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selectionand hypothesistesting

2 Conditionalfrequentisttesting
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2 Testingwhenthereis no alternativehypothesis
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Basics
2 Brief Histay of Bayesianstatistics

2 Basicnotionsof Bayesianhypothesistesting (through
an example)

2 Dizxculties in interpretation of p-values

2 Notation and examplefor model selection
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Brief Histay of (Bayesian)Statistics
1760 { 1920 : StatisticalInferencewas primarily Bayesian
Bayes (1764) : Binomialdistribution,”{y) = 1.

Laplace (..., 1812) : Manydistributions,¥{u) = 1.
Edgew orth

Pearson
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A curiosit y - the name:
1764{ 1838: called\probability theay"

1838{ 1945: called\inverseprobability" (namedby
Augustusde Morgan

1945{ : called\Bayesiananalysis"

1929 { 1955 : Fisheriamand Frequentistapgoaches
develogd and becamedominant,becausenown one
coulddo practical statistics\without the logical°aws
resultingfrom always using4p) = 1."
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Voices In the wilderness:

Harold Je®reys: xed the logical®aw in inverse
probability (objectiveBayesiananalysis)

Bruno de Finetti and others: develogd the logically
soundsubjectiveBayesschal.

1955 { : Reemergencef Bayesiananalysisand

developmenbf Bayesiantestingand model selection.
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Psychokineskxample

The experiment:

Schmidt,Jahnand Radin(1987) usedelectronicand
guantum-mechanicabndomeventgeneratos with visual
feedbackthe subjectwith allegedpsychokineti@ability tries
to \in°uence" the generato.

{ Streamof particlesarrive at a quantumgate'; each
goesonto eitheraredor a greenlight

{ Quantummechanicsmpliesparticlesare 50/50 to goto
eachlight

{ Individualtriesto \in°uence" paticlesto go to redlight
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Data and model:

2 Each\particle" is a Bernoullitrial (red= 1, green= 0)
L= probability of \1"
n = 104 900 000trials
X = # \successes(# of 1's), X » Binomial(n; [
X = 52,263 000is the actualobservation

TotestHy: g = % (subjecthasno in°uence)
versusH; : 4 6 2 (subjecthasin°uence)
2 P-value= P“:%(X . X) ¥ :0003

|s there strongevidencegainstH (i.e., strong
evidencehat the subjectin®uencesthe paticles) ?
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Bayesian Analysis: (Je®erys,1990)

Prior distribution:
Pr(H;) = prior probability that H; istrue, 1 = O; 1;
On H;:u6 % let Y1) be the prior densiy for LL

SubjectiveBayes: choosethe Pr(H;) and¥{|) basedon
personabeliefs

Objective(or default) Bayes: choose
Pr(Ho) = Pr(Hy) = 3
AW =1 (on0< p< 1)
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Posteria distribution:
Pr(Hgjx) = probability that Hg true, givendata, X
_ f (xjp=3) Pr(Hy)
~ Pr(Ho)f(xjp=3)+ Pr(Hy) f(xjw¥%pdu
For the objectiveprior,
Pr(Hgx = 52263 000) ¥4 0:94
(recall, p-value¥s .0003

Key ingredientdor Bayesianinference:
{ the modelfor the data
{ the prior Y{L)
{ ability to computeor apgoximateintegrals
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Bayes Factor:

An “objective'alternativeto choosingPr(Hg) = Pr(Hy) = 3

IS to report the Bayesfactor

likelihood of obsened data under Hg

Boi = “averag® likelihood of obsened data under H;
f(Xjp=3)
= R — =< Y4154
o F (Xi ¥(Wdy
. Pr(Hojx) _ Pr(Ho)
NOte: pr(apg = pray B Bo
(posteriao odds) (prior odds) (Bayesfactor)

S0 By, Is often thought of as\the oddsof Hgy to H4
providedby the data"
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BayesianRemrting iIn Hypothesislesting

2 The completeposteria distributionis givenby
{ Pr(Hgjx), the posteria probability of null hypothesis
{ Y4Ux; Hy), the posteria distribution of g underH,

2 A usefulsummary of the completeposterio is
{ Pr(Hojx)
{ C, a(say) 95% posteria credibleset for punderH;
2 In the psychokinesisxample
{ Pr(Hgjx) = :94; qivesthe probability of Hg
{ C = (:50008:50027); shavswherepisif Hq istrue
2 For testing precisehypothesescon denceintervals
aloneare not a satisfactoy inferentialsummay
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Crucial point: Inthis examplep= 5 (or p%:5) is
plausible.If u= :5 hasno specialplausibiliy, a di®erent
analysiswill be calledfor.

Example: Quality controlfor truck transmissions
{ U= % of transmissionghat last at least250,000miles
{ the manufacturerwants to report that pis at least1=2
{ test Hp:u, 05 vs Hy:u< 05

Herep = :5 hasno special plausibility.

Note: whetheronedoesa one-sidedr two-sidedtest is
not veryimportant. What is important is whetheror
not a point null hasspecialplausibiliy.
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Clash between p-values and Bayesian
answers

In the examplethe p-value¥s :0003 but the posteria
probabilily of the null %2 0:94 (equivalentlythe Bayes
factars gives¥s 15.4 oddsin fava of the null). Couldthis
con’ict be becauseof the prior distributionused?

2 But it was a neutral, objective prior.

2 Any sensibleprior producesBayesfactors ordersof
magnitudelarger than the p-value. For instance,any
symmetric(around :5), unimodal prior would producea
Bayesfactor at least 30 times larger than the p-value.
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An

2

P-v alues also fail frequen tist evaluations

Example

ExperimentaldrugsD,; D,; D3;:::; areto be tested
(sameillnessor di®erentlinessesindependenttests)

For eachdrug, test
H,: D; hasnegligiblee®ect vs
H>: D; ise®ective

Observegindependent)data for eachtest, and compute
eachp-value(the probability of observinghypothetical
data asor mare \extreme" than the actual data).

%
15



La Habana, November 2001

2 Resultsof the Testsof the Drugs:

TREATMENT D1 D2 D3 D4 D5 D6
P-VALUE 0.41 | 0.04 | 0.32 0.94 0.01 | 0.28
TRATAMIENTO D7 D8 D9 D10 D11 | D12
P-VALOR 0.11 | 0.05 | 0.65 | 0.009 0.09 | 0.66

2 Question:How stronglydo we believethat D; hasa
non negligiblee®ectwhen:
(1) the p-valueis appoximately:05?
(i) the p-valueis appoximately:01?
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A surprising fact:

Supposeit Is known that, a priori, about 50% of the D; will
havenegligiblee®ect. Then

(1) of the D; for whichp-value ¥ 0.05, at least 25%
(and typicallyover50%) will havenegligiblee®ect;

(i) of the D; for whichp-value % 0.01, at least 7%
(and typicallyover15%) will havenegligiblee®ect;

(Bergerand Sellle, 1987, Bergerand Delampady 1987)
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An Interesting simulation for
normal data:

2 Generateandomdata from Hy, and seewherethe
p-valuesfall.

2 Generateandomdata from H 1, and seewherethe
p-valuesfall.

UnderH g, suchrandomp-valueshavea unifam distribution
on (0; 1).
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UnderH,, \random data" might arisefrom either:
() Pickinga p 6 0 andgeneratinghe data

(i) Pickingsomesequenc®f U's and generatinga
caresmpndingsequencef data

() Pickinga distribution¥{p) for |; generatingd's from ¥
andthen generatingdata from thesep's

Example : Picking¥{W) to be N (0;2) andn = 20, yields
the following fraction of p-valuesin eachinterval
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Surprise : No matter how onegeneratesrandom"
p-valuesunderH {, at most 3.4%will fall in the interval
(:04; .05), soa p-valuenea :05 (i.e., |t} nea 1.96)
providesat most 3.4to 1 oddsin fava of H,
(Bergerand Sellle, J. Amer.Stat. Assa., 1987)

Message : Knowingthat datais \rare" underHg is of
little useunlessonesdeterminesvhetheror not it 1s
also\rare" underH .

In practice : For moderateor large samplesizes data
underH,, for whichthe p-valueis between0:04 and
0:05, is typicallyasrare or mare rare than data under
Ho, sothat oddsof about 1 to 1 are thenreasonable.
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The previoussimulationcan be perfamedon the web, using
an appletavailableat:

http://www.stat.duke.edub> berger
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Notation for general model selection

Under model M; :
Densiy of X: fi(Xjui), ki unknavn parameters
Prior densiy of 1. Y41;)
Prior probability of model M;: RP(Mi), (= g here)
Marginal densiy of X: mi(x) = f;(XJWi) ¥ (i) du,;
Posteria densiy: Y{ijx) = fi(XJHi)Ya(i)=m;i(X)

Bayes factor of M; to Mj: Bji = mj (x)=m;(x)
Posterior probabilit y of M;: H
P

| .
ix)= P PMOm) _ g PMpg. il
P(Mijx) =B L PMpmj(x) — 1= PV, F(M) il
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Particular case : P(M;) = 1=q:

mi(x) 1

- D

jq:1 m; (X) jqzl Bji

P(Mijx) = mi(x) = P

Reporting : It isusefulto sepaatelyreport f ;(x)g and
fP(M;)g. Knowingthe h; allovs computationof the

P(M;) f;(x)
iz P(Mj) i (x)

P(M,jX) = P

for any prior probabilities.
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Examp|e(location-scale)

1 “Xii 1 1

1l 3 = __
f(le’ @ 3/4g 3/4

Several models are entertained:
Mn: giIsN(0O;1)
My: gis Unifam (0O; 1)
Mc: gis Cauchy(0; 1)
M_: g is Left Exponential( ;e ", x - 1)
My : gis Right Exponential( 3 e *i ") x 1)
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Dizcult y: Sincethesemodelsare not nested,and since
thereare no low dimensionasu+cient statisticsfor all
models,classicamodel selectionis dixcult and would
typicallyrely on asymptotics.

Prior distribution: choose

_ 1 - 1.
P(Mi)—a—g,

the noninfomative prior Y{p;) = %% %) = 5

A
Marginal distributions, mN (xjM), for thesemodels
canthen be calculatedin closedform.
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2 Q, M xie ! 1
HeremM (xjM ) = w1 30 T3 5, dtd¥% Forthe
‘ve models,the marginalsare
. N (yi — i(( Ny 1)=2)
1. Namal: m™ (xjMy) = Q2 R (i %)7) ™ D7
: . AN (v _ 1
2. Unifam: m"™ (x]My) = N (i D)0k Xy )™ !
3. Cauchy:mN (xjM¢) is givenin Spiegelhalte(1985).
1. : _ (nj 2)!
4. Left Exponential: mN (xjM ) = CONEALE!
5. Right Exponential: mN (xjMg) = (ni 2)!
| | RJT (i xg) it
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Considefour classiadatasets:
2 Darwin'sdata (n = 15)
2 Cavendish'slata (n = 29
2 Stigler'sData Set9 (n = 20)

2 A randomlygeneratedCauchysample(n = 14)
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The objectiveposteria probabilitiesof the ve models,for
eachdata set,
mN(XjM): mN(XJM)

are asfollows:

mN (xjMy ) + mN (xjMy) + mN (xjMc) + mN (xjM) + mN (xjMR)[

Dat a Models
set Normal | Unifoom | Cauchy| L. Exp. | R. Exp.
Darwin 390 .056 430 124 .0001
Cavendish  .986 .010 004 | 4£10'8 | .0006
Stigler9 | 7£10 8 | 4£10 °> | .994 006 | 2£10 13
Cauchy | 5£10' 3 | 9£10 12 | 9999 | 7£10 18 | 1£10 4
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Part | Conclusions

2 Pr(Hgj x) or B canbe much largerthan a
caresndingp-value.

2 Bayesfactars are usefulfor communicatingwhat the
data says," sepaate from the Pr(H;).

2 Whentesting, onemust think carefully about whethera
‘precisenull’ is believable.

2 Onecannotgenerallytest from con denceintervals.
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Motivationfor the Bayesiamappoachto
Model Selectiorand Hypothesislesting
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2 Seguentiahnalysis

Outline

2 "Standad' motivations

2 Conditionalfrequentisttesting
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Why BayesFactas (or ;) ?
1. Easyto interpret (in contrastwith, say, p-values)

2. Consistency
A. If oneof the M istrue,thenm;! lasn! 1

B. If someother model, M °, is true, f; ! 1 for that
model closestto M * in Kullback-Leiblerdivergence

(Berk, 1966, Dmochowski, 1994)
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3. Predictiveoptimality

B.

A. The m; are the basicquantitiesin predictive model

averagingschemes.

If a singlemodelis to be chosen that with the largest
Mm; Is often best predictively

Example. Supposeq= 2 andit is desiredto predict a
future observationY underlossL(j¥ ; Yj), whereL is
nondecreasinglf P(M1) = P(M>), then the model
with the largest; givesthe best prediction.

. In other contexts(e.g., nonpaametric regression)the

optimal predictive model is the median prolability
model (the model that includesonly variableswhose
posteria model inclusionprobabilitiesexceedl/2).

4. BayesFactas automaticallyseekparsimony;no adhac

penaltiesfor model complexiy are needed.
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5. The appoachis viablefor any models,nestedor

non-nestedregula or irregula, large or smallsample
sizestwo or multiple models.

Example: In the location-scaleexample ,we choseamong
‘ve non-nestedmodels,with smallsamplesizes,irregula
asymptotics,and no suzcient statistics (of xed
dimension).

. Easeof applicationin sequentiabcenaos (no needto
‘spend® whenlooking at the data)

. In manyimportant situationsinvolvingtesting of M ,
versusM,, h; andm, are optimal’ conditional
frequentisterra probabilitiesof Type | and Type II,
respectively
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6. Sequentiahnalysiss no mae dixcult
Ex: Sequential y testing multiple hypothesis

Data: d; isthe observedreatmentdi®erencdor subjecti
treatedwith two hypotensiveagents(Robertsonand
Armitage, 1959; Armitage, 1975). (Heret denotesthe
t-statistic and sq the samplestandad deviation.)

To Test: Hy:u= 0versusH, : u< OversusHs; : u> 0.

Prior inputs: P(H;) = 1=3; noninfamative prior for
(L ¥%) appopriately “trained' ( “Encompassingntrinsic
Bayes Factars': Berger& Pericchi, 96, Berger& Mortera, 99).
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Posterior Probabllities , P;, for the H;:

. T .
P, = 1+ S1 H]—i Th; 1(t)+ Thi 1(t) Il;

th, 1(1) So S3
. M. .
P,= 1+ S2 thi 1(t) + Tnj a(t) 1.
i Ty a(t) S1 S3 ’

andPs = 1 P1j P2, wheret,, ; andT,; ; are the densiy
andc.d.f. of the standad t-distributionwith (nj 1) d.f.,
s3=¥n(nj 1)j sy,

X S : x My . (d . 1
Sd Jdl | dj] , _ _/4_ i (di +d)
TR At gree 2T 2 aretan(; g v )

(? ¥4 0 is introducedto avoid numericalindeterminacy)
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Pair

O© 00 N O O

11
12
13
14
15
20
25
30
35
40
50
53

Di®erence

di
1
12
11
-2
6
14
19
71
-9
4
-19

t-statistic
t
1.01
1.15
1.26
1.23
1.30
1.44
1.63
2.05
1.92
1.97
1.74
1.51
1.35
0.831
0.339
0.056
-0.202
-0.396

Posterior Probabilities

P1
0.360
0.342
0.348
0.276
0.283
0.295
0.291
0.203
0.229
0.225
0.294
0.387
0.465
0.620
0.669
0.698
0.736
0.740

P2
0.148
0.142
0.132
0.136
0.130
0.115
0.095
0.058
0.058
0.054
0.061
0.056
0.060
0.079
0.112
0.134
0.141
0.157

P3
0.492
0.516
0.519
0.589
0.587
0.590
0.615
0.739
0.713
0.721
0.646
0.557
0.475
0.301
0.219
0.168
0.123
0.103
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COMMENTS

() Neithermultiple hypotheseqhar the sequentiahspect
causedditculties. Thereis no penaly (e.g., spending
®) for looksat the data.

(i) Quanti cation of the support for H; : p= 0 is direct.
At the 12th observationt = 2:05 but P; = 0:203 At
the end,P; = 0:74Q

(i) At the 12th observationP, = 0:058 soH, canbe
e®ectivelyuledout.

(iv) For testingH,; : u= OversusH, : u6 0O, the P; are
conditionalfrequentisterra probabilities.
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/. Conditionafrequentistesting

Motiv ation:

2 Conditionalfrequentisttesting can be the sameas
Bayesiantesting (uni cation), but is fully frequentist.

2 It Is mare intuitively appealingthan unconditional
testing.

2 |t iIs mucheasierto apply esgeciallyin sequential
clinicaltrials.

Problem:
Data X
Totest: Hg: X » fo(Xx) versusH; : X » f{(X):

%
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The needfor good conditionalperfamance

Arti cial Example: ObserveX; and X,, where

8
2 p+ 1 with probability 1=2

Xi —
Ui 1 with probability 1=2:

>

Considetthe con dencesetfor p

8
S I(Xy+ Xy) i X168 X,

C(Xl;XZ):
7 Xqi 1 if X;= Xo:
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Unconditional coverage:
P.(C(X1; X2) containsp) = 0:75:
Conditional coverage:

P.(C(X1; X7) containspjX; 6 X;) =1
Pu(C(X1;X2) containspj X1 = X,) = 2

Note: The unconditionalcoveragearisesasthe ex

ected

valueof the conditionalcoverage.

%
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SomephilosophybehindConditionalFrequentist
Theay

Frequentist Principle: Inrepeateduseof a statistical
procedure the \average" actual erra shouldnot be
greaterthan the \average" reported erra.

The key to success: De ning a sensibléaverage.”

Example (Normaltesting): Averagingoverall jzj > 1.96
andreporting erra ® = 0:05is not a sensibleaverage"
sincejz] = 1:96 andjzj = 10 indicateverydi®erent
levelsof erra. Oneshouldsomehw sepaately
\average" overtheseextremes.(Note: p-valuestry to do
this, but badly violate the FrequentistPrinciple)
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®(s) =

(8) =

2 Basicquestion:What is the sequencef possibledata
for whichto considerfrequentistevaluations?

(Fisher:\relevant subset;" Lehmann:\frame of reference.)

2 Implementation:Find a statistic, S(x), whose
magnitudeindicatesthe \strength of evidence'in x.
Computeerra probabilitiesas

Type | errar prob, givenS(x) = s
Po(RejectHojS(x) = s)
Type Il erra prob, givenS(x) = s
P1(AcceptHgjS(X) = s)

%
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Histay of conditionafrequentistesting

2 Many Fisherianprecurseos basedon conditioningon
ancillay statisticsand on other statistics(e.g., the
Fisherexacttest, conditioningon marginal totals).

2 Generatheay in Kiefer (1977 JASA); the key stepwas
In understandindghat almostany conditioningis
formally alloved within the frequentistparadigm
(ancillaity is not required).

2 Brown (1978) found optimal conditioningfrequentist
testsfor symmetric',simplehypotheses.

2 Berger,Brown and Wolpert (1994 AOS) develoged the

theay discussedhereinfor testing simplehypotheses.
& %
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Our suggestedhoiceof the conditioning
statistic

2 Let p bethe p-valuefrom testingH; againstthe other
hypothesis;usethe p; asmeasure®f strengthof
evidence,as Fishersuggested.

2 De ne the conditioningstatistic S = maxX pg; p1g; its
useis basedon decidingthat data (in eitherthe
rejectionor acceptanceegions)with the samep-value
hasthe same strengthof evidence.'
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The conditionafrequentistest(tc)
2 AcceptHgo whenpg > p,, andrejectotherwise.

2 ComputeType | and Type |l conditionalerra
probabilities(CEPs)as

®(s) = Po(rejectingHojS=5s)" Po(po- p1S(X) =)

(s) = Pi(acceptingHojS='s) ~ Pi(po > p1JS(X) = s):

%
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Uni cation of the Fisherian frequentist,and
Bayesianphilosophies testing

2 The evidentiay contentof p-valuesis acknavledged,
but convertedto erra probabilitiesby conditioning.

2 The conditionalerra probabilities®(s) and (s) are
fully data-degndent,yet fully frequentist.

2 ®(s) and (s) are exactlyequalto the (objective)
posteria probabilitiesof Ho andH 4, respectively sothe
conditionalfrequentistsand Bayesiangeport the same
erra (Berger,Brown and Wolpert, 1994A05S).

%
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A simpleexample
Sellle, Bayarri and Berger (2001 AmericanStatistician)

Ho : X » Unifam(0; 1) vs. H; : X » Beta1=2;1).

P

B(x) = ~pt . = 2" X is the likelihaod ratio.

(2" x)it

P

Po= Po(X - xX)=xandpy= Py(X, x)=1j X

AcceptHqo whenpy > p; (i.e., whenx > :382 and
rejectotherwise.

De neS = maX py;,pig= maxx;1j P XQ

(soit is declaedthat, sa, x = 2 hasthe same

1

\strength of evidence'asx = ;).

%
49



La Habana, November 2001

2 The conditionaltest is

% If x - 0:382 rejectHy andreport Type | CEP
Tc o ®(x) = (1+ Ixi=2)it;

§ if x> 0:382 acceptH, andreport Type Il CEP

_ T(x) = (1+ 2x¥2)i L

2 Notethat ®x) and (x) are preciselythe objective
Bayesianposteria probabilitiesof Ho and H 1,
respectively

%
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Othertypesof conditioning

2 Ancillay S rarely existand, whenthey exist, canresult
In unnaturalconditionalerra probabilities(e.g., in the
aboveexample, (x) equalsthe constant1=2 asthe
likelihaod ratio B (x) variesfrom 1 to 2).

2 Birnbaumsuggestedintrinsicsigni cance,'conditioning
de nedthroughlikelihaod concepts.This rarely works
(e.g., In the aboveexample®(x) = 1 whenB (x) vaies
between(O and 1=2).

2 Kiefer(1977) suggestedequalprobability continuum'’
conditioning,whichalsofails in the above example.
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Generalizations

2 Berger,Boukal and Wang (1997a,1997b)generalized
to simpleversuscomposite hypothesistesting, including
sequentiakettings.

2 Dass(1998) generalizedo discretesettings.

2 Dassand Berger(2001) generalizedo two composite
hypothesesunderpartial invariance.

2 Bergerand Guglielmi(2001) usedthe ideasto createa
“nite sampleexactnonpaametrictest of t.
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An aside:Usingthis to calibrate p-valuesvhenno
alternativehypothesisis speci ed (sellle, Bayarri &
Berger,2001)

A proper p-valuesatis esHq : p(X) » Unifam(0; 1).

Considetestingthis versusH : p(X) » Beta(»; 1).
The sameargument,as ealier, yields,whenp < e 1,

@&p) = (1+ [ T )1, 1+ [i eplog(p))' 1) %

This lower boundon conditionalType | erra alsoapplies
undera quite generalnonpaametricalternative.lIt thus
providesa generic calilvation' of p-values.
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Example: Are gammaray burstsgalacticor
extra-galactian origin?

2 datain ealy 90'swere 260 observedurst directions

2 Hg: dataare unifaomly directionallydistributed
(iImplying extra-galacticorigin)

2 standad test for unifamity rejectedat p = 0:027

2 ®p). 1+ e:027)log(:027)] 1)i Lt = :21,
sothe actualerra rate in rejectingH Is at least .21
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Example: nonpaametrictestingof t
Bergerand Guglielmi(2001, JASA)

whereF Is an unknavn location-scalalistribution.

2 De ne a weightedlikelihaod ratio (or Bayesfactar)
B(x), by

{ choosinga Polya tree prior for F, centeredat Ho;

{ choosingthe right-Haa priors ¥4*; 33 = 1=%

2 ChaoseS basedon p-valueconditioning.

%
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2 De ne the conditionalfrequentisttest as befae,
obtaining

8
% if B(x) - ¢, rejectH, andreport Type | CEP
TC = ®(x) = B(X)=(1+ B(x));

if B(x) > ¢, acceptHy andreport the "average
Type ll CEP (x) = 1=(1 + B(x));

wherec is the critical valueat whichthe two p-valuesare
equal.
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Notes:

2 The Type | CEP againexactlyequalsthe objective
Bayesianposteria probability of Hy.

2 The Type Il CEPdependson (*; %). However,the
‘averageType Il CEPis the objectiveBayesian
posteria probability of H .

2 This givesexact conditionalfrequentisterra
probabillities,evenfor smallsamples.

2 Computationof B (x) usesthe (simple)exactformula
for a Polya tree marginal distribution, togetherwith
Importancesamplingto dealwith (%; 3j.
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Otherfeaturesf conditionafrequentist
testingwith p-valueconditioning

2 Sincethe CEPsare alsothe objectiveBayesianposteria
probabilitiesof the hypotheses,

{ theydo not dependon the stoppingrulein
sequentiabnalysisso

g their computationis mucheasier,
o onedoesnot spend® to look at the data;

{ thereis no dangerof misinterpetation of a p-value
asa frequentisterra probability, or misinterpetation
of eitherasthe posteria probabiliyy that the
hypothesisis true.
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2 Onedoesnot needto compute(or evenmention) S.

{ The computationof the CEPscanbe donedirectly
usingthe (often routine) objectiveBayesian
approach;the theay ensureghe validity of the
conditionalfrequentistinterpretation.

{ Likewise,n elementay coursesit is not necessy to
IntroduceS; onecansimplygivethe test.

2 Onehasexactfrequentisttests for numeroussituations

whereonly approximationswerereadilyavailablebefae:

{ Computationof a CEPIs easierthan computation
of an unconditionalerra probabillity.

%
59



La Habana, November 2001

2 For T¢, the rejectionand acceptanceegionstogether
spanthe entire samplespace.

{ Sothat onemight reject'andreport CEP 0.40.

2 Onecould, instead:

{ Specifyanordinay rejectionregionR (say, at the
® = 0:05 level); note that then ® = E[®(S)1Rr].

{ Findthe "matching'acceptanceegion,andde nethe
regionin the middleto be the no decision region.

{ Constructthe caresmpndingconditionaltest.
{ Note that the CEPswould not change.
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Example: Sequential-test
(Berger, Boukai and Wang, 1998)

Data X 1; X,;::: arei.i.d. N (i 34), both unknavn

Totest: Hy: U= o versusH; : 46 |y

Note: Exactunconditionalfrequentisttests do not existfor
this problem

%
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Default Bayestest (Je®reys1961)

Prior distribution : Pr(Hg) = Pr(H,) = 1=2
UnderH,, prior on 3% is gy(3%) = 1=3%4.
UnderH,, prior on (%; %) is au(%; ¥%) = o qu(* j%4),
whereg; (1 j3%) is Cauchy(p; 3).

Motiv ation: UnderH ., the additionalparameterp is
givena Cauchydefaulttesting prior (centeredat |y and
scaledby %), whilethe common(orthogonal)parameter
¥% is giventhe usualnoninfomative prior (seeJe®reys,
1961)

%
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Bayes factor of Hy to H,, if onestopsafter observing
X Xoii:Xp (N, 2),1s
Zz 3.1
1 1+ ny»)(Ni D=2 g1=(2»)
B, = 9 5 ( ") d»%
0

1+ (i Hn» n=2P D1/,553=2

nj 1+t2
wheret, IS the usualt-statistic.

A simpli cation  : It is convenientto considerthe sequential

original data. We monitor this sequences data arrive,

decidingwhento stop the experimentand make a decision.

Note: If Ho and H, haveequalprior probabilitiesof 1=2, then
the posteria probability of Hg isBr=(1 + By)
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A surprising fact: A slight modi cation of this Bayesian
t-test is a conditionalfrequentisttest suchthat

®(s) = Py (Typel errajs)
R _ .
= 1yp, (alsothe posteria probability of Ho),

andthe \average" Type |l erra is 1+EN , alsothe posterio
probability of H;.

(The modi cation, Ty, is the introduction of a \no decision”
regionin the acceptanceaegion,whereif 1 < By < a, one
states\no decision".)

(Berger, Boukai and Wang, Stat.Sci 1997, Biometrika 1999)
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Example: The dataaroseasdi®erences time to
recovenbetweenpairedpatientswho wereadministered

di®erenthypotensiveagents.

TestingHg : p= O versusHg : u6 Oisthusatestto
detecta meandi®erencen treatmente®ects.
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Bn

10

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, . A=9
o/ |
/ Accept HO
/ }
/ i
: +a=3.72
No Decision >
B o \/'\/ Reject HO
. ;o
\
rrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrrr - r=1
[ R=0.1
T T T T m:62
0 20 40 60

No of Observations n
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&

The stopping rule (an example):

If By, -

R1 Bn,

In tuition:

Example:
R= 0.1(l.e., stopwhenlto 10 oddsof Hy to H,)
A= 9 (.e., stopwhen9to 1 oddsof Hy to H,)
M= 62

A o n= M, thenstopthe ex

rriment.

R = \oddsof Hp to H;" at which onewould wishto stop
andrejectHy.

A = \oddsof Hp to H¢" at which onewould wishto stop
and acceptHy.

M = maximumnumber of observationghat can be taken

Note: any stoppingrule couldbe usedjust aseasily
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The test T; : If N denoteshe stoppingtime,

if By - 1, rejectHo andreport Type | CEP
% ®(Bn) = Bn=(1+ Bn);
= If 1< By < @, make no decision
g If By , &, acceptHo andreport the "average'
Typell CEP *(By) = 1=(1 + By):

Example: a= 3:72 (found by simulation). For the actual
data, the stoppingbounday would havebeenreached
at timen = 52 (Bs, = 9:017> A = 9), andthe
conclusionnvould havebeento acceptH,, andreport
erra probabiliy “(Bsy) = 1=(1 + 9:017)%.0:100
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{
{

o
1

COMMENTS

IS fully frequentist(and Bayesian).

2 The conclusionsnd stoppingbounday all havesimple
Intuitive interpretations.

2 Computationis easy(exceptpossiblycomputinga, but
It IS rarely neededn practice):

No stochastic processcomputationsare needed.

Computationsdo not changeasthe stoppingrule
changes.

Sequentialtesting is aseasyas xed samplesizetesting.

%
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ex

erimentationstop

2 T, essentiallyfollows the StoppingRulePrinciple,
which statesthat, upon stoppingexperimentation,
Inferenceshouldnot dependon the reason

ed.

2 This equivalencef conditionalfrequentistand Bayesian
testing appliesto most classicatestingscenaos.

%
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Methadologiesor Objective
BayesianModel Selection
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Main Dizcult y with B%esiaanelselection:
Noninfomativepriors ( A)dp= 1 ) cannotgenerally
be usedfor model selectionor hypothesistesting. (They
can be usedin Bayesianestimationand predictive problems,
and in hypothesistesting or model selectionwherethe
di®eringmodelshavethe sametype of parameters,e.g., In
the location-scaleexample.)

Solutions:

2 Conventionalproper priors: we illustrate with an
astronomicalexample

2 Asymptotics,suchasBIC

2 Training samplemethods: herewe discussthe \intrinsic
Bayesfactor”" appoach (Bergerand Pericchi, 1996).
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ConventiondProper Pria Appoach

Example:Bayesian Model Seletion and
Analysis for CepheidStar Oscillations
(Berger,Je®erysMAller, and Barnes, 2001)

2 The astronomicaproblem
2 Bayesianmodel selection
2 The data and likelihaod function

2 Choiceof prior distributions

2 Computationand results

%
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The AstronomicaProblem

2 A Cepheiasta pulsatesyreqgulaly varying its luminosiy
(light output) andsize.

2 From the Dopplershift asthe star surfacepulsatesone
cancomputesurfacevelcacities at certainphasesof the
sta's periad, thus leaning how the radiusof the star
changes.

2 From the luminosiy and cola' of the star, onecan
lean about the angula radiusof the star (the angle
from Eath to opposite edgesof the star).

2 Combiningallows estimationof s, a star's distance.
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CurveFitting

To determinethe overallchangein radiusof the star over
the star's periad, the surfacevelaity must be estimatedat
phasesther than thoseactuallyobservedleadingto a
curve tting problem(alsofor luminosiy). Ditculties:

2 Observationtiavemeasuremengrra.

2 Phasesat whichobservationsre madeare unequally
spaced.

2 100 possiblemodels(curve ts) are entertained.

2 Resultingmodelshavefrom 10 to 50 parameters.
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OtherStatisticalDixculties

2 All uncertaintiedmeasuremengrras, model

uncertainy and estimatedcurveinaccuracyneedto be
accountedor.

2 Thereare signi cant nonlinea featuresof the model.

2 Prior information, suchasunderstandingpf the

Lutz-Keller bias,needso be incaporatedinto the
analysis.
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BayesianAnalysisvith UncertairModels

2 The data, Y , arisesfrom oneof the models

2 UnderM;, thedensiy of Y isfi(yjui).

2 W Is an unknavn vecta of parametersunderM;.
2 Specify prior probabilitiesof models(usually1=0).
2 Prior distributions¥(L;) for the u; are speci ed.

2 Bayestheaemthen givesthe model posteria
probabilities(and posteria distributionsof the other
unknavns).

%
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Model Averaging

2 SuppseModels5, 6, and 7 haveposteria probabilities
0.34,0.56and0.10, respectively

2 Model uncertainy is then handledby Bayesianmodel
averagingif Models5, 6, and 7 provideddistance
estimatesof 750, 790, and 800 parsecs the
‘maodel-averagediistanceestimatewould be
(0.34)750+ (0.56)790+ (0.10)800= 777.4pasecs.

2 The 'madel-averagedvariancecan alsobe computed;it
can be severatimesthat of a singlemodel.
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The Dataand StatisticalModel

2 Data:

2 Speci ed standad deviations¥y, , ¥, , and %, ;
unknavn adjustmentfactars are inserted,leadingto
variances¥g =, ¥4 =&, Y&, =é.

2 The statisticalmodel for measuremenerra:

Ui » N(Ui; % =d);

%
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Vi » N(Vi; %2 =4);
Ci» N(G;% =&);

whereu;, v,, and ¢, denotethe true unknavn mean
velacity, luminosiy, and cola index.

2 De ne G, andG, to be the knowvn diagonalmatrices
of the variances¥g and %4, .
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Radial Velocity (km/sec)
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CurveFitting |: FourierAnalysis

2 Model the periadic velccities, u, astrigonometric
polynomials.For the velaity u at phaseA,

¥ ) o
U= Up+ [y coSfA) + Ly sin(jA)];
j=1

whereug Is the meanvelacity and M is the (unknown)
order of the trigonometricpolynomial.

2 Thereis a simila polynomialmodel for luminosiy, v,
havingunknavn order N .
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Statistically thesetrigonometricpolynomialmodelscan be
written asthe linea models

U=uUl+ Xyyuy+"y andV = vpl+ XUy +"y;

2 U andvy are the (unknovn) meanvelacity and
luminosiy and 1 is the columnvecta of ones.

2 X, and X , are matricesof the trigonometric
covaiates(e.g., termslike sin(j A));

2 Y, andp, arethe unknavn Fouriercoezcients;

2 ", and", are independentlymultivariate normal erras:
N (0; Gu=da) andN (0;Gy=4&).
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Cola neednot be modeledsepaately becausat is related
to luminosiy (v) andvelaity (or changein radius)by

¢ = a[0:lvi i b+ 0:5log(Ay+ ¢ ri=9)];

wherea andb are known constants A, ands are the
angula sizeand distanceof the star, and ¢ r, the changen
radiuscaresmpndingto phaseA, is givenby

Cr=ig jl[ul,- sinG (A ¢A) i b cogj(Ai ¢A);
j=1

with “phaseshift’ ¢ A andg a knovn constant.
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ObjectivePrias with UncertainrModels

2 For estimationwithin one model, objectiveprior
distributionsare readilyavailable(Je®reys-rulgriors,
maximumentropy priors, referenceoriors).
Example:lf g is an unknavn namal mean,use

7AW = 1

2 Theseare typicallyimproper (integrateto in nity); this
IS not a problemfor estimation,but for testingand
model selectionis usuallyinappopriate.

2 Variousguidelinedor choiceof priors in model selection
havebeengiven: hereare three we need.

%
86



La Habana, November 2001

CommorModel Parameters

2 Whenall modelshave common'paametersthey can
be assignedhe usualimproper objectiveprior.
Example:All Cepheidradial velacity modelshave
commonmeanlevelug; It is okay to assignthe usual
objective(improper) prior ¥4ug) = 1.

2 This is generallytrue if modelshavethe same location
parameters'(as above) or scalepaameters'(asin a
normal variance).

2 For discussiormof other typesof ‘commonparameters’,
seeBergerand Pericchi(2001).
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2 11

Prias for GeneralLinea Models:
Y = pl+ Xu+"

velacitiesin the Cepheidoroblem);

X is the matrix of covaiates(e.g., termslike sin(j A)
from trigonometricpolynomials);

L IS an unknavn vecta (e.d., Fouriercoexcients);
1 is a vecta of onesand |y the unknavn meanlevel,

isN (0;3£G), whereG (e.g., the diagonalmatrix of
measuremernvaiances)is known.
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2 The recommendegrior (from Zellnerand Siow, 1980)

{ for o Is o) = 1,

{ for y, given%%, is CauchyQ; n¥(X Gi X )i 1); for
computationalconveniencehis canbe written in
two stagesas

YA} 945 ¢) is N (0; ¢n¥2(X GTIX )
1

1
1/46) B 2—]/4{}3:2 eXFXl Z’)
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Choiceof CepheidPria Distributions

2 The ordersof the trigonometricpolynomials(M; N),
are givena unifam distributionup to somecut-o®
(e.g., (10; 10)).

2 ¢uy vy ¢cr Whichadjustthe measuremenstandad
erras, are giventhe standad objectivepriors for "scale
parameters,'namelythe Je®reys-ruleriors ¥4{¢,,) = wi
&) = & andYe) = o

c

2 The meanvelaity and luminosiy, ug andvy, are
“location parameters'and so can be assignedhe
standad objectivepriors Y{ug) = 1 and¥4{vp) = 1.
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2 The angula diameterA, andthe unknavn phaseshift
¢ A are alsoassignedhe objectivepriors ¢ A) = 1
and¥{A,) = 1. It isunclea if theseare “optimal’
objectivepriors but the choicewasfoundto have
neglibleimpact on the ansvers.

2 The Fouriercoezxcients, y, andp,, occurin linea
models,sothe Zellner-Siw priors canbe utilized.

%
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2 The prior for distances of the star shouldaccountfor

{ Lutz-Keller bias a unifam spatialdistribution of
Cepheidstars would yield a prior proportional to s?.

{ The distributionof Cepheidss °attened wrt the
galacticplane;we usean exponentialdistribution.

So,we use Ys)/ s?exp(jj ssin j=2),
{  beingthe known galacticlatitude of the star (its
angleabovethe galacticplane),

{ zo beingthe scaleheight,' assigned unifam prior
overthe rangezy, = 978 7 pasecs.
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Computation

A reversible-jumpICMC algaithm of the type revieved in
Dellaprtas, Forster and Ntzoufras(2000) is usedto move
betweenmodelsand generateposteria distributionsand
estimates.

2 The full conditionaldistributionsfor the varianceand
precisionpaametersand hyperpaametersare standad
gammaand inverse-gammadistributionsand are
sampledwith Gibbssampling.
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2 For ¢ A, Ay ands, we emply a random-valk Metropolis
algaithm using,asthe proposaldistribution,a
multivariate normal distributioncenteredon the current
valuesand with a covaiancematrix found from
lineaizing the problemfor thesethree paameters.

2 The Fouriercoexcientspy, andp,, aswell asug and
Vp, are alsosampledvia Metropolis. The natural
proposaldistributionsare found by combiningthe
normal likelihcods with the namal part of the
Zellner-Siwv priors, leadingto conjugatenarmal
posteriag distributions.
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2 Proposalfor movesbetweenmodels:

{ A "burn-in'portion of the MCMC with unifam
model proposalsyieldedinitial posteria model
probabilities, whichwerethen usedasthe proposal
for subseguenmodel moves.

{ Simultaneous|ynewvalueswere proposedfor the
Fouriercoezcients.

2 The proposaldistributionslisted aboveleadto a
well-mixedMarkov chain,sothat only 10,000iterations
of the MCMC computationneededo be perfamed.
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Velocity Model Posterior Probability
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V Photometry Model Posterior Probability
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Resultdor otherpaameters

2 Estimatesstandad erras, etc., for any of the
unknavnsor paametersin the model are alsoavailable
from the MCMC computation.

2 The MCMC computationalstrategydiscussecbove
will automaticallyperfam "‘madel-averagingbverthese
models,whencomputingposteria gquantitiesof interest.

2 The simulationhistay of a paametercan be graphed
to checkthe mixingof the Markov chain(and thus
assesshe validity of the computation).
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: Parallax
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AsymptoticAppoacheso Model Selection
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$
TrainingSampleMethads of Model Selection

Example:the meadian intrinsic Bayesfactor
(Bergerand Pericchi,1998)

Models: M, :u=0, M,:u6 0
Noninformative prior:
Pr(Mi) = Pr(My) = 3;
UnderM,, Ya(W) = 1

(Formal) Bayesfactor:

f (xjO) 1 ..
B=R _ = p—¢€ >
f (xjW (1)du n

9(2
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(Formal) posterior prokability of M:

1 P

_ _ — o %2y 1
P1—1+Bi1—(1+ ne z")

Redothis; probablydrop the posteria probabilit thing,
sincemedianmay make no sensehere.

Note: This is not legitimate,since’{|1) wasimproper and
M; and M, do not both havean unknavn location
paameter.
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Obtaininga proper prior by useof a
trainingsample:

Chaoseoneobservationsay x;, and compute

. 1 1y y02
72(Wxi) = p=re 2007 (proper):

Usethis on the remainingdata, x("), to computethe
posteria probability of M :

Po= 1 Pp=[1+ ned*td P
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Findthe \MedianIntrinsic" posterio
probabiliy:

Chaosethe medianof P, (and P,) overall choicesof x;,
leadingto

leed — 1| szed — [1+ P ﬁe%ﬂ(z ei %medfxizg]i 1

asthe recommendedonventionaposteria probabilitiesof
M; and M.

& %
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GenerafAlgaithm:

2 Beginwith noninfamative priors, ¥4, for the
parametersy; in the modelM; (Y& (i) = 1 is okay).

2 De ne a\minimal training sample,"x® = (X7;:::;X/),
asthe smallestsubsetof the data suchthat the
posteria distributions’ (jx”) are all proper.
(Usually | = # parameters.)

2 Computethe posteria probabilitiesof all modelsusing
the Y3 (4 jx®) aspriors, for the remainingdata.

2 Do this for everypossibleminimaltraining sample x~,
andtake the medianof the results.

106



La Habana, November 2001

Formula:

P;

‘intrinsic(median'postericu probability ofMi)

| _ mi(x) -
Median m=\| (x7) r jm:1 (ij (x):m}\' (x7)) |

wherem! (x) = £ (xj) YA () du-

Note: Whenthe number of possibletraining sampless
large, one needonly samplefrom them andtake the median
posteria probabiliy overthosesampled.Indeed,if n is the
samplesizeof the data, it usuallysuxcesto draw just n
(sets) of training samples.
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Example:Hald regressiomata
Possibleregressis: X 1; Xo; X3; X4

Models: Y = _o+ _1X1 + _2X2 + _3X3+ _4X4+ 2
2 » N(O;3%)
Models; choosesomesubsetof regressis

Notation: Modelf 1,3,4 means

Y= o+ 1 Xp+ 3Xz+ 4Xg4+2
Noninfomativepriors: ¥ ;33 = 1=%
Minimal training samples:x® consistsof any subsetof six

distinct observationgsincethere are a maximumof six
unknavn parameters,ncluding3#).
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$
Formulafor mN :
Npoy - 7872 k)=2)
m;" (X) = 4 t (ni ki)=2"
d@t(x(i)X(i))Ri
where,for model M;, k; Is the numler of regressis plus
one, X Is the designmatrix, and R; Is the residualsum of
squaes.
& %
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ANSWers:

model posteria probability
f1,2,3,4 0.049

f1,2,3 0.171

f1,2,49  0.190

f1,3,49  0.160

2,349 0.041

f1,29 0.276

f1,49 0.108

f 3,49 0.004

others < 0.0003
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Do a slidegivingthe vaiableinclusionprobabilities,and also
do a slidethat doesthe Stewart thing: point massat zero,
givingthe probability that a parameteris zero,plusthe
posteria distributionof the paametergiventhat it is
Included.Perhapsreferto utilities, saying that by looking at
this graphonecanalsodecideto seta variableto zero
becausdhe posteria is so closeto zero. Do bivaiate
Inclusionprobabilities?(Luis's student?)

& %
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Testingwhenthereis no
alternativehypothesis
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Mo del underconsiderationHg : X » f (X j L);
observedata Is X gps

Av ailable prior (usuallynoninfamative): ()

Test statistic: T = t(X), large valuesbeing surpgising'
and indicatingdoubt concerninghe model.

Basic question: How shouldoneguantify the surpisein
a largevalueof T?

The dizxcult y: Thereis no alternative,H, to Hy, soa
Bayesiananalysigs precluded.

%
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Methads of Measuringurgise

see(Bayarri and Berger,1998) for generalcompaison

2 Embedf (Xjd) in a nonpaametricdefaultalternative
H ., and perfam a Bayesiantest of Hy versusH;.

2 Computea p-value: p= Pr(t(X) ., t(Xops) -
Key issue:what probability measureshouldbe used
whenu is unknavn?

2 Many other surgise measure®asedon likelinaod ratio
and other ideas.
(Weaver, 1948; Good, 1956, 1983, 1988; Berger, 1985; Evans, 1997)

2 \We baseour surgise measureon p-valuesbut

recalilvate for easiennterpretation.
& %
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Prop osed Calibration: B(p) = j eplog(p) for p< €' *
andinterpret this asthe \odds" of Hy : X » f (X]J[), to
H,: f iIswrong

Frequentist motiv ation: It exactlycaresmpndsto the
calilration proposedfrom the conditionalfrequentist
perspective: if both hypothesisare equallylikely a priori,
then B(p) givesriseto a posteria probability for the
null equalto the lower boundonthe Type | CER

Bayesian motiv ation: This convertsa p-valueinto a
Bayesfactar, in paticular, into a reasonabldower
bound on the Bayesfactar of Hy to H;. (sellke, Bayarri,

Berger, 2001)
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$
Exampleof a lower boundon the Bayesfactar:
Null model: Ho: X1 X0 X, 5% N(0: 1)
Teststatistic; T(X) = jX]
P-value: p= Pr(j)ij > |Xobgd) = 2(1 ©(p NjXoby)
Suppose we hadthe alternative
Hy X X0 X S N(l): ué o
Considerthe prior on g underH,
VAW 2 i us = f unimadal and symmetricpriors g
ComputeB = inf.;; ,.( Bayesfacto of Hy to H,)
& %
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P

0:1

0:05

0:01

0:001

0:6393

0:4084

0:1223

0:01833

B(p) = i eplogp

0:6259

0:4072

0:1252

0:01878

problems.

The calilration is alsoreasonablen high-dimensional

%
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doesnot de

1984)

Predictivep-values

Issue: How to compute

p= Pr(t(X), t(Xops))

whenX » f (Xxju) andp is unknavn.

Classical Approac hes:
1. Replacas by (i
2. Find a statisticU(X) suchthat f (TjU; ) = f (TjU)

endon

3. Modi cations basedon asymptotics
4. Posterig predictivep-value(Guttman, 1967, Rubin,

%
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Partial Posterio Predictivep-values
De nition

. . f (X opd W) YV4
1/‘(l'llxobsr“:obs) / f (Xobsltobs; p-)l/‘(p') / (f (:S”;?u)(u)
va ob

M(t [ XopsNtons) = T (L) YA XobsNtons) AU;

Popp = Pr™M(@obsMavs) (£(X) | t(Xops) :

Nice Features
2 Emphasizesnodel (not prior) checking

2 Noninfomative priors can be used

2 E®ectivelythereis no doubleuseof the data
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2 No extradizxculty in discreteproblems

2 Computationsare relativelyeasy especiallywhen
f (tj) Isin closedform

Not so nice features

2 m(tXopsntops) doesnot havea clea Bayesian
Interpretation
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2

2

2

2

2 Orderstatistics: X (1) < ::

P
Xms S= 41 X

Discrepancytatistic: T = X3y (checkingleft tail)

Noninfomative prior 4, ) = 1=,

Y&, X obsNtops)

f (Xobgl, )4, ) _ ,

nij 2ei , (Sobsi Ntops)

f (tobs), ) B i(nj

m (t JX Obsntobs)

Z

1)(Sobsi Ntopg)i (Mi )

n(n i 1)(Sobsi n1:obs ni 1

F(t),)4, )xnt)d, =

(nt T Sobs i ntobs)n

%
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$
- . P g (0D
> patial predictivep-value:p; = 1 -
2 plug-inp-value:p; = exp(j N*tobs=Sobs)
3 .
2 posterio predictivep-value:p; = 1+ "ot "
2 Note: asntops=Sons ! 1 (\sure” evidenceagainstHy),
P! O p! €M pgl 2"
. %
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&

Computation
Z
Popp = Pr(t(X) ., t(Xobs)]H) YAHU]XobsNtobs) AU

o T Koo ) AW =T (Lo 1)
f (Xonsl )AL =F (topg 1) dut

YA X obsNtobs) =

Straigh t Mon te Carlo:

2 Generateyy » YAU]XobsNtops); ] = 1;:::;m, by, say,
Metropolis using¥{|1jX ops) @s probing and moving from
to p* with probability minf 1; f (topg b )=F (tongd ) 0.

2 GenerateXj; » f (Xopgdlj); ] = 1,2::0;m

2 Popp = %( number of t(Xj), t(Xobs))

%
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$
Imp ortance Sampling:
2 Generatgy » Y{U]Xobs)
P
2 = Ly Br (T, tobsity)=f (tobsily)
PRp Ty 1=F (tobsik)
& %
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Theorem (Robins, 1998): Underregulaity conditions,the
patial predictivep-valueis (asymptotically)a true
frequentistp-value. The plug-inp-valueandthe
posteria predictivep-valueare conservativémeaning
they canfalil to detecta bad model), with the posteria
predictivep-valuebeingworst.

Note: The plug-inandthe posteria predictivep-valuescan
be arbitrarily bad, evenp(x) * 2 in the limit, if T is
chosenrpoorly.

& %
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Conclusions

IF

() You want to checkcompatibiliy of data with a model
without (initially) consideringalternatives;

(i) You havea statistic T (X ) whichyou feelwould
measurehis compatibility;

THEN
() Computethe patial posteria predictivep-value;

(i) ComputeB(p) = | ep log(p) andinterpret this asa
lower boundon the oddsin fava of Hy.
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