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1 Intro duction

Parallel and simulated tempering (4; 13; 5) are Markov chain simulation al-
gorithms commonly usedin statistics, statistical physics, and computer sci-
encefor sampling from multimo dal distributions, wherestandard Metropolis-
Hastingsalgorithmswith only local movestypically corvergeslowly. Tempering-
basedsamplingalgorithms are designedo allow movemen betweenmodes(or
\energy wells") by successiely attening the target distribution. Madras and
Zheng (12) rst shawved that parallel and simulated tempering are rapidly
mixing for a speci c target distribution (the mean- eld Ising model) when
standard Metropolis-Hastingsbasedon local movesis torpidly (slowly) mix-
ing, in a sensemade precisebelow.

Woodard et al. (19) give conditionsunder which the two algorithms arerapidly
mixing for generaltarget distributions, and usetheseto show that parallel and
simulated tempering are rapidly mixing on both the mean- eld Ising model
and a weighted mixture of normals with idertity covariancesin RM, where
local Metropolis-Hastingsis torpidly mixing. In (19), the authors partition
the state spaceinto subsetson which the target is unimodal. The conditions
for rapid mixing of the tempering chain arethat Metropolis-Hastingsis rapidly
mixing when restricted to any one of the unimodal subsets,that Metropolis-
Hastingsmixesrapidly amongthe subsetsat the highesttemperature, that the
overlap betweendistributions at adjacen temperaturesis decreasingat most
polynomially in the problem size,and that an additional quartity (related
to the persistencequartity of the currernt paper) is at most polynomially
decreasing.These conditions follow from a lower bound on the convergence
rates of parallel and simulated tempering for generaltarget distributions (19).

Herewe provide complemetary results,shoving seweral ways in which the vio-
lation of theseconditions implies torpid mixing of Markov chains constructed
by parallel and simulated tempering. We show that if there is a set (e.g. a
unimodal subsetof a highly multimodal distribution) with exponertially de-
creasingconductanceat low temperatures, and further that a quartity we
call persisten@ (de ned in Section3) is exponertially decreasingat high tem-
peratures, or in someintermediate range of temperatures, then parallel and
simulated tempering are torpidly mixing. Additionally, if the temperaturesare
chosentoo widely spacedso that the overlap betweenadjacen temperature
levels is exponertially decreasing,and if untempered Metropolis-Hastingsis
torpidly mixing, then parallel and simulated tempering are alsotorpidly mix-

ing.

To arrive at theseresults,we rst derive a setof upper boundson the spectral
gapsof parallel and simulated tempering for any target distribution. (Theo-
rem 1 and Corollary 2). After observingthat theseboundsimply the above



conditions for torpid mixing, in Sections4.1-4.3we apply the conditions to
show torpid mixing for seweral examples:a mixture of normals distribution
with unequal covariancesin RM and the mean eld Potts model with q 3,
for any number and choice of temperatures, and the mean- eld Ising model
whenthe setof temperatureschosenis insu cien t. The secondexamplebuilds
on the results of Bhatnagar and Randall (2), who show the torpid mixing of
parallel and simulated tempering on the mean eld Potts model with q= 3,
for any choice of temperatures. Normal mixtures are ubiquitous in statistics,
while Potts-type models are usedin statistical physicsaswell asin Bayesian
image analysisand for modeling spatial random e ects.

2 Preliminaries

Let (X;F; ) bea -nite measurespacewith courtably generated -algebra
F.Often X = RM and is Lebesguemeasureor X is courtable with courting

measure . Whenwereferto an arbitrary subsetA X, weimplicitly assume
A 2 F. Let P be a Markov chain transition kernelon X, de ned asin (17),

which operateson distributions  on the left and complex-\alued functions f

on the right, sothat for x 2 X,

z z
(P)(dx)= (dy)P(y;dx) and (Pf)(x)= f(y)P(x;dy)

If P = then s called a stationary distribution of P. De ne the inner
product (f;g) = f(x)g(x) (dx) and denoteby L,( ) the set of complex-
valued functions f sud that (f;f) < 1 . P isreversiblewith respectto if
(f;Pg) = (Pf;g) forallf;g2 L,( ), andnonngyativede nite if (Pf;f)
Oforall f 2 Ly( ). If Pis -reversible, it follows that is a stationary
distribution of P. We will be primarily interestedin distributions  having
a density with respectto , in which casedene [A] = (A) and de ne
(f;9) , La( ), and -reversibility to be equalto the correspnding quartities
for

If P is aperiodic and -irreducible as de ned in (15), -reversible,and non-
negative de nite, then the Markov chain with transition kernel P converges
in distribution to at a rate related to the spectral gap

E(F:F)

Gap(P)= It Gard (1)
Var (f)>0

whereE(f;f) = (f;(I P)f) is a Dirichlet form, and Var (f) = (f;f)
(f;1)? is the varianceof f . It can easily be shovn that Gap (P) 2 [0; 1] (for
P not nonnegatiwe de nite, Gap (P) 2 [0; 2]).



For any distribution ( having a density o with respectto , de ne the L,-
normk oka = ( o; o)*2. For the Markov chain with P asits transition kernel,
de ne the rate of corvergenceto stationarity as:

In(k oP" ko)

- (2.2)

r = inf lim

o nll

wherethe in m um is taken over distributions , that have a density ( with

respectto sudithat o2 Ly( ). Therater isequalto In(1 Gap(P)),
wherewede ne In(0) = 1 ; for every o that hasadensity o2 Ly( ),

k OPn k2 k 0 kze m 8n 2 N;

andr isthe largestquartit y for which this holdsfor all sud . Thesearefacts

from functional analysis(seee.g. (20; 11; 16)). Analogousresults hold if the

chain is started deterministically at xo for -a.e.xq 2 X, rather than drawn

randomly from a starting distribution o (16). Thereforefor a particular suth

starting distribution  or xed starting state X, the number of iterations n

until the L,-distanceto stationarity is lessthan some xed > 0is O(r 1).

Similarly, (11) show that the autocorrelation of the chain decgs at a rate r.

Their proof is stated for nite state spacedut appliesto generalstate spaces
aswell. Therefore,informally speaking, the number of iterations of the chain

required to obtain somenumber No of appraximately independert samples
from is O(Nor 1).

The quartity r = In(1 Gap (P)) is monotonically increasingwith Gap (P);

thereforelower (upper) boundson Gap (P) correspndto lower (upper) bounds
onr. In addition, In(1 Gap(P))=Gap(P) approatcesl asGap(P)! 0.

Thereforethe order at which Gap (P) ! 0asa function of the problem sizeis
equalto the order at which the rate of corvergenceto stationarity approades
zero.When Gap (P) (and thusr) is exponertially decreasingasa function of
the problem size,we call P torpidly mixing. When Gap (P) (and thusr) is
polynomially decreasingas a function of the problem size,we call P rapidly

mixing. The rapid / torpid mixing distinction is a measureof the computa-
tional tractabilit y of an algorithm. It provides a bendxmark classi cation; in

addition, polynomial factors are expectedto be everntually dominated by in-

creasesn computing power due to Moore's law, while exponertial factors are
presumedto causea persistert computational problem.

2.1 Metropolis-Hastings

We will give a commonway of constructing a transition kernel that is -
reversiblefor a speci ed density on a spaceX with measure . Start with a
\prop osal" kernel P (w; dz) having density p(w; ) with respectto for all w 2



X, and de ne the Metropolis-Hastingskernel as follows: Draw a \prop osal"
move z P(w; ) from current state w, acceptz with probability

(w;z) = min( 1; 7(z)p(z;w))

(W)p(w; 2)

and otherwiseremain at w. The resulting kernelis -reversible.
2.2 Parallel and Simulated Tempering

If the Metropolis-Hastings proposal kernel moves only locally in the space,
and if  is multimodal, then the Metropolis-Hastings chain may move be-
tweenthe modesof infrequertly. Tempering is a modi cation of Metropolis-
Hastings wherein the density of interest is \ attened” in order to allow
movement amongthe modesof . For any inversetemgerature 2 [0; 1] suth
that (z) (dz)< 1 ,dene

(2)

(Z):RW 8z2 X

For any z and w in the support of ,theratio (z)= (w) monotonically ap-
proacdhesoneas decreasesattening the resulting density. For any , de ne
T to bethe Metropolis-Hastingschain with respectto , or more generally
assumethat we have someway to specifya -reversibletransition kernelfor
eadh , and call this kernel T .

n R (0]
Parallel temp ering. Let B = 2[0;1: (2 (d2) <1 . The parallel

tempering algorithm (4) simulates parallel Markov chains T , at a sequence
of inversetemperatures o< :::< y = 1lwith o2 B. The inversetempera-
tures are commonly speci ed in a geometricprogression,and Predescuet al.
(14) showv an asymptotic optimality result for this choice.

Updates of individual chains are alternated with proposed swaps between
temperatures, so that the processforms a single Markov chain with state

X = (Xop; ¢ 13 Xn1) On the spaceX, = XN*1 and stationary density
W
pt(X) = « (Xpa) X 2 Xpt
k=0

with product measure p(dx) = QE:O (dxy). The marginal density of Xy
under stationarity is , the density of interest.

A holding probability of 1=2 is addedto ead move to guarartee nonnegatie



updatesxg accordingto T ,:

1

_ _ X
T(x; dy) = 72(N v,

T Xpardy) (Xp g Yowddyp g Xy 2 X

wherex| = (Xjop =255 X 1 X+155 - -3 Xng) @and is Dirac's delta function.

The swap move Q attempts to exdhangetwo of the temperature levelsvia one
of the following sthemes:

SC1. samplek;! uniformly from f0;:::; Ng and proposeexdiangingthe value
of xy; with that of xp;. Accept the proposedstate, denoted (k;I)x, ac-
cording to the Metropolis criteria preserving p::

(

)
(x; (ki 1)) = min - ;<) 1)

k(X)) 1(Xpy)

SC2. samplek uniformly from f0;:::;N 1g and proposeexdanging X and
X[k+1], acceptingwith probability (x; (k; k + 1)x).

Both T and either form of Q are -reversibleby construction, and nonnega-
tive de nite due to their 1=2 holding probability. Thereforethe parallel tem-
pering chain de ned by Py = QTQ is nonnegative de nite and -reversible,
and sothe corvergenceof P to x may be boundedusing the spectral gap
of Py.

The above construction holds for any densities  that are not necessarily
tempered versionsof , by replacingT , by any (-reversible kernel Ty; the
densities ¢ may be speci ed in any corveniert way subjectto 5 = . The
resulting chain is called a swappingchain, with Xg., s, Psc and ¢ denoting
its state space measure transition kernel, and stationary density respectively.

Simulated temp ering. An alternative to simulating parallel chains is to
augmen a single chain by an inverse temperature index k to create states
(z;k) 2 X = X f0;:::; Ng with stationary density

st(Z,k) = k(2) (k) 2 Xt

N+1
The resulting simulated tempering chain (13; 5) alternatestwo typesof moves:
TO samplesz 2 X accordingto Ty, conditional on k, while Q° attempts to
changek via one of the following sthemes:

1(2)

with probability min 1, @




ST2. proposeamoveto | = k orl 5 k+ 1 with equal probability and
acceptwith probability min 1; 42 : rejectingif | = 1or N + 1.

k()

As before,a holding probability of 1=2 is addedto both T®and Q% the tran-
sition kernel of simulated tempering is de ned asPs; = Q°TAQ% Again, we do
not require that the densities  are temperedversionsof , although this is
the most commonchoice.

3 Upp er Bounds on the Spectral Gaps of Swapping and Simulated
Tempering Chains and Conditions for Torpid Mixing

Considera parallel or simulated tempering chain asdescrikedin Section2.2. It
is typically assumedhat if sud a chain hashigh acceptanceatesfor swap or
temperature-danging movesbetweenall adjacen temperature levels, then it
is mixing quickly. Howewer, Bhatnagar and Randall (2) show torpid mixing of
parallel tempering on a speci ¢ target distribution, the mean- eld Potts model
with g = 3 asde ned in Section4.2, which senesasa courterexample.Here
we provide conditions for generaltarget distributions  under which rapid
mixing fails to hold; in particular, we de ne a property calledthe persistence,
and show that if the target distribution hasa subsetwith low conductancefor

closeto one and low persistencefor valuesof  within someintermediate

-interval, then the tempering chain mixes slovly. The tempering chain will
also mix slowly if the inversetemperatures are spacedtoo far apart so that
the overlap of adjacen tempereddistributions is small.

For purposesof samplingfrom cortinuous , considersetsA X that contain
a single local mode of along with the surrounding area of high density. If
has multiple modes, separatedby areasof low density, and if the proposal
kernel makes only local moves, then the conductan@ of A with respect to
Metropolis-Hastingsis typically small for closeto 1. The conductanceof a
setA X is de ned asfollows for any transition kernel P that is reversible
with respect to a distribution  on X, wherewe requirethat 0< (A) < 1:

(1a;P1ac)

") = TRy a9

and where 1, is the indicator function of the set A. The conductanceof A is
an upper bound on the spectral gap of P (9). Note that P reversibleimplies
(1A, PlAc) = (1Ac; PlA) , SO

(1a;P1ac) N (1ac;P1a) .
(A) (A°)

In particular, p(A) 2.



We will obtain upper bounds on the spectral gap of a parallel or simulated
tempering chain in terms of an arbitrary subsetA of X. Conceptually the
casewhere |, is unimodal asdescriked above is the most insightful, but the
boundshold for all A X sudthat 0< [A]l< 1.

Recallthe de nition of T from Section2.2. The boundsusethe conductance
of A under T , aswell asthe persistene of A under tempering by . For any
A X suhthat 0< [A]< landany density on X, wede ne the quartity

( )

(A; )= min 1;% (3.2)

and de ne the persistenceof A with respect to as (A; ), alsoto be
denotedby the shorthand (A; ). The persistencemeasureshe decreasen
the probability of A between and . If A haslow persistencdor smallvalues
of , then a parallel or simulated tempering chain starting in A® may take a
long time to discover A at small (high temperatures). If A is a a unimodal
subsetof a multimo dal distribution, then it typically haslow conductancefor
closeto 1 (low temperatures), sothe tempering chain may take a long time
to discover A at all temperatureseven when [A] is large. This leadsto slow
mixing, and cortradicts the commonassumptionin practice that if swapping
acceptancerates betweentemperaturesare high, the chain is mixing quickly.

Evenif every subsetA X hashigh persistencefor small valuesof , having
a subsetwith low persistencewithin anintermediate -interval cancauseslow
mixing by creating a bottlenedk in the chain. This is becausea proposedswap
betweena small andalarge Ctypically hasa very low probability of being
accepted.The probability of acceptinga temperature changefrom to in
simulated tempering, giventhat z 2 A, is given by the overlapof and o
with respect to A. The overlap of two distributions and °with respect to
asetA X isgivenby (19):
z
(A 9= [AlY ,mint (2); 29 (d2) (3.3)

which is not symmetric. When consideringtempereddistributions  we will
usethe shorthand (A; ; 9= (A; ; o).

The most generalresults are given for any swapping or simulated tempering
chain with a set of densities ¢ not necessarilytempered versionsof . For
any levelk 2 f0;:::;Ng, let (A;k) and (A;k;l) be shorthand for (A; )
and (A; «; 1), respectively.

The following result, involving (A; k; 1), (A; k), andthe conductance 1, (A),
is proven in Section5 and the Appendix:

Theorem 1 Let Py, be a swappingchain using SC1 or SC2, and Py a



simulated tempering chain using schemeST1. For any A X such that
0< [A]< 1for all k, andfor anyk 2 f0;:::;Ng, wehave

Gap(Pw) 12, max f (A maxf r,(A); (Akil): (A%kiDgg

h [
Gap(Py) 192 max f (Aikymaxf 7,(A); (Aikilgg

whee for k = 0 we take this to mean:

Gap(P) 12maxt (A K) 7,(A)g

h 124
Gap(Ps) 192 maxt (Ak) n(A)g

For the casewhere tempered distributions = , are used,the boundsin
Theorem 1 shaw that the inversetemperatures  must be spaceddensely
enoughto allow sucient overlap between adjacert temperatured distribu-
tions. If thereisan A X and a level k sud that the overlap (A; k;l) is
exponertially decreasingn M for ewvery pair of levels| < k andk k , and
the conductance + ) (A) of A is exponertially decreasingor k  k , then the
tempering chain is torpidly mixing. An exampleis givenin Section4.3.

The boundsin Theorem 1 are given for a speci ¢ choice of densitiesf gk, .
When tempered densitiesare used, the bounds can be stated independert of
the number and choice of inversetemperatures:

Corollary 2 Let Py be a parallel tempering chain using SC1 or SC2, and
let Pyt be a simulated tempering chain using schemeST1, with densities
chosenas tempered versionsof . For any A X suchthat 0 < [A] < 1,
and any inff 2 Bg, we have

n n 00
Gap(Pp) 12 sup (A; Ymax 1 (A); (A, 5 9 (A% ;9
;AN
|f’22[[0; l])\?3
n n 00 71=4
Gap(Ps) 192 sup  (Aj)max T (A) (A 19
2[ AN
02[[0; 1])\?3
whele for = inff 2 Bg we take this to mean:

n 0
Gap (Pyt) 125;JBIO (A ) 1 (A)

h n 0ijgy
Gap (Ps) 192 sup (A ) 1 (A) :

This is a corollary of Theorem 1, veri ed by setting k = minfk : g.



Recall from Section 2 that torpid mixing of a Markov chain meansthat the
spectral gap of the transition kernelis exponertially decreasingn the problem
size.Then Corollary 2 implies the following result:

Corollary 3 Assumethat there existinversetemperatures < suchthat:

(1) the conductane sup 1 (A) is expnentially decreasing,
2[ ]

(2) the persistene  sup (A; ) is expnentially decreasing, and
2[ 5 )8

(3) =inff 2 Bgortheoverlap sup maxf (A; ; 9; (A% ; 9gis
exmnentially decreasing.

Then parallel and simulated tempering are torpidly mixing.

In Sections4.1 and 4.2 we will give two exampleswherewe usethis corollary
with = inff 2 Bgto show torpid mixing of parallel and simulated temper-
ing. For this choiceof , condition 3 is automatically satis ed. Condition 3 is
presumedto hold for most problemsof interest, elenwhen > inff 2 Bg;
otherwise, intermediate  valueswould not be neededat all. Thus the exis-
tenceofasetA (e.g.with j, unimodal) with low conductancefor closeto 1,
and low persistencdor in someintermediate -interval, inducesslonv mixing
of parallel and simulated tempering. It is possibleto have a set A with low
persistencein someintermediate -interval and higher persistencefor small
, since [A] is not necessarilya monotonic function of (e.g. X = f1;2; 3g,
= (0:01 0:8;0:19), and A = f1;29g).

The quartities in the upper bounds of this sectionare closelyrelated to the
guarties in the lower bounds on the spectral gapsof parallel and simulated
tempering given in Woodard et al. (19). The overlap quartity (fA;g) for a

by
(FAjg) = min  (Aj:kil):

The quartity (fA;g) de ned in (19) for the samepartition is related to the
persistenceof the current paper. If [A;] is a monotonic function of k for
ead j, then

(FAQ) = min (A):K):

In addition, the conductance 1, (A) of the currert paper is exactly the spec-
tral gap of the projection matrix Ty for Ty with respectto the partition f A; Acg
asde ned in (19). SinceTy isa2 2 matrix, its spectral gap is given by the
sumof the o -diagonal elemers, which is precisely r, (A) written in the form
(3.2).

10



4 Examples
4.1 Torpid Mixing on a Mixture of Normals with Unequal Variancesin RM

Considersamplingfrom atarget distribution givenby a mixture of two normal
densitiesin RM:

1 1
(2) = éNm(z; Iv; 2lw)+ ENM(Z;lM; 2Im)

whereNy (z; ;) denotesthe multivariate normal density for z 2 RM with
meanvector andM M covariancematrix , and 1y andly denotethe
vector of M onesand the M M identity matrix, respectively. Let S be
the proposal kernel that is uniform on the ball of radius M ! certered at
the current state. When ; = ,, Woodard et al. (19) have given an explicit
construction of parallel and simulated tempering chainsthat is rapidly mixing.
Here we considerthe case ; 6 ,, assumingwithout loss of generalily that

1”2

For technical reasonsyye will usethe following truncatelg approximation to
whereA; = fz2 RM : ;z<0OgandA,=fz2RM: ,z O0Og

~(2) / %NM(Z; Iv; 2w)1a,(2) + %NM(Z;lM; 2Im) 1a,(2): (4.1)

Figure 1 shavs ~ [A;] as a function of for M = 35. It is clear that for
< % ~ [A;] is much smallerthan ~[A,]. This e ect becomesmore extreme
asM increasessothat the persistenceof A, is exponenially decreasingfor
< % aswe will showv. We will alsoshawv that the conductanceof A, under
Metropolis-Hastingsfor S with respect to ~ is exponertially decreasingfor

%, implying the torpid mixing of parallel and simulated tempering.

The Metropolis-Hastingschains for S with respect to the densitiesrestricted
to ead individual mode

~ja:(2) 1 Nm(z Iu; §lu)la,(2)

~ja,(2) I Num(z;1w; 3lm)1a,(2)
are rapidly mixing in M, asimplied by resultsin Kannan and Li (8) (details
are given in Woodard (18)). As we will seehoweer, Metropolis-Hastingsfor
S with respect to ~ itself is torpidly mixing in M. In addition, we will shav

that parallel and simulated tempering are alsotorpidly mixing for this target
distribution for any choice of temperatures.

First, calculate ~ [A;] asfollows. Let F be the cumulative normal distribu-

11



M=35,sl=6,sz=5

Fig. 1. The probability of A = A, under ~ asa function of , for the mixture of
normalswith M = 35, ;= 6,and ,= 5.

tion function in onedimension.Considerany normal distribution in RM with

covariance 2ly for > 0. The probability under this normal distribution

of any half-spacethat is Euclidean distanced from the certer of the normal
distribution at its closestpoint is F( d= ). This is due to the independence
of the dimensionsand can be showvn by a rotation and scalingin RM.

The distance betweenthe half-spaceA, and the point 1y is equalto P M.
Therefore

z z n X o}
. .2 — 2y M_ 2
N@ 1u; ilw) (d)=@2 1) = exp 55 (z+1)] (d)
A1 Al 1
M) M_Z %
=2 D 7z 7 N(z 1lu;—lw) (d2)
A1 |
) !
= (2 f% Y E M )z :
1
and similarly
VA ) !
M
N@Z1y: 2y) ()= "% %p M P
A 2
Therefore
1
~[A)]_ M@ OF BF
~ A £ (M )z

Recall the de nition of B from Section 2.2; for the mixture ~, we have B =
(0; 1]. We will apply Corollary 3 with A = A,, = 0,and = % to shav
that parallel and simulated tempering are torpidly mixing on the mixture ~.

12



Looking rst at the persistence (A;; ), sinceF w > %We have

~ [A M@ )
[A] _ sup 2
y ~ [Ad] 200 1 1

MA )

sup ~[A;]  sup
20; ) 2(0;

=2

I—‘|I\.)

which is exponertially decreasingn M. Thereforesince~[A;] > 3,

~ [A
sup  (Ay ) sup Al _ sup ~[A)] (4.2
200, B 210, 8 ~A2] 200, )\B

is alsoexponertially decreasing.

Turning now to the conductance T (A;), de ne the boundary @\, of A, with
respect to the Metropolis-Hastingskernel T asthe setof z 2 A, sud that it
is possibleto move to A; via one move accordingto T . Then @\, cornains
only z 2 A, within distanceM 1! of A;. Therefore

2 M )? Mmooy b oo
~ F = F M2 M 7)) 2 =
sup [@2]= sup 2 . 2
21 o ~ [A2] 2l 7 E M)? >
2
Zsup(F(M)% F(M%Ml)%)
2[ ;1]( 2 )2
2 sup 1 F (M% M) g
2[ 1] 2
1 1 1 )
=2 sup F Mz M 7 =
2[ 1] 2
_e (M2 M B )E

(4.3)

Analytic integration shovs for any a> Othat F( a Ni(a;0;1)=a There-
fore 4.3 is exponertially decreasingn M. Analogously for the boundary @\
of A; with respect to the Metropolis-Hastingskernel,

- [@\1]
2?up;1] ~ [A4]

13



is exponertially decreasing.Thereforethe conductance

sup 1 (A2) (4.4)
2[ 1]

is exponertially decreasingln particular, 1 (A;) is exponertially decreasing
for = 1, sothe standard Metropolis-Hastingschain is torpidly mixing. Using

the above facts that (4.2) and (4.4) are exponertially decreasingCorollary 3

implies that parallel and simulated tempering are alsotorpidly mixing for any

number and choice of temperatures.

4.2 Torpid Mixing on the Mean-Field Potts Modelfor q 3

The Potts model is a type of discrete Markov random eld which arisesin
statistical physics, spatial statistics, and image processing(1; 3; 7). We con-
siderthe ferromagneticmean- eld Potts modelwith g 2 colorsand M sites,
having distribution:

( )

X
—_ . : N D T | S 2 2 i L M
(2) ] exp oM ; 1(z = z) for z2fl::;q0

with interaction parameter 0. The mean- eld Potts model exhibits a
phasetransition phenomenonsimilar to the more generalPotts model, where
a small changein the value of the parameter neara critical value . causes
a dramatic changein the asymptotic behavior of in M.

We will usethe proposalkernel S that changesthe color of a singlesite, where
the site and color are drawn uniformly at random. Metropolis-Hastingsfor S
with respect to s torpidly mixing for < aswe will see.Bhatnagar
and Randall (2) show that parallel and simulated tempering are alsotorpidly
mixing on the mean- eld Potts model with q = 3 and = , when this
proposal kernel is used. Here we extend this result to show that parallel and
simulated tempering are torpidly mixing for q 3 and ¢, using the
samecut of the state spaceasin (2), which haslow conductancefor close
to 1. Howeer, our proof builds on the results of Section 3 by shaving that
the persistenceof one of the cut setsis exponertially decreasingor small

De ne |g,z) = ( 1(2);:::; ¢(2)) to bethe vector of su cient statistics, where
k(2) = ;1(z = k). Then canbe written as
(2) ] exp M o k(2)°

14



and the marginal distribution of is given by
M
o exp o= k-

Forq 3de ne the \critical" parametervalue .= 29480 for q= 2 set
¢c= 2. Leta= (a1;:::;89) = =M be the proportion of sitesin eadt color.

Using Stirling's formula, Gore and Jerrum (6) write l_'_‘f'.. , as

' NS
..... = exp M alna+ ( a) (4.5)
Li--s g k=1

where ( a) is an error term satisfying

supj ( @)j= O(nM): (4.6)
a
Gore and Jerrum (6) apply (4.5) to rewrite as:

( )/ expff ()M + ( a)g where f (a)= X g (a)

k=1

andg (x) = Ex2 xInx. Obsenethat f isindependern of M. It is alsoshowvn

in (6) that any local maximum of f is of the form m = (x; ﬁ; i ﬁ) for

somex 2 [%;1) satisfying g°(x) = go(é—i), or a permutation thereof. Gore

and Jerrum alsoshow that at = . the local maxima occur for x = % and
x = 4L,
q
; 1— (1..... 1 2 (91._ 1 ..... 1 3 2 i
Letting m* = (q,...,q), m< = ( R 1)), and m® equalsm< with

the rst two elemens permuted, note that
fo(mb=f (m?

and that for any a, f (a) is invariant under permutation of the elemerts of a.
Thereforethe g+ 1 local maxima of the function f _ are also global maxima
(for g = 2 there is a single global maximum).

In addition, we will usethe following results:

Prop osition 4 Foranyq 3 and <  f hasa unique glokal maxi-
mum at m?, while for > | every glolal maximum of f is of the form

(x; ﬁ; i a X) for somex 2 qTf; 1, or a permutation thereof.

PR OOF. The derivative of f (a) with respectto is %P « @, which hasa
unique (constrained) global minimum at a = m!. Thereforefor any <

15



and any a8 m?,
#

f@ fmyY=Ff_(a f (mh+ 5 c X a2 X (mi)? <0 (4.7)

sof hasa unique global maximum at m?*.

Now consider > ¢, and dene f (x) = f (x R i) for x 2 [0;1]
(recall that any local maxima of f must bePof thls form or a permutation
thereof). For a = (X; ﬁ;:::;ﬁ), we have a2 = x?+ (1 X) , Which |s a
strictly increasingfunction of x for x 2 [%; 1). Thereforefor any X 2 [q, q ,

' (x) fA( = 1.0 f'\( )+
G @ 1"
(9 1 o Fa o O
so (X; q—§; i ﬁ) is not a global maximum of f , and the result follows. 2

Asymptotically in M, the distribution of a(z) conceirates near the global
maxima of f (a) in the following sense:

Prop osition 5 (Gore and Jerrum 1999) For any xed q 2, 0 and
> 0, let
C. =fa:ka mk< for somem 2 Mg

where M are the glolal maxima of f and kk indicates Euclidean distance.
Then Pr(a(z) 2 C¢ ) is exmnentially decreasingin M, while for any speci ¢
m2 M, Pr(ka(z) mk< ) decreasesat most polynomially in M.

PR OOF. Gore and Jerrum state this result for = ; howewer, their argu-
mert can be extendedas follows. They obsene that sincef is cortinuous,

supf (@) < f (m) (4.8)
a2C¢

wherem 2 M is any global maximum of f . Now for any xed a sud that
ax > Ofor all k, adding or subtracting at most 1=M from a, for ead k changes
expff ()M g by a factor that is boundedin M. Recall that for any global
maximum m 2 M , my > Ofor all k. For every M, there existsa valid -vector

suc that =M isin the interval [my  +;my + =] for eat k. For this

, expff (;7)Mg and expff (m)Mg dier by a factor that is boundedin
M. Using (4.8), ( ) is exponertially larger than max . qyz2ce (). Since
there are a polynomial (< M9 ') number of -vectors, Pr(a(z) 2 C¢ ) is
exponertially decreasing.Using the samefacts, the probability that a(z) is

16



lessthan distance from a particular global maximum of f decreasesit most
polynomially in M, proving Proposition 5. 2

As in Bhatnagar and Randall (2), dene A = fz: 4(2) > ""79; both A and
A° are nonempty. Then we have the following result.

Prop osition 6 For any xedq 3 and o [A] and [A®] decreaseat
most polynomially in M. Foranyg 3and < ., [A] is exmnentially
decreasingin M. Furthermore, for anyq 3and 2 (0; ), sup. . [A]
is also expnentially decreasing.

PR OOF. First considerthe casewhere .. By Proposition 4, there is a

global maximum of f at (x; ﬁ; il ﬁ) for somex 2 [qTf; 1), and another

at (1% g1,::5 g 1)- Sinceq 3, if a(z) iswithin Euclideandistance1=12
of the rst global maximum then z 2 A, and if a(z) is within distance 1=12
of the secondglobal maximum then z 2 A°. Thereforeby Proposition 5, [A]

and [A€] are decreasingat most polynomially in M.

Now consider < .. Then Propositions 4 and 5 imply that [A] is expo-
nertially decreasing,sincefa : a; > %g C¢ 1-1»- Recall from the proof

of_Proposition 4 that for any a, the derivative of f (a) with respectto is
1

5k aZ, which hasa unique global minimum at m*. Now takeany 2 (0; o);

then

h i h i
sup sup f (@ f (mY) = sup f_ (@ f_, (mb)
< ¢ a;al>% a:ap% h |
sup f. (@ f, (m) <o

aZC°c 1212
wherethe last inequality useg4.8). By the sameargumert asfor Proposition 5,
sup. [A] is exponenially decreasing2

C

We also have the following result:

Prop osition 7 Recall the proposal kernel S, which changesthe color of a
single site. For g 3 there existssome 2 (0; .) suchthat the supremum
over c of the conductane@ of A under Metropolis-Hastingsfor S with
respect to  is exmnentially decreasing.

PROOF. Sinceq 3,fa:a;2 (3;3l9 C° ,.,. Using(4.8),

h i h i
sup  f (8 f .(m?) sup f (@ f . (m?) <O

a:a12(%;%] azccc;lzlz
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Sincef is a cortinuousfunction of and of a, there existssome > 0 sud
that h i
c¥ sup f, (@ f,., (M) <o

5 .1 c c
aa12(gz;3]

Recallthat for any a, the derivativepoff (a) with respectto is % P « a2. For
allasud that a; 2 (3; 3], wehave a2  2(3)? (q—ql)2+ (q 1)(q(q1 1))2 =
«(m2)2. Thereforefor any such a, [f (@) f (m?)] is a decreasingfunction

of . As aresult,

sup  sup hf (a) f (m2)i =¢c< 0 (4.9)

¢ aa2(gi3]

Considerthe boundary of A¢ with respect to the Metropolis-Hastingskernel,
meaningthe set of z 2 A° sud that it is possibletg move tg A in one step
via the kernel. This boundaryis @\° = fz: 1(z) 2 M 1:M g For M large

2 12
enough,z2 @\°) ai(z) 2 (%; %]. There is somevalid -vector sud that
&2 [mg  &imi+ F]forall k. For M largeenough,if (z) = thenz2 A.
Using (4.9) and by the sameargumeri asfor Proposition 5,

sup  [@°]= [A]

Cc

is exponertially decreasingReplacingm? by m? in (4.9) doesnot changethe
value of the left hand side, soit is still strictly negative. There is somevalid

-vector  sudh that ;& 2 [m3 *;md+ X]for all k. For M large enough,
if (z)= thenz2 A°. By the sameargumert asfor Proposition 5,

sup [@\°]= [A7]
is exponertially decreasing.Thereforethe supremum over c of the

conductanceof A under the Metropolis-Hastingskernel is exponenially de-
creasing.2

Now considerany q 3 and . Proposition 7 implies that Metropolis-
Hastings with respect to  is torpidly mixing. For any , the density is
equal to the mean- eld Potts density with parameter . Recallthat T is
the Metropolis-Hastingskernel for S with respect to . Take the value of

from Proposition 7. De ne the inverse temperature = = = .
Propositions 6 and 7 imply that

sup 1 (A)
2[ 1]
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and
sup  (A; ) sup _ Al
20, ) 210 ) [A]
are exponenially decreasing.Therefore Corollary 3 implies that parallel and
simulated tempering are torpidly mixing for the mean- eld Potts model with
g 3and ¢, for any number and choice of inversetemperatures.

4.3 Torpid Mixing on the Mean-Field Ising Model using Fixed Temperatures

The mean- eld Ising model is simply the mean- eld Potts model from Sec-
tion 4.2 with g = 2. Recall the de nitions from that section. It is straight-
forward to shav that for g = 2and > , the conductanceof the set A
de ned in that section,under Metropolis-Hastingsfor S with respectto , is
exponenially decreasing.Thereforethe Metropolis-Hastingschain is torpidly
mixing. Howewer, Madras and Zheng (12) show that parallel and simulated
tempering with N = M and = k=N are rapidly mixing for this model. As
a demonstration of the importance of the overlap quartity in Theorem1, we

tures doesnot grow with M, thenfor > . parallel and simulated tempering
are torpidly mixing. We will needthe following result:

Prop osition 8 For q= 2 and o T hasa unique glolal maximum at
a= (3:3). Forg=2and >  thegloal maximaoccur at (x;1 x) and

(2 x;x) for somex > % that is strictly increasingin

PR OOF. Recallfrom Section4.2that any local maximum m of the function
f takesthe formm = (x;1 x) orm = (1 x;x) for somex 2 [3;1) that
satis es g°(x) = g°(1  x). This is trivially the casefor x = 1. Restricting to
x > £ and rearrangingwe obtain that if g°(x) = ¢°(1 x), then

_In(x) In(1 x)
B x 1 '

(4.10)

The right hand side of (4.10) is a strictly increasingfunction of x that ap-
proaches .= 2asx ! 1" and grows unboundedlyasx ! 1 . Therefore
for o, thereis no x > 7 that satis es (4.10), soa = (3; 3) is the unique
maximum of f . For >  thereis exactly onevalue of x > % that satis es

(4.10), and that value is strictly increasingin

NI

Recall the de nition of f* from the proof of Theorem4. It is straightforward
to verify that for q= 2and > , f is convex at x = % Therefore the
global maximaof f occurat (x;1 x) and (1 x;x) for somex > % that is

strictly increasingin . 2
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Now considerany ;, ,sudthat < ,and ;< L. If ; o letxy = %;
otherwise,let x; be the value of x in Proposition 8 for ;. Let X, be the value
of X in Proposition 8 for ,, sothat x; < x,. Let = (X, X;)=2. Recalling
the de nition of C. from Proposition5,C . \ C,. = ;. Letting and °
be the mean- eld Ising model density at ; and , respectively, Proposition 5
impliesthat [fz: a(zlg 2 C¢.gland 9z :a(z) 2 C°¢,. g] are exponertially
decreasingTherefore , minf (z); 4z)g is exponertially decreasing.

Parallel and simulated tempering with N = 0 are equivalent to Metropolis-
Hastingswith respectto , sothey aretorpidly mixing for > .. Now con-
siderthe casewhereN > 0. Note that for1 2 f0;:::;N 1g, |, isthe mean-
eld Ising modelwith parameter and |, = _sthe mean- eld Ising model
with parameter . Thereforewith | xed in M, ,minf (2); ,(2)gisex-
ponertially decreasingNote that [A] 2 [%; %] for all M. Therefore (A;N;l)
and (A% N;l) are exponertially decreasing.By Theorem 1 with k = N,
parallel and simulated tempering are torpidly mixing.

5 Proof of the Bounds on the Spectral Gap of a Swapping Chain

We will prove the bound in Theorem 1 for the swapping chain. The proof of
the boundsfor simulated tempering is similar and is given in the Appendix.
We will usethe following results, which hold for any transition kernelsP and
Q that are reversible with respect to distributions p and o on a spaceX
with courtably generated -algebraF .

Lemma 9 Let p = q.If Q(x;Anfxg) P(x; Anfxg) for everyx 2 X and
everyA X, thenGap(Q) Gap(P).

PR OOF. Asin Madrasand Randall (10), write Gap (P) and Gap (Q) in the

form RRit ) fW)i2 p(dP(x;dy)
. X Y)]© p(OX X5 ay
Gap(P)= inf RA .
P(P)= . inf | ) W2 p(dX) p(dy)
Var _ (f)>0

and the result is immediate. 2

Lemma 10 (Madras and Zheng2003)

Gap (P) %Gap(P”) 8n 2 N:

Although Madrasand Zheng(12) state Lemmal0for nite state spacestheir
proof extendseasilyto generalspaces.
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To prove Theorem1, start by noting that by the de nition of the spectral gap,
Gap (Psc) = Gap (QTQ) = 8Gap (:QTQ + ZI) for a swapping chain Py as
de ned in Section2.2. By Lemma9, Gap (:QTQ+ 1) Gap((5T + 1Q)3).
By Lemma10, Gap (5T + 3Q)%) 3Gap (5T + 3Q). Therefore

1 1
Gap (Psc) 24Gap(§T + éQ): (5.1)

Takeany A X sudthat 0< (JA]< 1lforall k,andany k 2 f0;:::;Ng.
Dene the setB = fx 2 X : 8k kK ;Xgq 2 Acg for which all low-
temperature chains arein A%, so «[Bl=1 ~  «[A°. Gap(3T + 3Q)
is boundedabove by the conductanceof B under (3T + 2Q):

1 1
Gap(éT + QQ) 1(%T+%Q)(Bl)
=2 1(B)+ 3 o(B): 52)

Forany k k wehave [B¢] maxf [A]; ~[A]g; therefore

T(B) =

Pr(moving to B¢ via Tj in B)
SC[BC]

11X (et
sc[BC] 2(N + 1) K k k AC]
2 BINE (AT

1 (Lac; Tla) K
maxf [A]; ~[Alg k[A°]

k
ma&xf (Ask) 1. (A)g: (5.3)

)
ax

1
20
1
2k

First considerk = 0. In this case(1g;Q1lg:) = 0, so conbining (5.1-5.3)
yields Theorem 1. Now considerk > 0. For swapping sdhemeSC1, we have

o(B) = iPr(moving to B¢ via Qj in B)

«[B°] R
1 x L e, MiNf K@) W) kW) (D)9 (dw) (d2)
sc[BC] kK k :l<k (NR+ 1)2 k[AC]
1 minf (z) 1(W); «(w) (2)g (dw) (d2)
max z2A®wW2A
4 &[BClk kii<k R R k[A]
L A minf (2) 1(W); (W) 1(2)g (dw) (d2)
= max k z2A°w2A
4k ki< maxt W[Al w[Alg k[A] k[A°]
L e M (@) (W) (W) (g (dw) (2)
S 4T WK TAT A9 :
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Considerk;| sud that [A°] < ([A®]; then,

R minf @) (W) (W) 1(2)g (dw) (d2)

z2 A w2A
k[A] «[A]
minf (w); «(W)g[ «(2) + (2)] (dw) (d2)
z2AC w2A
k[A] «[A]

( «[A°T+ ([A°]) n minf (w); «(w)g (dw)
- R k[A] k[A°]

o minf (w); «(w)g (dw)

2 Al =2 (A k;I):

Similarly, excdhangingthe rolesof A and A€ yieldsan upperboundof2 (A€ k;l)
when [A€] k[A°]. Therefore

oB) 7, max [ (AKmaxt (Akil); (A%kiDg:  (5.4)
Combining (5.1-5.4), we get that for k > 0, Gap (Ps.) is boundedabove by
12max max (Ajk) 7,(A); max  (Ak)maxt (Aik;l); (A%k;l)g

which implies Theorem 1 for the swapping chain that usessthemeSC1. With
only minor modi cation, this proof alsoappliesto the swapping shhemeSC2.
2
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App endix A: Pro of of the Spectral Gap Bounds for Simulated Tem-
pering

We will prove the bound in Theorem 1 for the simulated tempering chain.
Recallthe context of thoseresults. Takeany A X sudithat 0< (JA]< 1
andanyk 2 f0;:::;Ng. Dene D = fk 2 f0;:::;Ng: k Kk ; (AKk)

= Tk(A)g andB = f(z k)2 Xst : k2 D;z2 Ag. Notethat N 2D soD 6 ;
Just asin the proof for the swapping chain, we have

Gap (Pst) 12[ 1o(B) + qo(B)]: (6.1)
Forawlgndse)tofconstartsfa. i=1:::;lgandfh : 1,::::1g, we
havethat ;a= ;hh maxfa=ho. Therefore

_ (1;T%Be) o, (18;T%se)
To(B) = <
st[g] st[B ]
2(N+1) (1A1Tk1A°) k 2(N+1) (1AsTklA°) k
- 1P [A] t g 1P c
N+, K N+1+ N+ o K[A°]
P

P
(1a; Tklac) (1a; Tklac) |
k2D .

k2D
L L

+
2 «[A] 2 [AT
k2D k2D

(1a; Tklac) (1a; Tklac)
T 2 Al BT 2 A
m (1a; Tklac) N ax(lA;TklAC) )
k2D 2 ([A] k[A°] k2D 2 y[A] [A€]
= max 1, (A): (6.2)

If jDj= N + 1thenk = 0, and for every k we have 1, (A)=2 (A; k), so
1. (A)>=4  (A;k) 1,(A)=2.Alsonotethat (A;k) 1. (A) 2so[ (A;k) . (A)=2]*2
[ (A; k) T.(A)=2]** Thereforeif jDj = N + 1 then (6.1) and (6.2) together
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imply that

“max (A:k) T (A)°F?
Gap(Ps) 12max r,(A) 244 k 5

“max (AiK) 7,(A)7

244 5 5 (6.3)

so Theorem 1 holds. Now considerjDj < N + 1. De ne
! !

X
c= [A] = jDjmax y[A] :
. k2D

Since «[B¢] 1B,

1 Cc
B ]Pr(movmg to B1 via QJ in B)
1 X . k[A] (A; k; 1)
st[B°] kZDE\_; [A]£|2Dc 2(N + 1)
! 80 1 9
jDjiD"] WAL G
2(N + 1) st[Bc] k2 |2Dc>%) I[A]g (Askil),
1 9
[A] ey
2 k2D |2Dc> E’D : I[A]g (A k’l)?

i2D
iDj max k[A] EO [A] ! 2
= A (AKD),

Q(B) =

max —
«[A] k2Di2Dc:  max ;[A]
k2D i2D

x T (AK) (A k:Dg:

2c k2D |2DC

Using this result and (6.2),

maxf 1o(B); oo(B)g max max 7. (A); ZCkZDIZDC (A; k) (A k;1)
(6.4)
Combining (6.1) and (6.4), we have that
1
Gap(Pst) 24max max 7. (A); (—:kzrglgz)%c (A k) (A k1) - (6.5)

Now de ne K to bethe k 2 D that maximizes ¢[A]. Alsode ne C = f(z;k) 2
Xst - k= Kyz2 Ag. Since0 < jDj < N + 1, we must have N > 0, so
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«[Cl - 3. Note that

N+1

Gap(Pst) 12[ 1o(C) + qo(C)] (6.6)
and that
- (1C|TO]-C°) st
m(C) = " T olcd
2(1(;,Tolcc) st— (1A;TR1A°) K
st[C] k[A]

T(A)  max g (A): (6.7)

Since (A;R) =1,

2(1c; Q%ce)

st[C]

1 X 1

CN+1 (A’R’|)+N
12D;I6 Kk

X
= (AR 1) +
12D:I6 K N + 1|2D°
X

¥
10X A, 1 R (AR
1|20;|§k (Al N+ 1, (A R) (AK: D)

1
N+ 10

2 maxf C;max (A;R) (A;K;Dg
2maxfc;k2rtr)1;<|512ch (A k) (A k;Da: (6.8)

(C)

)
1|2D°

o+
P+

(A;R) (AJKR:1)

Z
(I

N

+

c+

(A;R) (AJKR:1)

Combining (6.6-6.8), we obtain

Gap (Pst) 48max max Tk(A);c;ker;%ch (A k) (Ask; ) (6.9)

Considerthe casewhere
1=2

c< kzrg;leg(Dc (A; k) (A k;1) : (6.10)
Since 1,(A) 2wehave 1, (A)=2 [ 71,(A)=2]**. Thereforein the case
where (6.10) holds, (6.9) implies that
( 1=0)
Gap (Ps) 48max max 1, (A); oA (Ask) (Ask:l)
1=2

96 max max Tk(A);kzrg%ch (A k) (A kD) (6.11)
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If instead we have

¢ max  (Ak) (Ak) 12;
then (6.5) implies (6.11).
For any k;I,
_ ( k[A]) | ( ,[A])
(A k) (Ajk;D)  min 1; A min 1;m (A1)

wherethe nal inequality canbe showvn by consideringthe casewhere ([A] >
k[A] separatelyfrom the casewhere |[A] k[A]. For every k 2 D, we have
7. (A)=2 (Ask)so 1, (A)*=4 (A;k) 1, (A)=2.Forall | 2 D€ sud that
| k,wehave (A;l)< 1(A)=2s0o (A;)2< (A;l) 1,(A)=2. Equation
(6.11) implies that

1=2
Gap(P) 96 max max r,(A); max (Ajl); max (Ak) (Aikil)
" 1=2 ) #1=
192 max  max (Ajk) r(A) 5 max (Ak) (Aki])

1=4
192 max max (A; k) Tk(A);k max (A k) (A k;D

which implies Theorem 1 for simulated tempering. 2
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