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OverallOutline
² Basics

² Motivation for the Bayesianapproachto model

selectionandhypothesistesting

² Conditionalfrequentisttesting

² Methodologiesfor objectiveBayesianmodel selection

² Testingwhenthereis no alternativehypothesis
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Basics
² Brief History of Bayesianstatistics

² Basicnotionsof Bayesianhypothesistesting(through

an example)

² Di±culties in interpretation of p-values

² Notation andexamplefor model selection
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BriefHistory of (Bayesian)Statistics
1760 { 1920 : StatisticalInferencewasprimarily Bayesian

Bayes (1764) : Binomialdistribution,¼(µ) = 1.

Laplace (. . . , 1812) : Many distributions,¼(µ) = 1.
...

Edgew orth
...

Pearson
...
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A curiosit y - the name:

1764{ 1838: called\p robability theory"

1838{ 1945: called\inverseprobability" (namedby

Augustusde Morgan

1945{ : called\Bayesiananalysis"

1929 { 1955 : FisherianandFrequentistapproaches

developed andbecamedominant,becausenow one

coulddo practicalstatistics\without the logical°aws

resultingfrom always using¼(µ) = 1."
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Voices in the wilderness:

Harold Je®reys:̄ xed the logical°aw in inverse

probability (objectiveBayesiananalysis)

Brunode Finetti andothers:developed the logically

soundsubjectiveBayesschool.

1955 { : Reemergenceof Bayesiananalysis,and

developmentof Bayesiantestingandmodel selection.
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PsychokinesisExample
The exp erimen t:

Schmidt,JahnandRadin(1987) usedelectronicand

quantum-mechanicalrandomeventgenerators with visual

feedback;the subjectwith allegedpsychokineticability tries

to \in°uence" the generator.

{ Streamof particlesarrive at a `quantumgate'; each

goeson to eithera red or a greenlight

{ Quantummechanicsimpliesparticlesare 50/50 to go to

eachlight

{ Individualtries to \in°uence" particlesto go to red light
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Data and mo del:

² Each\particle" is a Bernoullitrial (red = 1, green= 0)

µ = probability of \1"

n = 104; 900; 000 trials

X = # \successes"(# of 1's), X » Binomial(n; µ)

x = 52; 263; 000 is the actualobservation

To test H0 : µ = 1
2 (subject hasno in°uence)

versusH1 : µ 6= 1
2 (subject hasin°uence)

² P-value= Pµ= 1
2
(X ¸ x) ¼ :0003.

Is therestrongevidenceagainstH0 (i.e., strong

evidencethat the subjectin°uencesthe particles) ?
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Bayesian Analysis: (Je®erys,1990)

Prior distribution:

Pr (Hi ) = prior probability that Hi is true, i = 0; 1;

On H1 : µ 6= 1
2, let ¼(µ) be the prior density for µ.

SubjectiveBayes: choosethe Pr (Hi ) and¼(µ) basedon

personalbeliefs

Objective(or default) Bayes: choose

Pr (H0) = Pr (H1) = 1
2

¼(µ) = 1 (on 0 < µ < 1)

9
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Posterior distribution:
Pr (H0jx) = probability that H0 true, givendata, x

=
f (x j µ= 1

2 ) Pr (H0)
Pr (H0) f (x j µ= 1

2 )+ Pr (H1)
R

f (x j µ)¼(µ)dµ

For the objectiveprior,

Pr (H0jx = 52; 263; 000)¼ 0:94

(recall, p-value¼ .0003)

Key ingredientsfor BayesianInference:

{ the model for the data

{ the prior ¼(µ)

{ ability to computeor approximateintegrals

10
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Bayes Factor:

An `objective'alternativeto choosingPr (H 0) = Pr (H1) = 1
2

is to report the Bayesfactor

B01 = likelihood of observed data under H0
`average0 likelihood of observed data under H1

=
f (x j µ= 1

2 )
R1

0 f (x j µ)¼(µ)dµ
¼ 15:4

Note: Pr (H0jx)
Pr (H1jx) = Pr (H0)

Pr (H1) £ B01

(posterior odds) (prior odds) (Bayesfactor)

soB01 is often thought of as\the oddsof H0 to H1

providedby the data"
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BayesianReporting in HypothesisTesting
² The completeposterior distributionis givenby

{ Pr (H0jx), the posterior probability of null hypothesis

{ ¼(µjx; H1), the posterior distribution of µ underH 1

² A usefulsummaryof the completeposterior is
{ Pr (H0jx)

{ C, a (say) 95% posterior credibleset for µ underH 1

² In the psychokinesisexample
{ Pr (H0jx) = :94 ; givesthe probability of H0

{ C = (:50008; :50027) ; shows whereµ is if H1 is true

² For testingprecisehypotheses,con¯denceintervals

aloneare not a satisfactory inferentialsummary
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Crucial poin t: In this example,µ = :5 (or µ ¼ :5) is

plausible.If µ = :5 hasno specialplausibility, a di®erent

analysiswill be calledfor.

Example: Quality control for truck transmissions

{ µ = % of transmissionsthat last at least250,000miles

{ the manufacturerwants to report that µ is at least1=2

{ test H0 : µ ¸ 0:5 vs H1 : µ < 0:5

Hereµ = :5 hasno specialplausibility.

Note: whetheronedoesa one-sidedor two-sidedtest is

not veryimportant. What is important is whetheror

not a point null hasspecialplausibility.
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Clash between p-v alues and Bayesian
answers

In the example,the p-value¼ :0003, but the posterior
probability of the null ¼ 0:94 (equivalently, the Bayes
factors gives¼ 15.4oddsin favor of the null). Couldthis
con°ict be becauseof the prior distributionused?

² But it was a neutral, objective prior.

² Any sensibleprior producesBayesfactors ordersof

magnitudelarger than the p-value. For instance,any

symmetric(around :5), unimodal prior would producea

Bayesfactor at least 30 times larger than the p-value.
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P-v alues also fail frequen tist evaluations

An Example

² ExperimentaldrugsD1; D2; D3; : : : ; are to be tested

(sameillnessor di®erentillnesses;independenttests)

² For eachdrug, test

H1 : Di hasnegligiblee®ect vs

H2 : Di is e®ective

² Observe(independent)data for eachtest, andcompute

eachp-value(the probability of observinghypothetical

data asor more \extreme" than the actualdata).
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² Resultsof the Testsof the Drugs:

TREATMENT D1 D2 D3 D4 D5 D6

P-VALUE 0.41 0.04 0.32 0.94 0.01 0.28

TRATAMIENTO D7 D8 D9 D10 D11 D12

P-VALOR 0.11 0.05 0.65 0.009 0.09 0.66

² Question:How stronglydo we believethat D i hasa

non negligiblee®ectwhen:

(i) the p-valueis approximately:05?

(ii) the p-valueis approximately:01?
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A surprising fact:
Supposeit is known that, a priori, about 50%of the Di will

havenegligiblee®ect.Then

(i) of the Di for whichp-v alue ¼ 0.05, at least 25%

(and typicallyover50%) will havenegligiblee®ect;

(ii) of the Di for whichp-v alue ¼ 0.01, at least 7%

(and typicallyover15%) will havenegligiblee®ect;

(Bergerand Sellke, 1987,Bergerand Delampady, 1987)
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An in teresting simulation for
normal data:

² Generaterandomdata from H0, andseewherethe

p-valuesfall.

² Generaterandomdata from H1, andseewherethe

p-valuesfall.

UnderH0, suchrandomp-valueshavea uniform distribution

on (0; 1).

18
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UnderH1, \random data" might arisefrom either:

(i) Pickinga µ 6= 0 andgeneratingthe data

(ii) Pickingsomesequenceof µ's andgeneratinga

correspondingsequenceof data

(i) Pickinga distribution¼(µ) for µ; generatingµ's from ¼;

and then generatingdata from theseµ's

Example : Picking¼(µ) to be N (0; 2) andn = 20, yields

the following fraction of p-valuesin eachinterval
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P-value

1.0 0.9 0.8 0.7 0.6 0.5 0.4 0.3 0.2 0.1
0.0

0.05

0.10

P-value

0.10 0.09 0.08 0.07 0.06 0.05 0.04 0.03 0.02 0.01
0.0

0.01

0.02

P-value

0.010 0.009 0.008 0.007 0.006 0.005 0.004 0.003 0.002 0.001
0.0

0.001

0.015
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Surprise : No matter how onegenerates\random"

p-valuesunderH1, at most 3.4%will fall in the interval

(:04; :05), soa p-valuenear :05 (i.e., jt j near 1.96)

providesat most 3.4 to 1 oddsin favor of H1

(Bergerand Sellke, J. Amer.Stat. Assoc., 1987)

Message : Knowing that data is \rare" underH0 is of

little useunlessonesdetermineswhetheror not it is

also\rare" underH1.

In practice : For moderateor largesamplesizes,data

underH1, for whichthe p-valueis between0:04 and

0:05, is typicallyasrare or more rare than data under

H0, so that oddsof about 1 to 1 are then reasonable.
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The previoussimulationcanbe performedon the web, using

an appletavailableat:

http://www.stat.duke.edu/» berger
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Notation for general mo del selection

Mo dels (or hypotheses)for data x: M 1; M2; : : : ; M q

Under mo del M i :
Density of X : f i (x jµi ), µi unknown parameters
Prior density of µi : ¼(µi )
Prior probability of model M i : P(M i ), ( = 1

q here)

Marginal density of X : mi (x) =
R

f i (x jµi )¼i (µi ) dµi

Posterior density: ¼(µi jx) = f i (x jµi )¼i (µi )=mi (x)

Bayes factor of M j to M i : Bj i = mj (x)=mi (x)

Posterior probabilit y of M i :

P(M i j x) = P (M i )mi (x )P q
j =1

P (M j )mj (x )
=

hP q
j =1

P (M j )
P (M i )

Bj i

i ¡ 1
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Particular case : P(M j ) = 1=q:

P(Mi j x) = ¹mi (x) =
mi (x)

P q
j =1 mj (x)

=
1

P q
j =1 Bj i

Rep orting : It is usefulto separately report f ¹mi (x)g and

f P(Mi )g. Knowing the ¹mi allows computationof the

P(Mi j x) =
P(Mi ) ¹mi (x)

P q
j =1 P(Mj ) ¹mj (x)

for anyprior probabilities.
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Example:(location-scale)

SupposeX 1; X 2; : : : ; X n are i.i.d with density

f (xi j¹; ¾) =
1
¾

g
µ xi ¡ ¹

¾

¶

Several mo dels are entertained:

MN : g is N (0; 1)

MU: g is Uniform (0; 1)

MC: g is Cauchy(0; 1)

ML : g is Left Exponential( 1
¾ ex¡ ¹ , x · ¹ )

MN : g is Right Exponential( 1
¾ e¡ (x¡ ¹ ) , x ¸ ¹ )

25
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Di±cult y: Sincethesemodelsare not nested,andsince

thereare no low dimensionalsu±cient statisticsfor all

models,classicalmodel selectionis di±cult andwould

typicallyrely on asymptotics.

Prior distribution: choose

P(M i ) = 1
q = 1

5;

the noninformativeprior ¼(µi ) = ¼(¹; ¾) = 1
¾

Marginal distributions, mN (xjM ), for thesemodels

canthen be calculatedin closedform.
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HeremN (xjM ) =
Z

Q n
i=1

h
1
¾g

³
xi ¡ ¹

¾

´i
1
¾ d¹ d¾. For the

¯ve models,the marginalsare

1. Normal: mN (xjM N ) = ¡(( n¡ 1)=2)
(2 ¼)(n ¡ 1)=2

p
n (

P
i (xi ¡ ¹x)2)(n ¡ 1)=2

2. Uniform: mN (xjM U) = 1
n (n¡ 1)(x(n ) ¡ x(1) ) n ¡ 1

3. Cauchy:mN (xjM C) is givenin Spiegelhalter(1985).

4. Left Exponential:mN (xjM L ) = (n¡ 2)!
nn (x(n ) ¡ ¹x) n ¡ 1

5. Right Exponential:mN (xjM R) = (n¡ 2)!
nn ( ¹x¡ x(1) ) n ¡ 1
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Considerfour classicdatasets:
² Darwin's data (n = 15)

² Cavendish'sdata (n = 29)

² Stigler'sData Set 9 (n = 20)

² A randomlygeneratedCauchysample(n = 14)
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The objectiveposterior probabilitiesof the ¯ve models,for
eachdata set,

¹mN (x jM ) =
mN (x jM )

mN (x jM N ) + mN (x jM U ) + mN (x jM C ) + mN (x jM L ) + mN (x jM R )
;

are asfollows:
Dat a Models

set Normal Uniform Cauchy L. Exp. R. Exp.

Darwin .390 .056 .430 .124 .0001

Cavendish .986 .010 .004 4£ 10¡ 8 .0006

Stigler 9 7£ 10¡ 8 4£ 10¡ 5 .994 .006 2£ 10¡ 13

Cauchy 5£ 10¡ 13 9£ 10¡ 12 .9999 7£ 10¡ 18 1£ 10¡ 4
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Part I Conclusions
² Pr (H0 j x) or B canbe much larger than a

correspondingp-value.

² Bayesfactors are usefulfor communicating\what the

data says," separate from the Pr (Hi ).

² Whentesting,onemust think carefullyabout whethera

`precisenull' is believable.

² Onecannotgenerallytest from con¯denceintervals.
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Motivationfor the Bayesianapproachto
ModelSelectionandHypothesisTesting

31



La Habana, November 2001
'

&

$

%

Outline
² `Standard' motivations

² Sequentialanalysis

² Conditionalfrequentisttesting
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WhyBayesFactors (or ¹mi) ?
1. Easyto interpret (in contrastwith, say, p-values)

2. Consistency
A. If oneof the M i is true, then ¹mi ! 1 as n ! 1

B. If someother model, M ¤, is true, ¹mi ! 1 for that
model closestto M ¤ in Kullback-Leiblerdivergence

(Berk, 1966,Dmochowski, 1994)
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3. Predictiveoptimality
A. The ¹mi are the basicquantities in predictivemodel

averagingschemes.

B. If a singlemodel is to be chosen,that with the largest
¹mi is often best predictively.
Example. Supposeq = 2 and it is desiredto predict a
future observationY under lossL(jŶ ¡ Y j), whereL is
nondecreasing.If P(M 1) = P(M 2), then the model
with the largest ¹mi givesthe best prediction.

C. In other contexts(e.g., nonparametric regression),the
optimal predictivemodel is the median probability
model (the model that includesonly variableswhose
posterior model inclusionprobabilitiesexceed1/2).

4. BayesFactors automaticallyseekparsimony;no adhoc
penaltiesfor model complexity are needed.
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5. The approachis viablefor any models,nestedor
non-nested,regular or irregular, largeor smallsample
sizes,two or multiplemodels.
Example: In the location-scaleexample,we choseamong

¯ve non-nestedmodels,with small samplesizes,irregular

asymptotics,and no su±cient statistics (of ¯xed

dimension).

6. Easeof applicationin sequentialscenarios (no needto
`spend®' whenlookingat the data)

7. In manyimportant situationsinvolvingtestingof M 1

versusM 2, ¹m1 and ¹m2 are `optimal' conditional
frequentisterror probabilitiesof Type I andType II,
respectively.
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6. Sequentialanalysisis no more di±cult
Ex: Sequential y testing mul tiple hypothesis

Data: di is the observedtreatmentdi®erencefor subjecti
treatedwith two hypotensiveagents(Robertsonand

Armitage, 1959;Armitage, 1975). (Heret denotesthe
t-statistic andsd the samplestandard deviation.)

Mo del: The di are i.i.d N ormal(µ; ¾2); i = 1; : : : ; 53.

To Test: H1 : µ = 0 versusH2 : µ < 0 versusH3 : µ > 0.

Prior inputs: P(Hi ) = 1=3; noninformativeprior for
(µ; ¾2) appropriately `trained' ( `EncompassingIntrinsic

BayesFactors': Berger& Pericchi,96, Berger& Mortera, 99).
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Posterior Probabilities , Pi , for the Hi :

P1 =
·
1 +

s1

tn¡ 1(t)

µ
1 ¡ Tn¡ 1(t)

s2
+

Tn¡ 1(t)
s3

¶¸ ¡ 1

;

P2 =
·
1 +

s2

1 ¡ Tn¡ 1(t)

µ
tn¡ 1(t)

s1
+

Tn¡ 1(t)
s3

¶¸ ¡ 1

;

andP3 = 1 ¡ P1 ¡ P2, wheretn¡ 1 andTn¡ 1 are the density

andc.d.f. of the standard t-distributionwith (n ¡ 1) d.f.,

s3 = ¼n(n ¡ 1) ¡ s2,

s1 =
sdp

n

X

i 6= j

jdi ¡ dj j

di
2 + dj

2 + ²
; s2 =

X

i 6= j

µ
¼
2

¡ arctan(
¡ (di + dj )

jdi ¡ dj + ²j
)
¶

:

(² ¼ 0 is introducedto avoidnumericalindeterminacy)
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Pair Di®erence t-statistic Posterior Probabilities
n di t P1 P2 P3

5 1 1.01 0.360 0.148 0.492
6 12 1.15 0.342 0.142 0.516
7 11 1.26 0.348 0.132 0.519
8 -2 1.23 0.276 0.136 0.589
9 6 1.30 0.283 0.130 0.587
10 14 1.44 0.295 0.115 0.590
11 19 1.63 0.291 0.095 0.615
12 71 2.05 0.203 0.058 0.739
13 -9 1.92 0.229 0.058 0.713
14 7 1.97 0.225 0.054 0.721
15 -19 1.74 0.294 0.061 0.646
20 -9 1.51 0.387 0.056 0.557
25 0 1.35 0.465 0.060 0.475
30 -3 0.831 0.620 0.079 0.301
35 0 0.339 0.669 0.112 0.219
40 0 0.056 0.698 0.134 0.168
50 -3 -0.202 0.736 0.141 0.123
53 -37 -0.396 0.740 0.157 0.103
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COMMENTS

(i) Neithermultiplehypothesesnor the sequentialaspect

causeddi±culties. Thereis no penalty (e.g., `spending

®') for looksat the data.

(ii) Quanti¯cation of the support for H1 : µ = 0 is direct.

At the 12th observation,t = 2:05 but P1 = 0:203. At

the end,P1 = 0:740.

(iii) At the 12th observation,P2 = 0:058, soH2 canbe

e®ectivelyruledout.

(iv) For testingH1 : µ = 0 versusH2 : µ 6= 0, the Pi are

conditionalfrequentisterror probabilities.
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7. Conditionalfrequentisttesting
Motiv ation:

² Conditionalfrequentisttestingcanbe the sameas

Bayesiantesting(uni¯cation), but is fully frequentist.

² It is more intuitively appealingthan unconditional

testing.

² It is mucheasierto apply, especiallyin sequential

clinicaltrials.

Problem:

Data X ;

To test: H0 : X » f 0(x) versusH1 : X » f 1(x):
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The needfor good conditionalperformance

Arti¯cial Example: ObserveX 1 andX 2, where

X i =

8
><

>:

µ + 1 with probability 1=2

µ ¡ 1 with probability 1=2:

Considerthe con¯denceset for µ

C(X 1; X 2) =

8
><

>:

1
2(X 1 + X 2) if X 1 6= X 2

X 1 ¡ 1 if X 1 = X 2:
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Unconditional coverage:

Pµ(C(X 1; X 2) containsµ) = 0:75:

Conditional coverage:

Pµ(C(X 1; X 2) containsµj X 1 6= X 2) = 1

Pµ(C(X 1; X 2) containsµj X 1 = X 2) = 1
2:

Note: The unconditionalcoveragearisesasthe expected

valueof the conditionalcoverage.
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SomephilosophybehindConditionalFrequentist
Theory

Frequen tist Principle: In repeateduseof a statistical
procedure,the \average"actualerror shouldnot be
greaterthan the \average" reported error.

The key to success: De¯ning a sensible\average."

Example (Normal testing): Averagingoverall jzj > 1:96
andreporting error ® = 0:05 is not a sensible\average"
sincejzj = 1:96 and jzj = 10 indicateverydi®erent
levelsof error. Oneshouldsomehow separately
\average"overtheseextremes.(Note: p-valuestry to do

this, but badly violate the FrequentistPrinciple)
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² Basicquestion:What is the sequenceof possibledata

for whichto considerfrequentistevaluations?

(Fisher: \relevant subset;"Lehmann:\frame of reference.")

² Implementation:Find a statistic, S(x), whose
magnitudeindicatesthe \strength of evidence"in x.
Computeerror probabilitiesas

®(s) = Type I error prob, givenS(x) = s

= P0(RejectH0jS(x) = s)

¯ (s) = Type II error prob, givenS(x) = s

= P1(Accept H0jS(x) = s)
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History of conditionalfrequentisttesting
² Many Fisherianprecursors basedon conditioningon

ancillary statisticsandon other statistics(e.g., the
Fisherexacttest, conditioningon marginal totals).

² Generaltheory in Kiefer (1977JASA); the key stepwas
in understandingthat almostanyconditioningis
formally allowed within the frequentistparadigm
(ancillarity is not required).

² Brown (1978) foundoptimal conditioningfrequentist
testsfor `symmetric',simplehypotheses.

² Berger,Brown andWolpert (1994AOS) developed the
theory discussedhereinfor testingsimplehypotheses.
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Our suggestedchoiceof the conditioning
statistic

² Let pi be the p-valuefrom testingHi againstthe other

hypothesis;usethe pi asmeasuresof `strengthof

evidence,'asFishersuggested.

² De¯ne the conditioningstatistic S = maxf p0; p1g; its

useis basedon decidingthat data (in either the

rejectionor acceptanceregions)with the samep-value

hasthe same`strengthof evidence.'
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Theconditionalfrequentisttest(T C)

² AcceptH0 whenp0 > p1, and rejectotherwise.

² ComputeType I andType II conditionalerror

probabilities(CEPs)as

®(s) = P0(rejectingH0jS = s) ´ P0(p0 · p1jS(X ) = s)

¯ (s) = P1(acceptingH0jS = s) ´ P1(p0 > p1jS(X ) = s):
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Uni¯cation of the Fisherian,frequentist,and
Bayesianphilosophiesin testing

² The evidentiary contentof p-valuesis acknowledged,

but `converted'to error probabilitiesby conditioning.

² The conditionalerror probabilities®(s) and ¯ (s) are

fully data-dependent,yet fully frequentist.

² ®(s) and¯ (s) are exactlyequalto the (objective)

posterior probabilitiesof H0 andH1, respectively, so the

conditionalfrequentistsandBayesiansreport the same

error (Berger,Brown andWolpert, 1994AOS).
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A simpleexample
Sellke, Bayarri and Berger(2001 AmericanStatistician)

² H0 : X » Uniform(0; 1) vs. H1 : X » Beta(1=2; 1).

² B (x) = 1
(2

p
x)¡ 1 = 2

p
x is the likelihood ratio.

² p0 = P0(X · x) = x andp1 = P1(X ¸ x) = 1 ¡
p

x.

² AcceptH0 whenp0 > p1 (i.e., whenx > :382) and

rejectotherwise.

² De¯ne S = maxf p0; p1g = maxf x; 1 ¡
p

xg

(so it is declared that, say, x = 3
4 hasthe same

\strength of evidence"asx = 1
16).
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² The conditionaltest is

TC =

8
>>>>>>>><

>>>>>>>>:

if x · 0:382, rejectH0 andreport Type I CEP

®(x) = (1 + 1
2x¡ 1=2)¡ 1 ;

if x > 0:382, acceptH0 andreport Type II CEP

¯ (x) = (1 + 2x1=2)¡ 1:

² Note that ®(x) and¯ (x) are preciselythe objective

Bayesianposterior probabilitiesof H0 andH1,

respectively.
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Othertypesof conditioning
² Ancillary S rarely existand,whenthey exist,canresult

in unnaturalconditionalerror probabilities(e.g., in the

aboveexample,̄ (x) equalsthe constant1=2 asthe

likelihood ratio B(x) variesfrom 1 to 2).

² Birnbaumsuggested̀intrinsicsigni¯cance,'conditioning

de¯nedthroughlikelihood concepts.This rarely works

(e.g., in the aboveexample®(x) = 1 whenB(x) varies

between0 and1=2).

² Kiefer (1977) suggested̀equalprobability continuum'

conditioning,whichalsofails in the aboveexample.
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Generalizations
² Berger,Boukai andWang(1997a,1997b)generalized

to simpleversuscompositehypothesistesting, including

sequentialsettings.

² Dass(1998) generalizedto discretesettings.

² DassandBerger(2001) generalizedto two composite

hypotheses,underpartial invariance.

² BergerandGuglielmi(2001) usedthe ideasto createa

¯nite sampleexactnonparametrictest of ¯t.
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An aside:Usingthis to calibrate p-valueswhenno
alternativehypothesisis speci¯ed(Sellke, Bayarri &

Berger,2001)

A proper p-valuesatis¯esH0 : p(X ) » Uniform(0; 1).

Considertesting this versusH1 : p(X ) » Beta(»; 1).

The sameargument,asearlier, yields,whenp < e¡ 1,

®(p) = (1 + [»¡ 1p1¡ »]¡ 1)¡ 1 ¸ (1 + [¡ eplog(p)]¡ 1)¡ 1:

This lower boundon conditionalType I error alsoapplies

undera quite generalnonparametricalternative.It thus

providesa generic̀ calibration' of p-values.
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Example: Are gammaray burstsgalacticor
extra-galacticin origin?

² data in early 90's were260observedburst directions

² H0: data are uniformly directionallydistributed

(implyingextra-galacticorigin)

² standard test for uniformity rejectedat p = 0:027

² ®(p) ¸ (1 + [¡ e(:027)log(:027)]¡ 1)¡ 1 = :21,

so the actualerror rate in rejectingH0 is at least .21
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Example: nonparametrictestingof ¯t
Bergerand Guglielmi(2001, JASA)

To test: H0 : X » N (¹; ¾) vs. H1 : X » F (¹; ¾),

whereF is an unknown location-scaledistribution.

² De¯ne a weightedlikelihood ratio (or Bayesfactor)

B(x), by

{ choosinga Polya tree prior for F , centeredat H0;

{ choosingthe right-Haar priors ¼(¹; ¾) = 1=¾.

² ChooseS basedon p-valueconditioning.
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² De¯ne the conditionalfrequentisttest asbefore,

obtaining

TC =

8
>>>>>>>><

>>>>>>>>:

if B (x) · c, rejectH0 andreport Type I CEP

®(x) = B(x)=(1 + B(x)) ;

if B (x) > c, acceptH0 andreport the `average'

Type II CEP̄ (x) = 1=(1 + B(x));

wherec is the critical valueat whichthe two p-valuesare

equal.
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Notes:

² The Type I CEPagainexactlyequalsthe objective

Bayesianposterior probability of H0.

² The Type II CEPdependson (¹; ¾). However,the

`average'Type II CEPis the objectiveBayesian

posterior probability of H1.

² This givesexactconditionalfrequentisterror

probabilities,evenfor smallsamples.

² Computationof B(x) usesthe (simple)exactformula

for a Polya tree marginaldistribution,togetherwith

importancesamplingto dealwith (¹; ¾).
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Otherfeaturesof conditionalfrequentist
testingwith p-valueconditioning

² Sincethe CEPsare alsothe objectiveBayesianposterior
probabilitiesof the hypotheses,

{ they do not dependon the stoppingrule in
sequentialanalysis,so

¤ their computationis mucheasier,
¤ onedoesnot `spend®' to look at the data;

{ thereis no dangerof misinterpretation of a p-value
asa frequentisterror probability, or misinterpretation
of eitherasthe posterior probability that the
hypothesisis true.
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² Onedoesnot needto compute(or evenmention)S.

{ The computationof the CEPscanbe donedirectly,

usingthe (often routine) objectiveBayesian

approach;the theory ensuresthe validity of the

conditionalfrequentistinterpretation.

{ Likewise,in elementary courses,it is not necessary to

introduceS; onecansimplygivethe test.

² Onehasexact frequentisttestsfor numeroussituations

whereonly approximationswerereadilyavailablebefore:

{ Computationof a CEPis easierthan computation

of an unconditionalerror probability.
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² For TC, the rejectionandacceptanceregionstogether

spanthe entiresamplespace.

{ So that onemight `reject' and report CEP0.40.

² Onecould,instead:

{ Specifyan ordinary rejectionregionR (say, at the

® = 0:05 level);note that then ® = E[®(s)1R].

{ Find the `matching'acceptanceregion,andde¯ne the

regionin the middleto be the no decision region.

{ Constructthe correspondingconditionaltest.

{ Note that the CEPswould not change.
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Example: Sequentialt-test
(Berger,Boukai and Wang, 1998)

Data X 1; X 2; : : : are i.i.d. N (µ; ¾2), both unknown

To test: H0 : µ = µ0 versusH1 : µ 6= µ0

Note: Exactunconditionalfrequentisttestsdo not exist for

this problem

61



La Habana, November 2001
'

&

$

%

Default Bayestest (Je®reys,1961):

Prior distribution : Pr (H0) = Pr (H1) = 1=2

UnderH0, prior on ¾2 is g0(¾2) = 1=¾2.

UnderH1, prior on (¹; ¾2) is g1(¹; ¾2) = 1
¾2 g1(¹ j¾2),

whereg1(¹ j¾2) is Cauchy(µ0; ¾).

Motiv ation: UnderH1, the additionalparameterµ is

givena Cauchydefault testingprior (centeredat µ0 and

scaledby ¾), while the common(orthogonal)parameter

¾2 is giventhe usualnoninformativeprior (seeJe®reys,

1961)
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Bayes factor of H0 to H1, if onestopsafter observing
X 1; X 2; : : : X n (n ¸ 2), is

Bn =

2

6
4

Z 1

0

(1 + n»)(n¡ 1)=2 e1=(2»)

³
1 + (n¡ 1)n»

n¡ 1+ t2
n

´ n=2 p
2¼»3=2

d»

3

7
5

¡ 1

;

wheretn is the usualt-statistic.

A simpli¯cation : It is convenientto considerthe sequential

test in terms of the sequenceB1; B2; : : : ; insteadof the

original data. We monitor this sequenceas data arrive,

decidingwhento stop the experimentand make a decision.

Note: If H0 and H1 haveequalprior probabilitiesof 1=2, then

the posterior probability of H0 is Bn=(1 + Bn)
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A surprising fact: A slight modi¯cation of this Bayesian

t-test is a conditionalfrequentisttest suchthat

®(s) = Pµ0 (Type I errorjs)

= B N
1+ B N

(also the posterior probability of H 0),

and the \average"Type II error is 1
1+ B N

, alsothe posterior

probability of H1.

(The modi¯cation, T¤
1 , is the introduction of a \no decision"

regionin the acceptanceregion,whereif 1 < BN < a, one

states\no decision".)

(Berger,Boukai and Wang, Stat.Sci 1997,Biometrika 1999)
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Example: The data aroseasdi®erencesin time to

recoverybetweenpairedpatientswho wereadministered

di®erenthypotensiveagents.

TestingH0 : µ = 0 versusH0 : µ 6= 0 is thus a test to

detecta meandi®erencein treatmente®ects.
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The stopping rule (an example):
If Bn · R, Bn ¸ A or n = M , then stop the experiment.

In tuition:
R = \o ddsof H0 to H1" at which onewould wish to stop

and reject H0.

A = \o ddsof H0 to H1" at which onewould wish to stop
and acceptH0.

M = maximumnumber of observationsthat can be taken

Example:
R = 0.1 (i.e., stop when1 to 10 oddsof H0 to H1)
A = 9 (i.e., stop when9 to 1 oddsof H0 to H1)
M = 62

Note: any stoppingrule couldbe usedjust aseasily.
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The test T¤
1 : If N denotesthe stoppingtime,

T¤
1 =

8
>>>>>>><

>>>>>>>:

if BN · 1, reject H0 and report Type I CEP

®¤(BN ) = BN =(1 + BN ) ;

if 1 < BN < a, make no decision;

if BN ¸ a, acceptH0 and report the `average'

Type II CEP¯ ¤(BN ) = 1=(1 + BN ):

Example: a = 3:72 (found by simulation).For the actual

data, the stoppingboundary would havebeenreached

at time n = 52 (B52 = 9:017> A = 9), and the

conclusionwould havebeento acceptH0, and report

error probability ¯ ¤(B52) = 1=(1 + 9:017)¼ 0:100.
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COMMENTS

² T¤
1 is fully frequentist(and Bayesian).

² The conclusionsandstoppingboundary all havesimple

intuitive interpretations.

² Computationis easy(exceptpossiblycomputinga, but

it is rarely neededin practice):
{ No stochasticprocesscomputationsare needed.

{ Computationsdo not changeas the stoppingrule
changes.

{ Sequentialtesting is aseasyas ¯xed samplesizetesting.
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² T¤
1 essentiallyfollows the StoppingRulePrinciple,

whichstatesthat, upon stoppingexperimentation,

inferenceshouldnot dependon the reason

experimentationstopped.

² This equivalenceof conditionalfrequentistandBayesian

testingappliesto most classicaltestingscenarios.
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Methodologiesfor Objective
BayesianModelSelection

71



La Habana, November 2001
'

&

$

%

Main Di±cult y with Bayesianmodel selection:
Noninformativepriors (

R
¼(µ)dµ = 1 ) cannotgenerally

be usedfor model selectionor hypothesistesting. (They

can be usedin Bayesianestimationand predictiveproblems,

and in hypothesistesting or model selectionwherethe

di®eringmodelshavethe sametype of parameters,e.g., in

the location-scaleexample.)

Solutions:

² Conventionalproper priors: we illustrate with an
astronomicalexample

² Asymptotics,suchas BIC

² Training samplemethods: herewe discussthe \intrinsic

Bayesfactor" approach(Bergerand Pericchi,1996).
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ConventionalProper Prior Approach

Example:BayesianModel Selection and
Analysis for CepheidStar Oscillations
(Berger,Je®erys,MÄuller, and Barnes,2001)

² The astronomicalproblem

² Bayesianmodel selection

² The data and likelihood function

² Choiceof prior distributions

² Computationandresults
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TheAstronomicalProblem
² A Cepheidstar pulsates,regularly varying its luminosity

(light output) andsize.

² From the Dopplershift as the star surfacepulsates,one

cancomputesurfacevelocitiesat certainphasesof the

star's period, thus learning how the radiusof the star

changes.

² From the luminosity and`color' of the star, onecan

learn about the angular radiusof the star (the angle

from Earth to oppositeedgesof the star).

² Combining,allows estimationof s, a star's distance.
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CurveFitting
To determinethe overallchangein radiusof the star over

the star's period, the surfacevelocity must be estimatedat

phasesother than thoseactuallyobserved,leadingto a

curve¯tting problem(alsofor luminosity). Di±culties:

² Observationshavemeasurementerror.

² Phasesat whichobservationsare madeare unequally

spaced.

² 100possiblemodels(curve¯ts) are entertained.

² Resultingmodelshavefrom 10 to 50 parameters.
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OtherStatisticalDi±culties

² All uncertainties(measurementerrors, model

uncertainty andestimatedcurveinaccuracy)needto be

accountedfor.

² Thereare signi¯cant nonlinear featuresof the model.

² Prior information, suchasunderstandingof the

Lutz-Kelker bias,needsto be incorporated into the

analysis.
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BayesianAnalysiswith UncertainModels
² The data, Y , arisesfrom oneof the models

M1; : : : ; M q.

² UnderM i , the density of Y is f i (y j µi ).

² µi is an unknown vector of parametersunderM i .

² Specifyprior probabilitiesof models(usually1=q).

² Prior distributions¼i (µi ) for the µi are speci¯ed.

² Bayestheorem then givesthe model posterior

probabilities(and posterior distributionsof the other

unknowns).
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ModelAveraging
² SupposeModels5, 6, and7 haveposterior probabilities

0.34,0.56and0.10, respectively.

² Model uncertainty is then handledby Bayesianmodel

averaging:if Models5, 6, and7 provideddistance

estimatesof 750,790,and800parsecs,the

`model-averaged'distanceestimatewould be

(0.34)750+ (0.56)790+ (0.10)800= 777.4parsecs.

² The `model-averaged'variancecanalsobe computed;it

canbe severaltimesthat of a singlemodel.
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TheDataandStatisticalModel
² Data:

{ m observedradialvelocitiesUi ; i = 1; : : : ; m .

{ n vectors of photometrydata consistingof
luminosity Vi ; i = 1; : : : ; n, andcolor index
Ci ; i = 1; : : : ; n.

² Speci¯ed standard deviations¾Ui , ¾Vi , and¾Ci ;
unknown adjustmentfactors are inserted,leadingto
variances¾2

Ui
=¿u, ¾2

Vi
=¿v, ¾2

Ci
=¿c.

² The statisticalmodel for measurementerror:

Ui » N (ui ; ¾2
Ui

=¿u);
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Vi » N (vi ; ¾2
Vi

=¿v);

Ci » N (ci ; ¾2
Ci

=¿c);

whereui , vi , andci denotethe true unknown mean

velocity, luminosity, andcolor index.

² De¯ne Gu andGv to be the known diagonalmatrices

of the variances¾2
Ui

and¾2
Vi

.
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CurveFitting I: FourierAnalysis
² Model the periodic velocities,u, astrigonometric

polynomials.For the velocity u at phaseÁ,

u = u0 +
MX

j =1

[µ1j cos(j Á) + µ2j sin(j Á)];

whereu0 is the meanvelocity andM is the (unknown)

order of the trigonometricpolynomial.

² Thereis a similar polynomialmodel for luminosity, v,

havingunknown order N .
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Statistically, thesetrigonometricpolynomialmodelscanbe

written asthe linear models

U = u01 + X uµu + " u and V = v01 + X vµv + " v;

² u0 andv0 are the (unknown) meanvelocity and

luminosity and1 is the columnvector of ones.

² X u andX v are matricesof the trigonometric

covariates(e.g., termslike sin(j Á));

² µu andµv are the unknown Fouriercoe±cients;

² " u and" v are independentlymultivariate normal errors:

N (0; Gu=¿u) andN (0; Gv=¿v).
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Color neednot be modeledseparately becauseit is related

to luminosity (v) andvelocity (or changein radius)by

ci = a[0:1vi ¡ b+ 0:5log(Á0 + ¢ r i =s)];

wherea andb are known constants,Á0 ands are the

angular sizeanddistanceof the star, and¢ r , the changein

radiuscorrespondingto phaseÁ, is givenby

¢ r = ¡ g
MX

j =1

1
j

[µ1j sin(j (Á ¡ ¢ Á)) ¡ µ2j cos(j (Á ¡ ¢ Á))];

with `phaseshift' ¢ Á andg a known constant.
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ObjectivePriors with UncertainModels
² For estimationwithin onemodel, objectiveprior

distributionsare readilyavailable(Je®reys-rulepriors,

maximumentropy priors, referencepriors).

Example:If µ is an unknown normal mean,use

¼(µ) = 1.

² Theseare typicallyimproper (integrateto in¯nit y); this

is not a problemfor estimation,but for testingand

model selectionis usuallyinappropriate.

² Variousguidelinesfor choiceof priors in model selection

havebeengiven: hereare threewe need.
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CommonModelParameters
² Whenall modelshave`common'parameters,they can

be assignedthe usualimproper objectiveprior.

Example:All Cepheidradialvelocity modelshave

commonmeanlevelu0; it is okay to assignthe usual

objective(improper) prior ¼(u0) = 1.

² This is generallytrue if modelshavethe same`location

parameters'(as above)or `scaleparameters'(as in a

normal variance).

² For discussionof other typesof `commonparameters',

seeBergerandPericchi(2001).
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Priors for GeneralLinear Models:
Y = µ01 + X µ + "

² Y = (Y1; : : : ; Yn)0 are observations(e.g., radial

velocities in the Cepheidproblem);

² X is the matrix of covariates(e.g., termslike sin(j Á)

from trigonometricpolynomials);

² µ is an unknown vector (e.g., Fouriercoe±cients);

² 1 is a vector of onesandµ0 the unknown meanlevel;

² " is N (0; ¾2G), whereG (e.g., the diagonalmatrix of

measurementvariances)is known.
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² The recommendedprior (from ZellnerandSiow, 1980)

{ for µ0 is ¼(µ0) = 1;

{ for µ, given¾2, is Cauchy(0; n¾2(X 0G¡ 1X )¡ 1); for

computationalconvenience,this canbe written in

two stagesas

¼(µ j ¾2; ¿) is N (0; ¿n¾2(X 0G¡ 1X )¡ 1);

¼(¿) =
1

p
2¼¿3=2

exp(¡
1
2¿

):
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Choiceof CepheidPrior Distributions
² The ordersof the trigonometricpolynomials,(M ; N ),

are givena uniform distributionup to somecut-o®

(e.g., (10; 10)).

² ¿u, ¿v, ¿c, whichadjust the measurementstandard

errors, are giventhe standard objectivepriors for `scale

parameters,'namelythe Je®reys-rulepriors ¼(¿u) = 1
¿u

,

¼(¿v) = 1
¿v

, and¼(¿c) = 1
¿c

.

² The meanvelocity and luminosity, u0 andv0, are

`locationparameters'andsocanbe assignedthe

standard objectivepriors ¼(u0) = 1 and¼(v0) = 1.
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² The angular diameterÁ0 and the unknown phaseshift

¢ Á are alsoassignedthe objectivepriors ¼(¢ Á) = 1

and¼(Á0) = 1. It is unclear if theseare `optimal'

objectivepriors but the choicewasfoundto have

neglibleimpact on the answers.

² The Fouriercoe±cients,µu andµv, occur in linear

models,so the Zellner-Siow priors canbe utilized.
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² The prior for distances of the star shouldaccountfor

{ Lutz-Kelker bias: a uniform spatialdistributionof

Cepheidstars would yielda prior proportional to s2.

{ The distributionof Cepheidsis °attened wrt the

galacticplane;we usean exponentialdistribution.

So,we use ¼(s) / s2 exp(¡j ssin¯ j=z0),

{ ¯ beingthe known galacticlatitude of the star (its

angleabovethe galacticplane),

{ z0 beingthe `scaleheight,' assigneda uniform prior

overthe rangez0 = 97§ 7 parsecs.
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Computation
A reversible-jumpMCMC algorithm of the type reviewed in

Dellaportas, Forster andNtzoufras(2000) is usedto move

betweenmodelsandgenerateposterior distributionsand

estimates.

² The full conditionaldistributionsfor the varianceand

precisionparametersandhyperparametersare standard

gammaand inverse-gammadistributionsandare

sampledwith Gibbssampling.

93



La Habana, November 2001
'

&

$

%

² For ¢ Á, Á0 ands, we employ a random-walk Metropolis

algorithm using,asthe proposaldistribution,a

multivariate normal distributioncenteredon the current

valuesandwith a covariancematrix foundfrom

linearizing the problemfor thesethreeparameters.

² The Fouriercoe±cientsµu andµv, aswell asu0 and

v0, are alsosampledvia Metropolis. The natural

proposaldistributionsare foundby combiningthe

normal likelihoods with the normal part of the

Zellner-Siow priors, leadingto conjugatenormal

posterior distributions.
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² Proposalfor movesbetweenmodels:

{ A `burn-in'portion of the MCMC with uniform

model proposalsyieldedinitial posterior model

probabilities,whichwerethen usedasthe proposal

for subsequentmodel moves.

{ Simultaneously, newvalueswereproposedfor the

Fouriercoe±cients.

² The proposaldistributionslistedaboveleadto a

well-mixedMarkov chain,so that only 10,000iterations

of the MCMC computationneededto be performed.
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Resultsfor otherparameters
² Estimates,standard errors, etc., for anyof the

unknownsor parametersin the model are alsoavailable

from the MCMC computation.

² The MCMC computationalstrategydiscussedabove

will automaticallyperform `model-averaging'overthese

models,whencomputingposterior quantitiesof interest.

² The simulationhistory of a parametercanbe graphed

to checkthe mixingof the Markov chain(and thus

assessthe validity of the computation).
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T Mon: Parallax
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AsymptoticApproachesto ModelSelection
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TrainingSampleMethodsof ModelSelection
Example:the median intrinsic Bayesfactor
(BergerandPericchi,1998)

Data: X 1; X 2; : : : ; X n are N (µ; 1)

Models: M 1 : µ = 0, M 2 : µ 6= 0

Noninformative prior:
Pr (M1) = Pr (M 2) = 1

2;
UnderM 2, ¼2(µ) = 1

(Formal) Bayesfactor:

B =
f (xj0)

R
f (xjµ) (1)dµ

=
1

p
n

e¡ n
2 ¹x2
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(Formal) posterior probability of M 1:

P1 =
1

1 + B ¡ 1
= (1 +

p
n e¡ n

2 ¹x2
)¡ 1

Redothis; probablydrop the posterior probability thing,

sincemedianmay make no sensehere.

Note: This is not legitimate,since¼(µ) was improper and

M1 andM2 do not both havean unknown location

parameter.
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Obtaininga proper prior by useof a
trainingsample:

Chooseoneobservation,say xi , andcompute

¼2(µjxi ) =
1

p
2¼

e¡ 1
2 (µ¡ x i )2

(proper):

Usethis on the remainingdata, x (i ) , to computethe

posterior probability of M j :

P1 = 1 ¡ P2 = [1 +
p

n e
n
2 ¹x2

e¡ 1
2 x2

i ]¡ 1:
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Findthe \MedianIntrinsic"posterior
probability:

Choosethe medianof P1 (and P2) overall choicesof xi ,

leadingto

Pmed
1 = 1 ¡ Pmed

2 = [1 +
p

n e
n
2 ¹x2

e¡ 1
2 medf x2

i g]¡ 1

as the recommendedconventionalposterior probabilitiesof

M1 andM2.
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GeneralAlgorithm:
² Beginwith noninformativepriors, ¼N

i , for the

parametersµi in the model M i (¼N
i (µi ) = 1 is okay).

² De¯ne a \minimal training sample,"x¤ = (x¤
1; : : : ; x¤

l ),

as the smallestsubsetof the data suchthat the

posterior distributions¼N
i (µi jx¤) are all proper.

(Usually, l = # parameters.)

² Computethe posterior probabilitiesof all modelsusing

the ¼N
i (µi jx¤) aspriors, for the remainingdata.

² Do this for everypossibleminimaltraining sample,x¤,

and take the medianof the results.
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Formula:

Pi = `intrinsicmedian'posterior probability ofM i

= Median

(
mN

i (x)
mN

i (x¤)
P m

j =1 (mN
j (x)=mN

j (x¤))

)

;

wheremN
i (x) =

R
f i (xjµi )¼N

i (µi )dµi .

Note: Whenthe number of possibletraining samplesis

large,oneneedonly samplefrom them and take the median

posterior probability overthosesampled.Indeed,if n is the

samplesizeof the data, it usuallysu±cesto draw just n

(sets)of training samples.
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Example:Hald regressiondata

Possibleregressors: X 1; X 2; X 3; X 4

Models: Y = ¯ 0 + ¯ 1X 1 + ¯ 2X 2 + ¯ 3X 3 + ¯ 4X 4 + ² ,
² » N (0; ¾2)
Models; choosesomesubsetof regressors

Notation: Model f 1,3,4g means
Y = ¯ 0 + ¯ 1X 1 + ¯ 3X 3 + ¯ 4X 4 + ²

Noninformativepriors: ¼(¯ ; ¾) = 1=¾

Minimal training samples:x¤ consistsof anysubsetof six
distinct observations(sincethereare a maximumof six
unknown parameters,including¾2).
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Formula for mN
i :

mN
i (x) =

¼ki =2¡(( n ¡ ki )=2)
q

det(X t
(i )X (i ) )R

(n¡ ki )=2
i

;

where,for model M i , ki is the number of regressors plus

one,X (i ) is the designmatrix, andRi is the residualsumof

squares.
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Answers:

model posterior probability

f 1,2,3,4g 0.049

f 1,2,3g 0.171

f 1,2,4g 0.190

f 1,3,4g 0.160

f 2,3,4g 0.041

f 1,2g 0.276

f 1,4g 0.108

f 3,4g 0.004

others < 0.0003
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Do a slidegivingthe variableinclusionprobabilities,andalso

do a slidethat doesthe Stewart thing: point massat zero,

givingthe probability that a parameteris zero,plusthe

posterior distributionof the parametergiventhat it is

included.Perhapsrefer to utilities, saying that by lookingat

this graphonecanalsodecideto set a variableto zero

becausethe posterior is socloseto zero. Do bivariate

inclusionprobabilities?(Luis'sstudent?)
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Testingwhenthereis no
alternativehypothesis
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Mo del underconsideration:H0 : X » f (x j µ);

observeddata is xobs

Av ailable prior (usuallynoninformative): ¼(µ)

Test statistic: T = t(X ), largevaluesbeing`surprising'

and indicatingdoubt concerningthe model.

Basic question: How shouldonequantify the surprisein

a largevalueof T?

The di±cult y: Thereis no alternative,H1, to H0, soa

Bayesiananalysisis precluded.
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Methodsof MeasuringSurprise
see(Bayarri and Berger,1998) for generalcomparison

² Embed f (xjµ) in a nonparametricdefaultalternative
H1, andperform a Bayesiantest of H0 versusH1.

² Computea p-value: p = Pr (t(X ) ¸ t(xobs)) .
Key issue:what probability measureshouldbe used
whenµ is unknown?

² Many other surprisemeasuresbasedon likelihood ratio
andother ideas.
(Weaver, 1948; Good, 1956, 1983, 1988; Berger, 1985; Evans, 1997)

² We baseour surprisemeasureon p-valuesbut
recalibrate for easierinterpretation.
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Prop osed Calibration: B(p) = ¡ eplog(p) for p < e¡ 1

and interpret this asthe \o dds" of H0 : X » f (xjµ), to

H1: f is wrong

Frequen tist motiv ation: It exactlycorrespondsto the

calibration proposedfrom the conditionalfrequentist

perspective: if both hypothesisare equallylikely a priori,

then B(p) givesriseto a posterior probability for the

null equalto the lower boundon the Type I CEP.

Bayesian motiv ation: This convertsa p-valueinto a

Bayesfactor, in particular, into a reasonablelower

bound on the Bayesfactor of H0 to H1. (Sellke, Bayarri,

Berger, 2001)
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Exampleof a lower boundon the Bayesfactor:

Null model: H0 : X 1; X 2; : : : ; X n
i:i:d:» N (0; 1)

Test statistic: T(X ) = j ¹X j

P-value: p = Pr (j ¹X j > j ¹xobsj) = 2(1 ¡ ©(
p

nj ¹xobsj)

Suppose we had the alternative

H1 : X 1; X 2; : : : ; X n
i:i:d:» N (µ; 1); µ 6= 0

Considerthe prior on µ underH1

¼(µ) 2 ¡ US = f unimodal andsymmetricpriors g

ComputeB = inf ¼2 ¡ U S ( Bayesfactor of H0 to H1)
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p 0:1 0:05 0:01 0:001

B 0:6393 0:4084 0:1223 0:01833

B(p) = ¡ eplogp 0:6259 0:4072 0:1252 0:01878

The calibration is alsoreasonablein high-dimensional

problems.
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Predictivep-values
Issue: How to compute

p = Pr (t(X ) ¸ t(xobs))

whenX » f (xjµ) andµ is unknown.

Classical Approac hes:

1. Replaceµ by µ̂

2. Find a statistic U(X ) suchthat f (TjU; µ) = f (TjU)

doesnot dependon µ

3. Modi¯cations basedon asymptotics

4. Posterior predictivep-value(Guttman, 1967,Rubin,
1984)
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Partial Posterior Predictivep-values
De¯nition

¼(µjxobsntobs) / f (xobsjtobs; µ)¼(µ) /
f (xobsjµ)¼(µ)

f (tobsjµ)

m(t jxobsntobs) =
Z

f (tjµ)¼(µjxobsntobs) dµ;

pppp = Pr m(¢jx obs ntobs ) (t(X ) ¸ t(xobs) :

Nice Features

² Emphasizesmodel (not prior) checking

² Noninformativepriors canbe used

² E®ectively, thereis no doubleuseof the data
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² No extradi±culty in discreteproblems

² Computationsare relativelyeasy, especiallywhen

f (tjµ) is in closedform

Not so nice features

² m(t jxobsntobs) doesnot havea clear Bayesian

interpretation
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Example: H0 : X 1; X 2; : : : ; X n
i:i:d:» Ex(¸ )

² Orderstatistics: X (1) < : : : ; X (n) ; S =
P n

i=1 X i

² Discrepancystatistic: T = X (1) (checkingleft tail)

² Noninformativeprior ¼(¸ ) = 1=¸

² ¼(¸ jxobsntobs) :

f (xobsj¸ )¼(¸ )
f (tobsj¸ )

=
¸ n¡ 2e¡ ¸ (sobs ¡ nt obs )

¡( n ¡ 1)(sobs ¡ nt obs)¡ (n¡ 1)

² m(t jxobsntobs) :

Z
f (tj¸ )¼(¸ jxnt) d¸ =

n(n ¡ 1)(sobs ¡ ntobs)n¡ 1

(nt + sobs ¡ ntobs)n
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² partial predictivep-value:p1 =
³
1 ¡ nt obs

sobs

´ (n¡ 1)

² plug-inp-value:p2 = exp(¡ n2 tobs=sobs)

² posterior predictivep-value:p3 =
³
1 + nt obs

sobs

´ ¡ n

² Note: asntobs=sobs ! 1 (\sure" evidenceagainstH0),

p1 ! 0, p2 ! e¡ n , p3 ! 2¡ n .
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Computation

pppp =
Z

Pr (t(X ) ¸ t(xobs)jµ) ¼(µjxobsntobs) dµ

¼(µjxobsntobs) =
f (xobsjµ)¼(µ)=f (tobsjµ)

R
f (xobsjµ)¼(µ)=f (tobsjµ) dµ

Straigh t Mon te Carlo:

² Generateµj » ¼(µjxobsntobs); j = 1; : : : ; m, by, say,

Metropolis using¼(µjxobs) as probing and moving from µj

to µ¤ with probability minf 1; f (tobsjµj )=f (tobsjµ¤)g.

² GenerateX j » f (xobsjµj ); j = 1; 2; : : : ; m

² p̂ppp = 1
m ( number of t(X j ) ¸ t(xobs))
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Imp ortance Sampling:

² Generateµj » ¼(µjxobs)

² p̂ppp =
P m

i =1
Pr (T ¸ tobs jµj )=f (tobs jµj )P m

i =1
1=f (tobs jµj )
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Theorem (Robins, 1998): Underregularity conditions,the

partial predictivep-valueis (asymptotically)a true

frequentistp-value.The plug-inp-valueand the

posterior predictivep-valueare conservative(meaning

they canfail to detecta badmodel), with the posterior

predictivep-valuebeingworst.

Note: The plug-inandthe posterior predictivep-valuescan

be arbitrarily bad,evenp(x) ´ 1
2 in the limit, if T is

chosenpoorly.

125



La Habana, November 2001
'

&

$

%

Conclusions
IF

(i) You want to checkcompatibility of data with a model

without (initially) consideringalternatives;

(ii) You havea statistic T(X ) whichyou feelwould

measurethis compatibility;

THEN

(i) Computethe partial posterior predictivep-value;

(ii) ComputeB(p) = ¡ ep log(p) and interpret this asa

lower boundon the oddsin favor of H0.
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