to carefully selected subsets of values after we have

substantially reduced the search space of possible history matches.

5.5 Example: plausibility maps

As suggested, we have used the ratio of the adjusted expectation to adjusted standard deviation of the output
variable as a “possibility function”. Figure 4 is based on the adjusted expectation, and standard deviation of
well 1 production variables at time 6, after observing the values at the 10 design points shown in section 5. The
left panel of figure 4 shows the ratio of adjusted expectation to adjusted standard deviation for well 1 gor at
time 6. We only plot contours for the ratio up to a magnitude of 5. The only ‘impossible’ points are those where
both z5 and z1¢ are negative. The centre panel shows the maximum, over the four well 1 production variables,
of the absolute values of the ratios of adjusted expectation to adjusted standard deviation. Note that the region
where the ratio is small is much more concentrated than for the single variable in the left panel.

The right panel of figure 4 shows the gaussian ‘likelihood’ after 10 design points that values of x5 and z1o
are the values in zp, based on well 1 gor at time 6. We see points with high likelihood are confined to a strip

which determines x1¢ fairly well as a function of x5 and where x5 cannot take values much less than —0.2. The

17



h b & =
o © o
5
4
3
N B 1 N
=} © 2 [S)
2
o o g 2o ?l S o
9 2 SIRS 5/ X o
o~ o - o~
< Q pl
? < Contour levels 1000 times true value
< =R 2
Q@ ! Q@
5 4
T T T T T T T T T T T T T T T
-0.4 -0.2 0.0 0.2 0.4 -0.4 -0.2 0.0 0.2 0.4 -0.4 -0.2 0.0 0.2 0.4
x5 x5 x5

Figure 4: Contours of three functions of the adjusted expectations and standard deviations of well 1 variables
as functions of z5 and z1¢: ratio of expectation to standard deviation for time 6 gor, the maximum magnitude
over all four well 1 variables of the ratio and the ‘likelihood’ based on time 6 gor. The adjusted beliefs used are
those after 10 design points.

middle of the strip corresponds closely to the curve of zero adjusted expectation which is the zero contour in the

left panel of the figure.

6 Sequential design for history matching

A simple way to choose design points for history matching is, at each stage, to evaluate the simulator for the
geology x which we believe will most closely satisfy y(z) = y,. Given a reasonably accurate location for the match,
this may be a sensible procedure, but, in general high dimensional searches, it is very inefficient. Therefore, we
develop instead an approach which begins by identifying and reducing uncertainty over regions of plausible
history matches, and only gradually moves to seeking the match point. While the design criterion approach does
suggest automatic design choices, it is also intended to offer guidance to an expert carrying out the match, by

summarising the strengths and weaknesses of competing design choices.

6.1 Criteria for uncertainty reduction

Each design point at which we evaluate the simulated production is expected to reduce uncertainty about each
component y, of the production for each possible input value z. We want to combine the various variance
reductions in a way that is tractable and interpretable. There is a close analogy here with multicriterion utility
for design (see Farrow and Goldstein (1992)), but space limitations allow us to give only a simple restricted
development in terms of variance reduction: a fuller account will be given elsewhere.

We develop a tractable and flexible criterion for judging the potential value of any design choice. This
criterion separates our calculations into two parts, formal evaluations of expected reductions in variance and
informal assessments of the relative importance that we give to such reductions, based on any information that
we feel relevant in guiding our choice. We may elicit such weightings directly from the reservoir engineer, by
asking for preference rankings over alternative combinations of variance reductions. However, as such weightings
change at each stage, typically we will model the choice of weightings, aiming to correspond informally with
expert judgment. The design criterion may be used to generate automatic design choices, or alternately, to

support decisions of the reservoir engineer, allowing design choice to proceed with interventions at key stages.
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Our variance based design criterion is constructed as follows. Let y, and yjnj. be values of the production
component u corresponding to a general geology = and a potential design choice z[,]. At stage m, the expected

reduction in variance of y, at z by evaluating the simulator next at x|, is

(Varpm-11(yu (m)))_lRVar[m/](yu(m)). (16)

The overall weighted reduction in variance of y, by evaluating y(z[y,]) is given by

Uy, (2[m)) =l/dW(r)U/arpn—lﬂyu(rD)‘lffVarpnu(yu(war (17)

where the weight w(z) is a function of the current plausibility evaluation of z as a potential history match.

Our design criterion is to choose [ to maximise
U(zpny) = > LUy, (2[m)) (18)

where the weights [, reflect the relative importance of matching the various production variables y,,.

Thus, we use formal calculations to identify design choices which reduce the variation of various output
components in various subregions, and exploit, where available, the engineer’s expertise to choose which such
reductions are most important at the current stage. For example, early in the process, we may weight roughly
equally all points that we judge as possible history matches, whereas when we feel we have narrowed down our

search sufficiently, we may only weight highly on points which we feel are very likely to be the match.

6.2 Choosing design points

It is a substantial computational task to find good design points when searching over a high dimensional input
space. We have created prior descriptions for which as much of the variation as possible is attributed to a
linear surface. Therefore, we begin by exploiting this approximate linearity. The description of our beliefs for

production component y, is of the form

Yu = O v+ () (19)

where z is the vector of elements of A}. When choosing z[,,], we have current assessments Ef,,_17(6u) = By and

Varp,—11(Bu) = Vu. Also, Epy,_11(ry(x)) is near zero, except perhaps for « near preceding design points. Thus
Varp,—11(r«(z)) < agu + U?u = O'Z and |Covpm—1y(ru(1), ru(z2))] < U?u.
Then, except close to the preceding design points, to a first order approximation,
Epno11(ya) = 227 Bu, Varpm—1)(ye) = 2 Vo zl, + o2 (20)

and similarly for ypy, . If there are no covariances across components of production, then variance reduction for
Yu by observing y[,j. depends only on the adjusted squared correlation, pfm_l], between y, and yjnj., and the

criterion (17) becomes

Upoatm) = [ Pyt () w()da 1)
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where w(+) incorporates plausibility calculations, for geology x, based on the values for the adjusted expectation
and variance of each component of production given x. Therefore, we may, if we need to further simplify our
calculations, base plausibility evaluations on (20). For example, a simple approximation would be to make w(+)

a decreasing function of ¢(-) defined as

(B ga@)f 7Bl
X ~ max ————24—Y_
u Varp,-1(yu(z)) u XTV,z% + ol

e(z) = (22)

though, usually, we would refine ¢, taking account of the various plausibility measures that we have introduced.

Approximating Covpm)(Yu, Ymlu) bY TV, J,[ Jus (21) reduces to the approximation
:L‘E‘n{]u VaWuVuap,, .

where the matrix W, is given by

@)
Wu_/ Tulu Varm H(y(x))d '

Hence, our overall design criterion in (18) is given by the approximation

oD VoW Vet o
Upmy) = 3l -2 — e (24)

* 2

The value of approximation (24) is that each matrix W, is only calculated once for each design search, reducing
the design problem to optimisation of a relatively simple function.

Thus, at each stage we may maximise (24) to select our next design point as the choice which maximises,
approximately, the overall reduction in uncertainty about the surface, as weighted by the relative plausibilities
of the various points as potential history matches. Alternately, we may use (24) for preliminary screening, to
identify a variety of potential design choices, for each of which we may then evaluate a more precise form of the
design criterion.

The approximation works as long as the variances in terms 31 z* are large compared to variances in r(z), and
the design points are fairly well spaced, so that the covariances that we have ignored are of second order. When
we have largely reduced the systematic variation, then variation around the fitted surface will be as important as
variation due to the fitted surface. Therefore, at each design choice, we compare the magnitudes of the various
variation terms. When we decide the approximation is no longer valid, then we have two choices.

Firstly, we may judge that we have concentrated our beliefs to a sufficiently small region of highly plausible
matches for the components of production that it is feasible to search for the match directly within this region,
either using direct numerical methods or by refining our design criterion. Secondly, we may decide that either
we still have a comparatively large region to search or that we have not identified the match closely enough at
this stage. In this case, we may refit the prior description by resampling on the fast simulator, over the sub-
region of highest plausibility. This leads to a revised choice of active variables and a reassessment of regression
coefficients and residual variances. We now continue our search on the full simulator, as before, but with the

refitted description. We illustrate these considerations using our example.

20



6.3 Example: choosing design points

For simplicity, we take {, = 1 for all u in (18). The fast simulator prior description equations, shown in table 3,
suggest a natural grouping of the output variables into three groups Hy, Hy and Hj3 where H; is the collection
of production variables at well ¢. For all output variables in the same group, we use the same weight function
w(z) which is the inverse of the maximum magnitude of the possibility ratio (adjusted expectation divided by
adjusted standard deviation), the maximum being taken over the variables in the group.

We maximise the overall design criterion (24) with respect to the input variables using the constr function
in MATLAB (see MathWorks Inc. 1992), which is a gradient method with line search. We start the optimisation
at the origin which is the centre of the geology space being searched and accept the point found by constr as
the next design point. We acknowledge that this may well not be the global maximum of U(z) but note that
many of the points found have been on the boundary.

We found 10 design points sequentially and then halted because there seemed to be little further change in
the possibility plots we examined; in fact there is not much change after 6. Figure 5 shows the weight function
w(z) for each group of outputs, as a function of the active variables for the group. We do not show points for
which w(z) is less than 2. From versions of these plots, we concluded that we had narrowed the likely region for

zp to the following sub-region:

Well 1 | z5 € [—.1, 4] X0 € [1, 5]
Well 2 | z3 € [0,.5] ze €[—.1,4] z5€[2,.4]
Well 3 | z9 €[.2,.5] z6€[2,5] a7€[-.2,.5]

and combining the last two gives us a tighter region ¢ € [.2, .4].

To see if we would make further progress in locating z;, we applied the entire procedure to the sub-region.
The first stage was to quantify knowledge about the fast simulator in the sub-region using a new latin hypercube
design. The results are shown in table 6 which corresponds to table 3. Time 2 gor output variables for both wells
2 and 3 have been dropped. At well 3 the fast simulator showed no variation in time 2 gor over the sub-region
and at well 2 time 2 gor would have required a different set of active variables to any other output variable and
it seemed simpler just to ignore it. The structure has changed considerably by moving to the sub-region. There
are now four groups of output variables, all well 1 variables, bhp at well 2, bhp at well 3, and gor at time 6 at
wells 2 and 3. The corresponding collections of active variables have also changed considerably. The residual
variance components are also substantially reduced from those for the original region.

Working in the smaller region is similar to working in the full region; we do not see much change after about
six or seven design points. FExamination of plots like those in figure 5 and consideration of the possible sets for

the four groups and their intersections suggests that zj lies in the following region:

Well 1 vs €[2,.35] @10 € 175, .275]

Well 2 bhp z1 €[—.5,.5] x6€[.2,.3] zg € [.2, 4]
Well 3 bhp 2 €12,5] zs€l2,.5] 27 € [.05,.5]
Wells 2 and 3 gor at time 6 | xy € [.2,.35] 23 €[.1,.5] zg € [—.4, .5]

The ranges of zg and z7 are strongly dependent on ;. Thus, combining the last three lines of the table gives
us a tighter region on zg and z7: xg € [.2,.3] and 27 € [0, .45]. The new region has a volume about a millionth

of the volume of the original region. Each iteration has reduced the volume of the region to about a thousandth
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Figure 5: Plots (one for each well) showing location of possible history matches in the active variables for the
well after ten design points (marked with +). Size of circles in the two-dimensional projections indicates the
weight used for the point when computing the utility function for the next design point.

of its previous volume. Note that there is no reduction for x4, which appeared in none of our fast simulator
equations, and little for g which only appeared at the second iteration and with small coefficients.

Finally we show the quality of the matches for the production variables for all time points, not only the
two used for the belief specifications and design calculations. We calculate the simulated production for the
midpoint of our final region: z = (.275,.35,.3,.0,.275,.25,.225,.25,.05,.225). The differences between history
and simulated production for the midpoint of our original region, for the midpoint of our intermediate region
and for the midpoint of our final region are shown in figure 6. Note that the final match is excellent over almost

all time points which strongly supports our judgment that we are reducing to the right region.

7 Concluding comments

In this paper we have developed and applied a general approach for history matching. This approach extends
readily to many similar inverse problems involving sequential search for expensive, high dimensional functions.
Each stage in implementing this methodology raises interesting practical and technical questions, which cross
the boundaries between many areas of statistical investigation. Much work remains in order to clarify these
questions. However, we hope that we have demonstrated our basic thesis, namely that expert qualitative and

quantitative judgments, in combination with careful analysis on fast versions of the simulator, form a natural
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Equation o5 | oz | 0
Well 1 in region 5

bhp, = —181 + 8025 + 458210 — 105Q(210) + To 1

%6 = -310 + 2561‘5 + 625;1310 - 154Q(I10) + 1419 - 26Q(I9) 3 6|11

g—vOI'Z = 23—84$5 —27$10+24Q($5) +84$5I10 1 1126

gorg = 414 — 446x5 — 83219 — 1529 + 56Q(z9) 711212
Bhp at well 2 in region 3

bhp, = —170 + 43925 + 612, + 17926 9| 0

bhps = —139 + 109z, + 54325 231 0
Bhp at well 3 in region 2

bhp, = —73 + T5a1 + 8927 + 1948z 7| 5|25

bhps = —6 + 9821 + 10127 17| 3] 1
Time 6 gor at wells 2 and 3

gor2g = 64 — 16421 — Thae — 13623 16| 3

gordg = —4 — 7221 — 31zg — 6023 6| 4] 1

Table 6: Equations approximating the fast simulator for the sub-region.

basis for history matching, which may be tractably handled by Bayes linear search strategies.
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Rejoinder to discussion

We thank the discussants for their comments. Briefly, our response is as follows. As to the general issue
of benefits of the Bayes linear approach, the basic considerations are that we have a simpler task of prior
specification, and simpler calculations are required to revise our prior judgements, making possible analyses that
might easily have been intractable under a full Bayes analysis.

History matching is a very complex problem, so that any comments that we make must be somewhat pro-
visional. However, our current views are as follows. We fit linear terms rather than only a “nonparametric
smoother” as the problem of searching in very high dimensions for the history match is computationally very
hard, and the linear form suggests fast, tractable approximations which may substantially reduce the volume
of the space that we have to search over. Further, nonparametric descriptions for data in high dimensions are
very sensitive to mis-specifications, so that it appears to be simpler and safer to fit linear terms which account
for substantial amounts of the variation, in ways which roughly accord with the judgements of the reservoir
engineer, and use the nonparametric description for the residual variation. As we refit the prior description on
reduced search regions, the balance between the parametric and nonparametric components may change, but
often the more important feature of the refit is that various input variables which were not predictive in the
original description become important when fitting on the reduced space, as happens for the example in the
paper. For this reason, the random error component, which expresses the variation in the output quantities due
to input quantities which are not explicitly included in our prior description, need not grow in importance as we
continue our search.

As to our general objectives, in the paper, for simplicity, we considered an example where there was a precise
solution that we could match. In the general problem, however, we must introduce a further level of modelling,
to express the distance between the true history and the setting of the input variables which gives the closest
approximation to this history. If the distance is small, then we may view the problem as finding the orthogonal
projection of the true history into the space of simulator histories. In this formulation, the plausibility surface
expresses the potential for each given input collection to identify the projection of the true history, so that the
plausibility surface will only converge to zero if our judgements as to the magnitude of the distance between the
true history and the output surface are at fault. Note that this would serve as an important diagnostic warning:
if the closest approximation is poor, then this casts doubts on the reliability of the simulator model for predicting
future reservoir performance, so that we should consider refining the simulator.

Finally, the suggestion to use a Bayesian synthesis approach to the problem is clearly inapplicable currently
on grounds of computer time. Further, as computing power increases, so undoubtedly will the complexity of the
reservoir models, so that increases in computer speed may not lead to shorter run times. However, a large part
of our analysis is involved in substantially reducing the initially enormous search space for good solutions, and
identifying relative plausibilities of values within the possible solution space. How we make use of the resulting
collection of plausibilities for sensible reservoir prediction is an open question, which may not best be solved by
seeking a single good match, and it may well be that when the search region has been sufficiently reduced, some
form of full Bayes analysis might be helpful for identifying a sensible choice, or collection of choices, of inputs to

consider for future predictive use.



