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Abstract

This project revolves around studying estimators for parameters in different Time Series mod-
els and studying their assymptotic properties. We introduce various bootstrap techniques for the
estimators obtained. Our special emphasis is on Weighted Bootstrap. We establish the con-
sistency of this scheme in a AR model and its variations. Numerical calculations lend further
support to our consistency results. Next we analyze ARCH models, and study various estimators
used for different error distributions. We also present resampling techniques for estimating the
distribution of the estimators. Finally by simulating data, we analyze the numerical properties
of the estimators.

1 Bootstrap in AR(1) model

Let X; be a stationary AR(1) process, that is,
XtZGXt_1+Zt fOT t:1,2, (1)
Zy iid (0,0%); EZ} <oo; [0 <1.

We have assumed o to be known, and € is the unknown parameter of interest. Then the Least Squares
estimate for # (which is approximately the MLE in case of normal errors) is given by

én _ Z?:g Xtthl
D2 X7,
Then it can be established that
Vil — 0) =5 N(0, (1 - 6%)) 2)

Let us introduce two particular bootstrap techniques specially used to estimate the distribution of 6,
from a realization of model (1).

(a) Residual Bootstrap Let AZt = X; — 0, X1, t=2,3,...,n and let Z, be the standardized
version of Z; such that ﬁ > Zy = 0and ﬁ > Z2 = 1. Now we draw Z;, t =1,2,..., N with
replacement from Z, and define
X7 = Zy
X; = 0,X7 ,+2Z t=2,...,N.
and form the statistic " o
Nx Zt:Q Xt Xt—l (3)
===z
T (X)?
Then (3) forms an estimator of 0, and is called the Residual Bootstrap estimator. We repeat the
simulation process several times to estimate the distribution of 6.

(b) Weighted Bootstrap Alternatively we define our resampling estimator

é* _ 2?22 Wi X Xi—1 (4)
" Z?:g Wnt (Xt—1)2
where {wn;1 <t < m,n > 1} is a triangular sequence of random variables, independent of {X;}.

These are the so called “Bootstrap weights”, and the estimator (4) is the Weighted Bootstrap
Estimator.




1.1 A Bootstrap Central limit theorem

Under suitable conditions on the weights to be stated below, we establish the distributional con-
sistency of the Weighted Bootstrap Estimator, 0% defined in (4). To establish consistency, we will
prove a Bootstrap CLT for which we will need the following established results:

Result 1 (P-W theorem; see Praestgaard and Wellner(1993)) Let
{cnj; 7=1,2,...,n; n > 1} be a triangular array of constants, and let {U,; j=1,2,...,n; n>1}
be a triangular array of row exchangeable random variables such that as n — 0o,

1 n .
1 5 Zj:l Cnj — 0
1 n 2 2
2. n Zj:l Cnj — T
3. Lmaxicicpc?. — 0
n 1<j<n nj

4. B(Up;)=0 j=1,2,....,n. n>1

5. BU2)=1 j=1,2,....n. n>1

1 2 P
6. E Z;’L:1 U’n] ad 1

7.t oo limsup,, oo [(B(UZ, Lo, 154y) = 0

Then under the above conditions,
1 < d 9
=1

Result (1) can be generalized by taking {c,;} random variables, independent of {U,;} and the con-
ditions (1), (2) and (3) replaced by convergence in probability. In that case conclusion (5) is replaced
by

1 n
P ﬁZCMU"j €eCHenjsi=1,...,myn>1}| —P[Y € C] =o0p(1) (6)
j=1

where Y ~ N(0,72) and C € B(R) such that P(Y € C) = 0.

Result 2 Let {X1, Xo,..., X, } be the realization of the stationary AR(1) process (1). Then
Lsnbxpzb  “3 B(Xp2b,,) whenever EZP“Y < oo Va,bk € Z%;a,b>0; k > 0. This
can be established using the Martingale SLLN; see Hall and Heyde 1980.

Let us use the notations Pg, Ep, Vg to respectively denote probabilities, expectations and vari-
ances with respect to the distribution of the weights, conditioned on the given data {Xi,...,X,}.
The weights are assumed to be row exchangeable. We henceforth drop the first suffix in the weights
wy; and denote it by w;. Let 02 = Vg (w;), W; = o, (w; — 1). The following conditions on the row
exchangeable weights are assumed:

Al. Eg(wy) =1

A2. 0< k<02 =o(n)

A3. c¢1,, = Cov(wy,wz) = O(n™1)

A4. Conditions of Result(1) hold with U,; = W,;.



Theorem 1 Under the conditions (A1)-(A4) on the weights,
Pg |Vno ;Y0 —0,) < x|X1,...,X,| —P]Y <z]=o0p(1) VzeR
where Y ~ N(0, (1 — 6%)).

Proof Note that

A o Z?:Q wi X Xi_1
" Do weXP
Yoo we Xy 10X + Zy)
Do Wi Xy

Ztht—lzt
= 0+ =—-—
Ztht{l
Similarly
g — Yo XX —94 Y XiZy
" ZXE—1 > X1
Hence

o s wXe 1 Zy Y Xy a7

" Ztht{l B ZXtal
YwXe1Zy Y XeaZy | Y XeaZy Y XiaZy
SwXP - SweXi o D weXP - X7
S(we — DX 1Z: Y Xeo1Zey (wy — 1) X2

ZthE—l ZXE—l Zthtz—l

Now using Result (2),

Xi—1Zt  as.
X1z L% B(Xy1Z) = 0

n
X2 .72 ..
LA e gz
n

= -t
Claim 1. For 72 = o*(1 —6?)71,

1 — P
Py ﬁ;WtXt_thga: Xl,...,Xn]—mD( ) Vz eR

SR

To see this let us verify the conditions of Result(1) with ¢,; = X;Z;41 and U,; = W; for j =

1,...,n—1.
LIy o x,.2 50
Follows from (8).
2 3 Sia XPa 2 5 ot (1 - 00 (= 7)
Follows from (9).

3. n~'max(X2 ,22) 250



Proof Let Y; = X? |72 = X2X? | — 20X, X} | + 602X} |
Then given € > 0,

P(n 'maxY; >¢€) = P(maxY; > ne)

EY? 1
P(Y; > ne) < Z—t —

n2e2 ne2

EY? —0

NE

~
Il

1

as BY? = B(X} ,Z}) < 00

Conditions (4), (5), (6) and (7) follow from definition and condition on the weights. This proves
the claim.

Hence for 72 = o%(1 — 62)7!

1 n
=Y WiXeaZi <
(=

Claim 2. With ¢ = 0?(1 — 6?)71,

P

P X17...,Xn] Lo L) vzer (10)
T

L ithf_l —c

Pgl| |- > € ] L0 Ve>o0
nis
Proof
E (lz X2,) = 1yx2
Bn Wt t—l) = nz t—1
VB(Z weXiy) = ZX?AUZ + Z X7 X2y Cov(w,ws)
s#t
= UZZthlA"‘CanXt{le{l
s#t
Therefore
V(lz X2 _ Tyt fn N™ x2 X2 11
B\ 2 W i-1) = nQZ -1 T 73 Z i—1%5-1 (11)
s#t
1
o2 = 0

n n
LY XE, =S B
Hence the first term in (11) % 0
Also b2
= XX < (=5) =
Hence 5 3, % . X7 X2, is bounded a.s., and as ¢, — 0,

the second term in (11) also — 0 a.s.
This shows that Vp (1 Y w, X2 ;) — 0 aus.

1 2 1 2  Ps
Hence - Y w: X7 | - - > X7 | — 0as.



Using Result (2), £ > X7 | “% B(X?) = 02(1—6%)~!

This implies, £ > w, X7, s, o?(1—-0?)"1 as.
This proves Claim 2.
In fact we have proved that, with ¢ = o2(1 — 6%)~!

1 n
Z w X2 | —c¢

Pg —
n
t=2

>e]ﬂ>0 Ve>0. (12)

Now

Vno, (05, — 6n)
B W= DXenZe o 3 X Z 3 (we - DXE
Vo S XP Vo, DXL Y wXE
ZWtXt_th/\/ﬁ A -1 Z(wt - 1)X15271/n
— 0, —0)o,, 13
SwXP o /n vl )o S weXP /n 19)
= Ty - T, (say)

Then from (10) and (12), Pg(Ty < z) — P(T < z) = op(1), where,
1

T VO 107 = N0 (1= 6) (14)

Claim 3. Define A = \/n(0, —0)o; 'L S (w, — 1) X2 ;.

n n

Then Ve > 0, Pg( |A] > €) == 0.
Proof Note that,

Ep(A) = 0 (15)
n o5 > On 4 Cin 2 2
VB(A) = ;(an —0) [ﬁ ZXt—l T2 ZXS—1Xt—1] (16)
n s # t
— (h _ QZX;JLI NCin n QZS Z;é tX§—1X152—1
— (0= 0, ) » (17)
= A+ Ay (say) (18)

4 ~
% converges a.s., and from (2), (6, — H)L 0, as a result, A; — 0.

> # t,X.f—lx’r,Q—l

3 is bounded a.s., ncy, is bounded and o2 is bounded away from 0. As a

Moreover
result A, L. o.

Combining, Vi(4) - 0.

Hence
Ve(A
Po(1a]> ) < 12 2
A
N Ty = ————.
o ZthE—l/n

From (12), we have, > w; X? ;/n is bounded away from zero in Pg a.s., which means that, Ve > 0,



Pe(|T2| >€) = op(1) (19)
Hence from (13), (14) and (19), we have,
Pg[vno t(0: —0,) <x]-P[Y <x]=o0p(1) ¥xeR (20)

where Y ~ N( 0, (1 —62)) and this was what was to be proved.

1.2 Least Absolute Deviations Estimator

Another estimator of 6y can be the LAD estimatior, that is,

. 1 &
0y = in —
2 argm@mnz

2

X —0Xi

Now we reparametrize the model (1) in such a way that the median of Z;, instead of the mean is
equal to 0, while VZ;, = 02 remains unchanged.

1.3 Distributional Consistency of the LAD estimator
Under the following assumptions we establish the assymptotic normality of 0.
A1l. CDF of Z;, F has a pdf f, which is continuous at zero.

A2. | F(z) — F(0) — zf(0)| < clz|'™ in a neighborhood of zero, say |z| < M, where
c,a,M >0.

To do so we use the the following result on random convex functions.

Result 3 (See Niemire (1992)) Suppose that h,(a), a € R? is a sequence of random convex
functions which converge in probability to h(a) for every fized a. Then this convergence is uniform on
any compact set containing a.

Theorem 2 Under the conditions (A1)-(A2), \/n(fy — 6o) <, N(0

1
’4f2(0)EX§) as n — oo.

Proof Define

f(Xe,0) = (1Xe —0Xi—a] — |X4])
9(Xt,0) = Xi1[2I(Z:(0) <0) — 1]
where Z;(0) = Xy —0X, 1 fort=2,...,n.
Yila) = f(Xe,00+n""a) — f(Xi,00) — n~"?ag(Xy,60)
= |Z—n"Y2aX, 1| — |Z)| — nYV2aX,_1[21(Z, <0) — 1] fora €R.
Also define

Qu(0) = > f(X:,0)
> 9(Xy,60)
Vi = ZYt(a) :Qn(90+n*1/2a) — Qnlbo) — n=12q0,

=
I

Stepl S, Yi(a) - a2f(0)EX?
Stepl.1 Y(Y; — E(Yi[A;—1)) -0



E(Y: — E(Y3|Ai—1)) = 0
V(Y Y, — E(Yi|Ai1)) YV(Y = EWi|A)) < Y V(%) < Y EY?

By convexity of f,
0 < Yi(a) < n2alg(Xy, 00 +n~2a) — g(Xy,00)]

Therefore
E(Y?) < %ZE[g(Xt,F)O +n7Y2a) — g(Xy,00))
= 4%2EX3_1[I(Zt —n"Y%aX, 1 <0) — I(Z, <0))?
Now

> EY} =nEYy < 4aEX][(Zy —n~?aX; <0) — I1(Zy <0)]

which tends to zero using DCT. Therefore
V(Y (Y = E(YilAi1)) =0

This establishes Step 1.1.
Stepl.2 Y. E(YilA, 1) — a2 f(0)EX2 25 0

EWilAi1) = E(Z—n"?aX, A1) - E|Z]
_ /(|z V20X, | — |2)dF(2)

Using the representation,
0
|z — 0| — |z| = 0[2I(x <0) — 1] +2/ [I(x <s)—I(x<0)]ds
0
we have

nil/QaXt_l
|z —n"Y2aX, 1| — |z| = n " 2aX,_1[21(z < 0) — 1] + 2/ [I(z<s)—1(z<0)]ds
0

Therefore
n71/2a 1
E(Yi A1) = nY%aX, /[2I(z <0)—1dFz + 2// : [I(z < s)—I(z <0)]dsdB%)
nil/QaXt_l ’
- /0 [F(s) — F(0)]ds (22)
= zn—l/ZXH/ [F(n™Y2X,_12) — F(0)]dz (23)
0

Under assumption A2,

F(nil/ZXt—lz) _ F(O) = nil/QXt_l.Tf(O) + Rnt(z)
where |Rp(z)] < Cn_(1+a)/2|Xt—1|1+a|x|1+a
whenever n” V2| X, ||| < M



Hence
E(VilA 1) = 202X, , / 12X, 12 f(0) + R (2)]dz
0
= le_lazf(O)JrQn’l/?Xt_l/ Rt (x)dx
n 0

azf(())% > X7, +% > Xt_l/ ViR, (x)dx
0
= L+ 1 (say)

> B(YiA)

Then I; - a2f(0)EX2.

Remains to show I £.0. To show this, let us assume:
1. max;<i<p n’l/z\Xt,l\ L0
2 e S Xt 50
Hence given € > 0,
P(max n_l/Q\Xt,l\ <M/la]) — 1
and P(ﬁ Z X1 <e) — 1

Let A, be the set where max n=/?|X;_| < M/|a| and 5 2 X P <e
Then 3N such that P(A4,) >1—¢eVn > N. Then on A,, |Ru| < cn=*/?|X;_1]***, and hence

I < 2 Xi—1 acn_a/gth e
n
0
c
<t 2 Xl
< €

ie P(|I2] <€) — 1V e>0. In otherwords I L, 0. This completes Stepl.2 and hence Stepl. In
other words,
Qu(bo +1"2a) — Qn(6)) — n~Y2aU, — a®f(0)EX2 250 (24)

Due to convexity of @, the convergence in (24) is uniform on any compact set by Result3. Thus V
€ >0, and M > 0, for n sufficiently large, we have

P
la]<M

sup ‘Qn(ﬁo—l—n_lﬂa) — Qn(6y) — n~12qU, —a2f(0)EX12‘ < e] >1—¢/2

Call

An(a) = Qu(0o+n""%a) = Qu(bo) ,
Bn(a) = n~Y2aU, +d®f(0)EX?

and their minimizers a,, and b,, respectively. Then

an = /n(fy—0o) and
by = —(2f(0)EX})~'n~Y2U,

The minimum value of B,

By (by) = —n~ (4f(0)EXT) U,



Note that b, is bounded in probability. Hence there exists M > 0 such that
Pl — 2O EXH =20, | < M —1| >1—¢/2

Let A be the set where,

sup |An(a’) - Bn(a’)| <€
lal<M

and | — 2f(0)EX2)"In~Y2U,| < M -1
Then P(A) >1—e€. On A,
Ap(bn) < Bp(by) +¢€ (25)

Consider the value of A,, on the sphere S,, = {a : |a — b,| = ke'/?} where k will be chosen later. By
chosing e sufficiently small, we have |a| < M Va € S,,. Hence

Ap(a) > By(a) —eVa € S,. (26)
Once we chose k = 2(2f(0)EX?)~1/2,
B, (a) > By(b,) +2eVa € S, (27)

Comparing the bounds (25) and (26), we have A, (a) > A, (b,) whenever a € S,,. If |a,, — by,| > ke'/?,
by convexity of A,,, thereexists a’ on S, such that A,(a}) < A,(b,) which cannot be the case.

n

Therefore |a,, — b,| < ke'/2 on A. Since this holds with probability atleast 1 — ¢ and € is arbitrary,

this proves that |a, — by| ., 0. In otherwords,
Vi(ly — 00) = —n Y2 (2f(0)EX?)"U, + op(1) (28)

Step 2 n~1/2U, - N(0, EX?)

zn:XH[zf(Zt <0)—1]

t=2
= ) Yi(say)
t=2

Then note that U, is a 0-mean martingale with finite variance increments. Hence to prove Step2, we
use the Martingale CLT. Write

Un

S?L = ZE(KﬂAt—l):ZXE—l
t=2

t=2
and s> = ES?=(n—-1)EX]

Then we need to to verify:

2
P
1. % 2

This follows from Result 2.

2. 5,25 0 G E(Y2I(]Y] > €s,)) — 0 asn — oo Ve > 0.
To see this, note that

1 |;<1|
L.H.S. = — _E(X?I >evn—1
EX% ( ! (N/EXl2 - >)

— 0as EX? <



Hence using Result 4, we have (SJ—" 4, N(0,1), which proves Step2.

Combining Step2 and equation(28),"we get,

Vil —0g) < N <0’ 4f2(01)EX12)

and this was what was to be proved.
Finally it remains to verify:

—1/2 P
1. maXo<i<n 1 / |Xt_1| —0
Proof: Given € positive,

n—1
P(mtaxnfl/2|Xt_1 >e) < ZP | X¢| > ev/n)
t=1

= (n—1P(|X1] > evn)
_ (n—l)/I(|X1|>e\/ﬁ)dP

Xy [?
< (n-1) 5— (| X1] > ey/ndP
€“n
1
= g/\xfmxﬂ > ey/n)dP

— 0Oas E|X1\2 < 00

P
2. oiterm S [ X1 PP — 0

Proof:
1 = 24« maxji<i<n-—1 |Xt
nita/2 tz2 [ X1 < nita/2 ZX
é (max |Xt > ZX
L0

This follows from (1) and the fact that = > X7 is bounded in probability, since EX? < oo. This
completes the proof.
1.4 WBS for LAD estimators

Now we define the weighted bootstrap estimators, é§ of ég as the minimizers of

Qnp(0 ant|Xt 0X¢1] (29)

t=2

In the next section, we deduce the consistency of this bootstrap procedure.

1.5 Consistency of the Weighted Bootstrap technique

Now we prove that the Weighted Bootstrap estimator of 6 is assymptotically normal with the
same assymptotic distribution. In particular WB provides a consistent resampling scheme to estimate
the LAD estimator.

10



Theorem 3 Let é; be the weighted bootstrap estimator of 6, as defined in (29). Suppose the
bootstrap weights satisfy conditions (A1)-(A4). Also assume that n=/?c, max; | X;| L,0. Then

sup | P [ Vo 05— 0,) < x ‘Xl, . ,Xn} —P[Y <a]|=op(1) (30)
zeR
U]here Y~N (0, W) .
Proof Define
Unt(a) = f(Xi,00+n Y 200a) — f(X¢,00) — n~ Y 20,a9(Xy, 00)
UnBt (a) = wntUnt (a)
SnB == Z Wntg(Xta 90)
Snw == antg(Xta 00)
Sn = Y g(X,00)
H = 2f(0)EX}
Then
EBUnBt = Unt and
Z UnBt (a) = QnB (00 + nil/zgna) - QnB (90) - nil/ZO'naSnw

Stepl. We show \/ﬁa,;l(é; — ég) =-—n"Y2H"1S, 5+ r,p s.t. given € > 0, Pg||rnp| > € = op(1).
To show this, choose &k = 3H~'/? and € small enough such that k*¢ < 1 and M a sufficiently large

constant. Let A be the set where

2

Qnp(0o + n_l/Qana) — Qnp(0o) — n 126,08, — In2Hq <e€

2
sup o, 5

la]<M

and ’n*1/2a;1H*15nw’ <M-1

Then due to convexity of @, B, arguing as in the proof of Theorem2,on A we have,

Vo Y05 —00) = —n V20 " H Sw + s
st |rop| < ke'/?

If we show 1 — Pp[A] = op(1), then
PBHTnBl > (5] = Op(l) V§i>0
Also from equation(28); \/n(fy — 0p) = —n~Y/2H=1S, + op(1).

Therefore \/ﬁa,jl(ég — ég) =-n"YV2H'S,g +rnpo s.t. given € > 0, Pg||rnpa| > €] = op(1).
This will complete Stepl.

Hence it remains to show, 1 — Pg[A] = op(1)
To show this we show,

o2
Y M>0, Pp [sup|a|§Mcrn2 ‘Z U,.pt(a) — ;aZH' > e} =op(1) (31)

and there exists M >0 s.t. Pp [|0;1n*1/2H*15nw| > M} =op(1) (32)

11



To show (31), note that,

0_2
Pg {supaSManz npt(a) — "aQH‘ > e]
ZPB —1\ZWtUt )| > €/2] +ZI o, 21> Xi(by) — o2 bIH/2| > €/2)
—QZkZUt )+ 1o 2\ZUt ) — 02b2H/2| > €/2)
J

As a result, we need to show for fixed b,

IN

IN

0.2 Un(b) = op(1) (33)
t
and 0,y " Uni(b) — 020’ H/2] = op(1) (34)
t
To see (33),
0,2y EUY(b) = no,’EUL(D)
t
< no2E[f(X1,00 +n " 20,b) — f(X1,600) — n~Y20,bg(X1,600))
< Eb*g(X1,00 + n71/2anb) — g9(X¢,00))?
— 0

This proves (33).
To prove (34) note that,

o [Z U, (b) — UQbQH/z} =2 [Z[Ut(b) — B0 A1) + Y E(Ui(B)| A1) — 020 H/2

Eo,?> (Ur(b +(0) | As— 1)) 0

Vie, 2> (Ur(b (0 A1) =0, V(U — E(Ui] Ai-1))
< o) V(U
< k;loJQZE(UtQ(b)) (02 > k1)
= nkilo, 2E(UL(b))?
< kylo, 2020 Elg(Xq, 00 +n20,b) — g(X1,60)]°

1
= 3 Bla(X1,00 + n~20,b) — g(X1,60)]?
- 0
Hence

021> (UL(b) — E(U(b)|Ai-1))] - 0 (35)

12



onb

0.2 B(UAioy) = 0,2 207 V2X /0 [F(n~Y20,X,_12) — F(0)]dz (36)
= 2P0ty X /Ob[F(n_l/Qanthx) — F(0)]dx (37)
= 2w Vo' X [n /%nb X1 £(0) + Rm] (38)
where  |Rpi| < c|n Y20, X, 17 = e(n™20,) 0 X | T (39)
= 2%‘(0)% S OXP 42 oty Xy Ry (40)
—  L+1 (say) (4D
Here (36) follows from (23), and (39) from assumption A2 on F and the assumption n~'/20,, max, | X| i

0.

Now I} -5 B*f(0)EX2 = b2H/2 (42)

and |L| < c(n Vo) (T P0,) Y X P (43)
coy 24

= szftfﬂ (44)

.0 (45)

In this case (45) follows from (44) if we show n+$i/2 SoIXq ]2 L, 0va > 0.
To see this, note that

o2 o o maxy | X¢|* 9
n1+a/22|Xt71| “ = ne/2 ZX
On 9
< — X = X
< (Gpmm) 1T
20

Combining (42) and (45), we have 072 " E(U| A1) —— b2H/2. In o.w.,
o2 [Z E(U| A ) — aibm/z} 2.0 (46)

Adding (35) and (46), we prove (34). And from (33) and (34) we deduce (31).

Now  Pg {|U_1’I7/—1/2H_1Snw| > M]

o, 2p—1Hg—2 2
< B [Y wil(Xi60)]

M?2
K o Ko [Y9(Xt,00) ?
< Mznzg(Xtﬁo) t oz [7\/5
P
2.0

if M is choosen sufficiently large. This proves (32). (31) and (32) together show 1 — Pg[A] = op(1).
This completes step 1.

13



Step2. Pp(n~28,5 < z)— P(Y <) =op(1), where Y ~ N(0, EX?)
To show this we use Resultl.
Sup = Y Wug(Xy,00)
= Y WuXia[20(Z <0) — 1]
Hence we need to show:
LIy X, prz,<0 -1 -0
2. Ly x2 5 EX?
3. %maxt X2, 20
All these follow from Step2 in the proof of Theorem2.
This completes Step2, and combining with Stepl, we get
Py (\/ﬁo—;l(é; — ) < g;) ~P(Y<z)=o0p(l)Vz € R
1
h Y~N|(0,———s
e ( ’ 4f2<0>EX%)

Using continuity of the normal distribution, we complete the proof.

1.6 Special choices for w.

With (wy,...,w,) ~ Mult(n, %,,%) we get the Paired Bootstrap estimator. This is same as
resampling w.r. from (X;_1, X;), ¢ = 1,2,...,n. Other choices of {w;}’s yield the m-out-of-n
Bootstrap and their variations. In particular lets check the conditions on the weights in two particular

cases.

Case 1. (Wy,...,Wn) ~ Mult(n,1,... 1)

Clearly the weights are exchangeable. Let us verify assumptions (A1)-(A4) on the weights in this
case.

Al. EB(wl) =1
Obvious in this case.

A2. 0<k<o?=o0(n)
o2 =1- % which clearly satisfies the above condition.

A3. ¢1, =0(n71)
Clp = —% which is as above.

A4. {W;} satisfy conditions of P-W theorem.

To show this, we have to verify conditions (6) and (7) of Result (1) with U,; = Wj;.
Condition(6) 1 >° w21

Wt:1/ n (wtfl)

n—1

Therefore,




Ve(> _(wr — 1)%) = nVp(w — 1)* + n(n — 1)Covp((wy — 1), (wy — 1)?)

Write wy = >, u; and wy = Y ., v;, where {u;,v;}I; are iid with the joint distribution of

(u,v;) given by
(1,0) w.p. 1/n
(uj,v;) =< (0,1) w.p. 1/n
1,0

(1,0) w.p.1-2/n
VB(w1 — 1)2 = EB(w1 — 1)4 — Vé(wl)
= Bplw— 1) = (1)

(w1 —1) =37 (u; —p) wherep = L g = 1—p. Hence
Ep(wy —1)* = B( Y (wi—p)*+3Y (ui—p)(u;—p)*)
ey
= nE(u; —p)* +3n(n — 1)p°¢>
= n(pg" +p'q) +3n(n — 1)pe*

Simplifying
1 9 6 2
_(1_ﬁ)(4__+ﬁ+$) (47)
Therefore 1 9 . 5
VB(w171)2:(1——)(377+ﬁ+$)ﬂ3 (48)

B

|

=

(V)

g

2

[\v]

I I

S

s £

S

o

c =

VN

M

N

= =

)
S
=5
S

X
7
&

I
3
~—~

3]
+
7
&

|
3
~
—~
S

|
=

EB(U}l — 1)2(11.)2 — 1)2
= E| Z(Ui —p)*i—p)® + ZZ(W - p)*(v; —p)*
i iFE g
+ > > (wi = p)(uj —p)(vi —p)(v; —p) ]
it J
= nE(u —p)*(v1 —p)* + n(n—1)V(u)V(v1)
+ n(n — 1)Cov(uy, v1)Cov(usz, v2)

= n2p’¢® + p'(1—-2p)) + n(n—1)p°¢* — n(n—1)p*
2 1 1 2

= —(1-=-)2+ ===
n2( n) +n3( n)
1 1
+n(n—1)ﬁ(1——)2 - n(n—l)ﬁ
3.4 3
- n n? n3



Covg((w; —1)%, (wa — 1)?)

1
= Ep(wr—1)*wr—1)* = (1-—)*
3,43
n n? n3
2 1
—(1-Z= _
e )
B 13 3
- TatuwTw
— 0
Therefore
Vi (l D (w—1)?) = 1y, (w —1)2—&-(1—1)0011 (wy — 1)%, (wy — 1)?)
B n ¢ n B 1 n B 1 ) 2
_)O
1 2y _ N9 1 2
V(=D WP = ()" VB(o Y (w = 1)*) —0
1 n
Ep(~ 3 W) = —=Ep(ui—1)*=1

Hence from (49) and (50),
1
Ly
n

This proves condition (6).

Condition(7) limy_. limsup, . /E(WZIjw,>k) = 0

1
EW{w,>1) = ;E[(wt*1)21(\wt—1\>1w")]
1 1 1
< lB(w = DYE [P(jw — 1 > ko)) ?
1 1 0721 1
< 0_%( 7124)(/920'721)2
1 Mn4 1

where M,,4, = E(w; — 1)*. Therefore
lim lim sup 4 /E(WtQI(\Wt|>k))
k—oo nooo

1 M,
< lim limsup —( 4

k—o0 nooo k O’?L

)1 =0
as both M,,4 and o are bounded (follows from (47)).

Case 2. (W1, Wa,...,wy) iid (1,0?)

Again we need to establish (A4), that is, verify conditions 6) and 7) in Result(1).

16



Condition 6) follows from WLLN.

To verify condition 7), note that since distribution of (wy,ws,...,w,) is independent of n,

lim limsup / E(W21w,|>k))
k—oo n—oo

= lim /E(WZIjw,>k) =0

k—oo

since EW? < oo.

Remark 1. Result 2 is true even when the process is nonstationary. This follows from the fact that,
given observations {X;} from the AR process, X; = 0X;_1 + Z;, |0] < 1; we can get a stationary
solution of the above process, say {Y;}, such that L > X¢zP 25 E(Yez?, ).

As a consequence, Theorem 1) holds even without the assumption of stationarity, which is assumed
throughout its proof.

2 Bootstrap in Heteroscedastic AR(1) model

Now we introduce heteroscedasticity in the model (1), and study the Weighted Bootstrap estimator.
Consider the following model:

theoXt_l—FZt; Zt:tht t:1,2,...,n. |90| <1 (51)
Xo ~ Fy with all moments finite. (52)

where 6y, 7 > 0 are constants,e; ~ 4id(0, 1), and ¢; is independent of {X;_x, k > 1} for all ¢.

2.1 Estimation

Based on observations X;, X, ..., X,, we discuss various methods for estimating # in the model.
Listed below are four types of estimators.

(a) Weighted Least Squares Estimator Assuming {7;} to be known, consider the following
estimator for 6y:

. 1l & 1 2
0, = argmznggzz()(t—@)ﬁq) (53)

t=2 't

n 1
thgéXtXt—l
n 1 v2
thzr_gXt—l

If ¢; in model(51) is normal, (54) turns out to be the (Gaussian) maximum likelihood estimators.

(b) Least Squares Estimator In general {7;} are unknown and are non-estimable. Hence we may
consider the general least squares estimators, ie,

A _ Z?=2 XtXt—l

92 mn (55)
12 Xi

17



This turns out to be the same as (54) if the {7;} are all equal, that is the model is homoscedastic.

(c) Weighted Least Absolute Deviations Estimator The estimators (54) and (55) are Lo-
estimators. It is well known that Li-estimators are more robust with respect to heavy-tailed distri-
butions than Lo-estimators. This motivates the study of various LAD estimators for . Now we
reparametrize model(51) in such a way that the median of ¢, instead of the mean equals 0 while
Ve; = 1 remains unchanged. Our first absolute deviation estimator takes the form

N |
03 = argming Z :|Xt —0X; 1| (56)
t

t=2

This is motivated by the fact that 63 turns out to be the maximum likelihood estimator when the
errors have double-exponential distribution.

Least absolute deviations estimator Estimator(56) uses the fact that 7 are known. Incase they
are not our absolute deviation estimator takes the form

0y = argming Z | X — 60X, 1] (57)
t=2

In the next section we discuss the assymptotic properties of the listed estimators.

2.2  Consistency of estimation in heteroscedastic AR(1) process

In this section, we establish the distributional consistency of each of the four estimators discussed
in the earlier section. To do so, we will use some established results, the first one being the following
Martingale Central Limit theorem:

Result 4 (Martingale C.L.T.; see Hall and Heyde 1980) Let {S,,F,} denote a zero-mean
martingale whose increments have finite variance. Write S, => 1" X;, V2= | E(X2 {|Fi-1)
and s> =EV? =ES? . If

27,2 P
s5,°Vy, — 1 and
n

S,ZQZE(XZ-QIOXA >esp)) — 0 asn— oo Ye>0.
i=1
Then S= —%5 N(0,1).

Sn

Another result we will need is the following one on convergence of a weighted sum of iid random
variables.

Result 5 Let X1, Xo,..., X, be a sequence of iid mean zero random variables, and {c;,|i =

1,...,n} a triangular sequence of bounded constants. Then % S cinXi L0

2.2.1 Distributional consistency of 6,
2
Theorem 4 Define > = L%, 7 °EX? . Assume that

Al Z<MpV1<i<j<n
J

20j—i) /=,
A2. %Zlgi<j§n 90(1 )(T—j)z > My >0

18



2(5—1) /7y
A3. %Zlgiqgn OU(J )(?J.)Q —>PQ

Then under assumptions(A1-A2), s, (6 — 0y) <, N(0,1)
Further if we assume (A38), we have, /n(f1 — 6,) N N(0,62/p?) as n — oo

Proof /n(f; —6y) = \/_Z i ,f;(;zt

1

Stepl. ﬁ ZTt_QXt_th is assymptotically normal

Let S, =Y 1 o7 2Xi-1Z;.

Note that
t
X, = 6\Xo +Zeg—kzk Vi >1
k=1
t
Hence E(X?) = 03 EXZ+ Z 22k 2

(58)

(59)

Hence S,, is a 0 mean A, measurable martingale with increments having finite variance, where
A; = 0(Xo,€1,€2,...,6); t = 1,2,...,n. This follows from the fact that F(X?) is finite, and

E(Xt,12t|./4t71) = 0
To establish the assymptotic normality of S,,, we use Result (4). Let

Ve o= ZE(Tt_4Xt2—1Z1£2|-At—1)

n
—2 -2
= ZTt X
t=2
Then to accomplish Stepl, we need to show

2
Vo Py

52

52 N E[(r X1 Z) (1 P X1 Zy] > €sn)] — 0

N t=2n

To prove (60), note that

92t1]

Vi sh
n n
1
= - Tt+1[X2 EX?
t=1,n—
— t
1n 2 TiTi i
L k 2(t— k) “ g p2t—i—j
- ATy EA G-yl Y S B
Py 41 t=1,n—10<i<j<t tt1
—1 n—1 n—1
1% T2 2 2 TiT;
S SCEIIOE Al P DR Dok o
"= t= th‘H " o<icien—1 t=j t+1

= Ty + 275 (say)

19



Using assumption (Al) and Resutb, we have T} 0.

ET2:O

VT2 Z 29% i—jJ T’LT]

72
O<2<J<n t=j t+1

) fw ) o

Hence T5 £, 0.
2 2
Combmmg, Vo s Py

TL
2 2
ss ‘rk 2(t k)
Also - = Z Py 0,

Using assumption(A2), 7’; is bounded below. Therefore Z; .1 and this proves (60).

n

Remains to show (61), i 92 B[R A X2 (T | Xeera| > esn)] — 0

t
1261 <> 7ulfol" el

k=0
t
X2 T2 TiTj
<§ k |9 |2(t k)62+2 § 1]|9 |2t136€j
T k=0 T 0<i<j<t ttl

Hence for 1 <t < n,

E [Tt+1X2€t+1I(Tt111|Xt€t+1| > esy)]
t

_ TiTj

< Z |9 |2tk g [6 et+1I(Tt+11|Xtet+1| > esy)| +2 Z T e ) [616]6t+1I(Tt+1|Xt€t+1| > esy,
k=0 Tt+1 0<i<j<t Tt+1

< A4 Org:?;(tE [ener I (T | Xeeri] > esn)] + As 0<rn?jx E [eejer I(ro | Xeeri] > esn)]

< AofgggtE [enetir (T3 | Xeera] > esn)]

S—\/% is bounded below by say, M > 0. Hence for a fixed kg, 0 < kg < t,

20



IA
&=

[ X
< F eﬁoeerlI <|t6t+1| >6M\/ﬁ)]

TRARY |€t+1|z—\€k| >€M\/_>]

- ¢
< Bl @l (Janl = Veln/ )| + B & e, 1 (Z T ol > rMnl/Alﬂ
) k=0
] ¢
= F 6?4.1] (\€t+1\ > VeMn1/4)} + F eﬁOI <Z|90|t k|€k| > e M 1/4)]
) k=0
r ¢
< FE {6?1 (\61\ > cln1/4)} +FE |e, 1 <Z 100]tF|ex| > anl/‘l)]
L k=0
o slan{or ) £[ (ot 3 o [ (3 it

k+£ko

< FE -E%I (\61\ > cln1/4)- +E -efl (\61\ > %nl/‘l)} +P Z 60| " |€ex| > %n1/4
) . ) k#ko

r 1 c
< F _e%[ (\61\ > 63711/4)_ + nl—%

Hence maxo<p<i F [eﬁefHI(T;rlﬂXtetH\ > esn)} — 0. Using the fact that s?‘ is bounded below, this
proves (61). Using Result4, from (60) and (61) we deduce that 2 Su 4, N(0, 1)

—ZTt X,17Z -5 N(0,1) (62)
Sn =2
Step2.
n -2
2t th Xi Py (63)
Sn
This follows from (60).
From (62) and (63) we deduce,
Xy 17
Sn@ N N(0,1) (64)
Yoo X
ie s (01 — 00) = N(0,1) (65)
s2 1< 9
L= = EX? 66
n n ZTt t—1 (66)

nlt

,ZZ Tk 02(t k) (67)

t1k1t+1
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2 2
. S
Hence if we assume (A3), we have -» — %, and then,
0

N 92
Va(fy — o) % N(o, )

This completes the proof.

Remark Assumptions (Al) and (A2) are satisfied if {r;}’s are bounded, or more generally if they
are of the same order, ie there exists constants ¢i,co > 0 and « > 0 such that ¢;t® < 72 < ¢ot® for
1<t <n.

2.2.2 Distributional consistency of 0,
Theorem 5 Define s2 =3 ", 72 E(X? ;). Suppose {1;}’s satisfy the following assumptions.
Al. M1 STt SMQ, t= 1,2,...,TL

A2, 2T 25

1 2._2n2(j—1) 2
A3. n Zl§i<j§n Ti T by —p

. -1 A d (1-62)>
Then under assumptions(A1) and (A2), (%) Vn(fa —0g) — N (O, — )
Further if (A3) holds, /(02 — 05) —%> N (o, M)

152
7408

Proof \/ﬁ(éz —tp) = \/ﬁzzx)rfi}ilzr

Stepl. ﬁ > X117, is assymptotically normal.
Let Sn = Z?:Q Xt,th.

Then S, is a 0 mean A, measurable martingale with increments having finite variance, where
A = o0(Xo,€1,€2,...,6); t = 1,2,...,n. This follows from the fact that F(X?) is finite, and
E(Xt,1Zt|At71) = 0

To establish the assymptotic normality of .S,,, we use Result (4). Let

n
v > B(X? ., Z7A)
t=2

n

22
E T X
t=2

Then to accomplish Stepl, we need to show

V2 p

Ea (65)

1 n

2 ;E [(Xi-1Z:)°1(| X1 24| > €sn)] — 0 (69)
t=

Using the expressions for X; and EX? from equations(58) and (59), we have
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1 n—1
— 2 2 2
= 0 E Tt+1[Xt - EX{]
t=1
n—1 n—1
292(t— k 2t—i—j
= —E E Tt+17'k9 E E 774100 €i€j
t=1 k=0 t=1 0<i<j<t
1 n—1 n—1 n—1
2 2(t—k) 2 2t—i—j
= g (e — g Tk7t+19 n g €€ g TiTjTiy100
k=0 t=k 0<i<j<n—1 t=j

= T+ 2T, (say)

Using assumption (Al) and Resutb, we have T} 0.

ET, =0 (70)

n—1

1 2t—i—j 2
VI = — > >0 I nmr, (71)

0<i<j<n—1 \ t=j

n—1
=D DD DI (72)

0<i<j<n—1 t=j

< 55 (D] o 2

t=1 \k=0

IA

Here c¢ is some positive constant. (72) follows from (71) using the fact that Z" ! 92t - ]TZTJ‘TtQJrl is
bounded which inturn follows from assumption(Al).
Hence T, L.o.
.. V2 s2 P
Combining, -» — -» — 0

n
2
Also%"—lz Zko
V2
Ve
2

2
Again using assumption(Al), 7" is bounded below. Therefore

2
i 2(t— k:)
T2 90

t41

%, 1 and this proves (68).
Remains to show (69), i 52 P E [P XPE T (Te | Xuersn| > €sn)] — 0

t
X <> 7l00]" " ek
k=0

t
Xt2 S E T]3|90‘2(t7k)6i + 2 E Tﬂ’j|90‘2t727]6i6j
k=0 0<i<j<t
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Hence

IA

IA

IN

for1 <t <n,

E (12 X7 € (1| Xieria| > €sy)]

t
Y mrtalboPCVE [ I | Xiera| > esn)] +2 Y mimria |00/ T I E (a6 (T | K€
k=0 0<i<j<t

Ay Org?i(tE [ezefHI(THﬂXteHﬂ > esn)} + Ao 0<max E [626]€t+1I(Tt+1|Xt6t+1| > esn)]

Aolgl?%(tE [erer iy I (Ter1 | Xeer| > €sn)]

2o is bounded below by say, M > 0. Hence for a fixed kg, 0 < kg < t,

Jn

E [6i0€?+11(7t+1|Xt6t+1| > GSn)]

§ FE [Ezoet—&-lI (Tt+1|Xt6t+1| Z GM\/E)]
t
< F 6i0€?+11 <|6t+1|ZTth+1|6k| > eMﬂ)]
k=0
t
< B[t (el > V)] 48 |t (S ~Had > VAT )
k=0
t
= FE {ft2+11 (\€t+1\ 2 VGMn1/4)} +E eI <ZTth+1|90tk|fk| > VEMn1/4>]
k=0
t
< FE [G%I (\61\ > C1n1/4)} +E e I (Z 160" |ex| > 02n1/4>]
k=0
< FE {6%[ (\61\ > cln1/4)} +FE [eiol (|ek0| > %nl/‘l)} +F eiol Z 100] " €| > %nl/‘l
kKo
< EB|&1(jalzant)| + B |1 (jal = Zat)]| + P [ D 100 Flal = S0t/
ko
c
< FE [%I (\61\ > 03711/4)} + n1j4
Hence maxo<p<t E [6%6%+1I(Tt+1|Xt6t+1‘ > esn)] — 0. Using the fact that is bounded below, this
proves (69).
Using Result4, from (68) and (69) we deduce that S—: <, N(0,1), ie
— th \Zy -4 N(0,1) (74)
Sn i
Step2.
-2
- ZX am (75)
This follows once we show
n—1
~ Z (x2-£Ex?) Lo (76)
t=1
2
and = Z EX: i 92) (77)
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Using the expressions for X; and EX? from equations(58) and (59), we have

n—1

1
~ Y (XP - EX))
n
t=1
1

n—

n—1 n—1
1 2(t—k 2 2At—i—j
SEEOCE LR NS VIR SR
t=k t=j

k=0 0<i<j<n—1

—0

The above steps can be justified by proceeding as in the proof of (68). This complete (76).

To see (77), note that

1 n—1 2 n—1 n—1 ¢
- EX2 _ 0 92t+ 7_292t 2k
E h = E E E

n t=1 t=1 k=1

n—1 t

~ - § :E : ]30% 2k
t 1 k=1
- n—k—1

= 727']6 ZF)

= LT 1- 92)
k=1

11 )
~ T

72

(1—65)

This proves (77). (76) and (77) together prove (75) and this completes Step2.

Dividing (74) by (75) we deduce,

()il — ) < v (0, L0
vn T4
52 1 &
; = E Z TEEX7:271
t=2
n—1
1 : 2(t—k)
= - Tk Tt+1%
t=1 k=1
Hence if we assume (A3), we have %‘ — 02, and then,

2 2\2
5 d p*(1—65)
\/5(92—90) %N(O,T%O

This completes the proof.
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2.3 Consistency of the Weighted Bootstrap technique

Now we prove that the Weighted Bootstrap estimator is assymptotically normal with the same
assymptotic distribution as of the least squares estimate. In particular WB provides a consistent
resampling scheme in the AR model with introduced heteroscedasticity.

Theorem 6 Let é; be the weighted bootstrap estimator of 0, as defined in (4). Then under the
conditions (A1)-(A4) on the weights,
Pl ol (05 —6,) < :v‘Xh...,Xn} Py <a]=op(l) YzeR (84)
where Y ~ N(0,0?), 0% being defined in Theorem (??).
Proof Asin (13),
Vo (05, = 0n)
Y WiXo 1 Zi/Vn il — 0)o=! >(w — HXE,/n
SwXi oy /n ! " Y wXi/n
= T\ —Ty (85)

Claim 1. There exists 7 > 0 such that

1 n
P| — WX 17; <
\/ﬁ;ttltf-r

To see this let us verify the first three conditions of Result(1) with ¢,; = X;Z;41 and U,; = W; for
j=1...,n—1.

Condition 1 137 X, 7, 50

Follows from Theorem ?7.

P

Xl,...,an 292 ) VaeR

SR

Condition 2 137" (X,_17,)? P,

1 n
Let S, = =Y X} .7}
nis
1 n
Un = EZXE—l(ZtQ _Ut2)
t=2
1 n
Vn = ﬁ ZXE_l(T?
t=2
Then S, = U, +V,.
EU, = 0
V(nUy,) = VX2 (ZE—a)+2) D Coo(X[ (2] —07),X2_,(Z - 02))
t=2 2<s < t<n
= D V(X{1(ZF —a}))
t=2
n
< MX:EX?_1 where EZt4 <M

t=2
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M ) 1 .
Therefore V(U,) < o ZEXf_l — 0 since - ZEXf_l is bounded.

Hence U, £, 0.

[o7 ZXtQA"‘U% Z X7 ]

t odd t even

2 2
0_2 Zt odd Xt—l + 0_2 Zt even Xt—l
! n/2 2 n/2

S|~

b
N = N =

[olo2(1—0Y) " + o305 (1— 017"

1
= m[g%@f +0307)]
Therefore
s 1[o%0? + 0307]
2 (104
0%(o1 +03) + 20803 _
2(1 — 64) N

Condition 3 n~!max(X? ,Z2) 50

Given € positive,
n

Pn'max(X}? ,Z}) >e) < ZP(Y} > ne) where Y; = X? 77
2

1
n2e?

M S s
- n2622EXt—1
=2

IN

n
> B,z
t=2

1
0 si =N T EXY is bounded.
— since n Z t 18 oundae

This proves Claim 1.

Hence for 12 = 0%(01 + 03) + 20103 ,

2(1— 6%)
1 & P X
PB — Wtthlzt S X[ — @( — ) VxeR (86)
Claim 2. ( ) 2)
1(of+o0o
ith ¢ = —~1 2
With ¢ R
1 — P
Py E;wtxf,l—c >e]—>0 Ye>0 (87)
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Note that

l Zw X2 = 1 Zt Oddthtz—l + Zt even thtz—l
n T n/2 n/2

Using the fact that {X;}t even and {Xi}t oaq form two homoscedastic AR(1) processes, from Claim
2(Theorem 1) and Remark 1, we get,

2 22, o
Yot oda WtXi—1 pp 0707 + 03

n/2 1-—64
and 5
Et even thtfl ﬁ) O'% + 920%
n/2 1—64
Hence

1 2 ps 1 (O—% + J%)
ﬁ Ztht—l — 5(1_792) a.s.

This proves Claim 2.

Claim 3.

n

1
n Z(wt - 1)X152—1

t=2
This follows from equations (??) and (87).

Pp

>€1L0 Ve>0 (88)

Note that as defined in (85),
VoY 0F = 0,) = Ty — Ty
Then from (86) and (87),
Pp(Ty <z) — P(T<z) = op(1)
L (0f +03) oo +0%(01 +03)/2
2 (1-62) (1-06%) )
Moreover using equations (87) and (88), from Claim 3(Theorem 1), we get,

Pp(|To >¢€|) = op(1) Ve>0

-1
where T ~ [ } N {0,

Combining . .
Pg[vno, (05 —0,) <x]—-P[Y <z]=op(l) VZER (89)
where 2y 2 2 2( .4 4
vy ~ N[0 4(1_9)0102+9(01+02)/2
) G

and this completes the proof.

Remark 2. In Theorems 1 and 3, we have established the consistency of the Weighted Bootstrap
estimator in probability, ie we have proved, Vx € R,

Pp(Vno, (05, = 0n) < @) = P(Vn(0, —0) < z) = op(1)
The same results can be achieved almost surely. One can prove that, Vz € R,
Pg( Vo, (05 —0,) < x) — P(vVn(b,—0) < z) — 0a.s.

To prove this, one needs to verify the conditions of Result(1) almost surely, and replace all convergence
of sample moments of {X;} in probability, by almost sure convergence in the proofs.
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3 Numerical Calculations

In this section, we compare numerically the performance of the Weighted Bootstrap and Residual
Bootstrap techniques for an heteroscedastic AR(1) model, and exhibit numerically, the consistency of
the Weighted Bootstrap estimator. We simulated 50 observations from the AR process,

XtZQXt_l-i-Zt, t:1,27...,7’l.

where Z, is a sequence of independent Normal mean-zero random variables with EZ? = o7 if t is odd
and EZ}? = 03 if t is even. For simulation purpose, we used 6 = 0.5, 07 = 1, and o3 = 2.

The unknown 6 is estimated by its LSE 6,, which came to be 0.4418.

Let V,, = \/ﬁ(én —0) be the quantity of interest which is to be estimated using resampling techniques.
Let V* = /n(0 — 6,,) denote its bootstrap estimate for two different bootstrap techniques: the
Residual Bootstrap (which tacitly assumes that all the Z;’s have same variance) and the Weighted
Bootstrap. In case of WB, we used i.i.d Normal(1,1) weights. We used 200 simulations to estimate
the distribution of V, in both the cases.

We performed the KS test to compare the distributions of V,, and V,*. To estimate the distribution
of V,,, we used 200 simulations from the above process. The results of the test are as follows.

Two-Sample Kolmogorov-Smirnov Test
Data: V,, and V}
Alternative hypothesis:
cdf of V,, does not equal the cdf of V. for at least one sample point

BS Technique || KS value || p-value
RB 0.12 0.0945
WB 0.1 0.234

Figure 1a) presents the estimated densities of V,, and V,*, with é:‘L being the residual bootstrap
estimator, while Figure 1b) presents the estimated densities with GA,’; being the weighted bootstrap
estimator. From the table it can be seen that both the estimators pass the test, but WB does rea-
sonably better. This is also obvious from the density plots.

Next we introduced more heteroscedasticity in the model. This time we took o? to be 1, and o3
as 10. 0,, came to be 0.47083. Again we estimate V,, by V,* and performed a KS test to determine
the goodness of the fit. Now the results are as follows:

Two-Sample Kolmogorov-Smirnov Test
Data: V,, and VJ
Alternative hypothesis:
cdf of V;, does not equal the cdf of V} for at least one sample point

BS Technique || KS value || p-value
RB 0.135 0.0431
WB 0.125 0.0734

Figure 2a) presents the estimated densities of V,, and V* for RB, while Figure 2b) presents the
estimated densities for WB. From the table, it can be seen that RB fails. This is expected since it
is not adapted for heteroscedasticity. It fails to capture the true model in such a situation. WB still
performs well, but its performance also falls. This is also reflected frm the density plots. Perhaps a
larger sample size is required in case of substantial heteroscedasticity.

This illustrates the point that for small sample sizes, at small levels of heteroscedasticity, many
Bootstrap techniques perform well ; but at substantial levels a careful choice is needed. The success
of WB for both levels of heteroscedasticity lends further support to our theoretical results.
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4 ARCH models

In this section, we first present the basic probabilistic properties of ARCH models. Then we in-
troduce various estimation procedures for the parameters involved, and study their properties. The
assymptotic properties of the listed estimators under different error distributions are also introduced.
To approximate the distribution of the estimators and draw inference based on an observed sample,
various resampling techniques are also listed along with their properties. Finally we supplement our
theoretical results with numerical calculations based on a simulated ARCH data set.

4.1 Basic Properties of ARCH Processes

Defination 1 An autoregressive conditional heteroscedastic (ARCH) model with oreder p (> 1)
is defined as
X; =06, and of =co+ b XP +...+ prtQ_p (90)

where ¢g > 0, b; > 0 are constants, e, ~ iid(0,1), and ¢, is independent of {Xi_y,k > 1} for all t.

The necessary and sufficient condition for (90) to define a unique stationary process {X;} with
EX? < oo is

P
> bi<1 (91)
1=1

Furthermore, for such a stationary solution, EX; = 0 and V(X;) = co/(1 — >_F_; by).

4.2 Estimation

We always assume that {X;} is a strictly stationary solution of the ARCH model (90). Based
on observations X1, Xo, ..., X, we discuss various methods for estimating parameters in the model.
Listed below are four types of estimators for parameters ¢y and b;. They are the Conditional Maxi-
mum Likelihood Estimator, and three Least Absolute Deviations Estimators.

(a) Conditional Maximum Likelihood Estimator If €; is normal in model (90), the negative
logarithm of the (conditional) likelihood function based on observations Xi, Xs,..., X, ignoring

constants, is
n

Y (logo} + X7/o}) (92)
t=p+1

The (Gaussian) maximum likelihood estimators are defined as the minimizers of the function above.
Note that this likelihood function is based on the conditional probability density function of X, 1,..., Xy,
given Xi,...,X,, since the unconditional probability density function, which involves the joint den-
sity of X1,..., X, is unattainable.

(b) Least Absolute Deviations Estimators The estimator discussed in (a) is derived from maxi-
mizing an approximate Gaussian likelihood. In this sense, it is an Lo-estimator It is well known that
Li-estimators are more robust with respect to heavy-tailed distributions than Ls-estimators. This
motivates the study of various least absolute deviations estimators for co and b; in model (90).
Now we reparametrize the model (90) in such a way that the median of €7, instead of the variance of
€, is equal to 1 while F'e; = 0 remains unchanged. Under this new reparametrization, the parameters
co and b; differ from those in the old setting by a common positive constant factor. Write
X2
W =1+ €t1 (93)

where e;1 = (¢2 — 1) has median 0. This leads to the first absolute deviations estimator
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0, = arg meint2;1 1X2/0,(0)% — 1| (94)
=p

which is an L estimator based on the regression relationship (93).

Alternatively, we can define another form of least absolute estimator as

> = argmin 3" [log(X? — log(0:(0)°)| (95)
t=p+1

which is motivated by the regression relationship

log(X7) = log(o¢(6)?) + ex2 (96)

where e;5 = log(e?). Hence median of e is equal to log{median(e?)}, which is 0 under the reparam-

eterisation.

The third L-1 estimator is motivated by the regression equation
X7 =0} +es (97)

where e;3 = 02(¢? — 1). Again under the new parameterisation, the median of ;3 is 0. This leads to
the estimator

G - 2 2
03 = arg min Z | X7 — o (0)7 (98)
t=p+1

Intuitively we prefer the estimator ég to ég since the error terms e;s in regression model (96) are inde-
pendent and identically distributed while the errors e;3 in model (97) are not independent. Another
intuitive justification for using f is that, the distribution of X? is confined to the nonnegative half
axis and is typically skewed. Hence the log-transformation will make the distribution less skewed.
The minimization in (94) , (95) and (98) is taken over all ¢y > 0 and all nonnegative b;’s.

4.3 Assymptotic Properties

In this section we discuss the assymptotic properties of the estimators listed above.
The conditional maximum likelihood estimation remains as one of the most frequently-used methods
in fitting ARCH models. To establish the assymptotic normality of the likelihood estimator some
regularity conditions are required. Let {X;} be the unique strictly stationary solution from ARCH(p)
model (90) in which ¢; may not be normal. We assume that p > 1,¢p > 0and b; > 0fori=1,2,...,p.
Let (¢, aT)T be the estimator derived from minimizing (92), which should be viewed as a (conditional)
quasimaximum likelihood estimator.
Let 0 = (cg,a™)T, 0 = (¢9,aT)7, and Uy = d{%;. It may be shown that Ug/o} has all its moments
finite. We assume that the matrix

M = E(U, UL /o))

is positive definite. Further we assume that the errors are not very heavy tailed, ie E(e}) < oo. Then
under the above regularity conditions, it can be established that (see Hall and Yao 2003)

NG

If E(e}) = oo the convergence rate of \/n is no longer observable. Then the convergence rate of the
likelihood estimator is dictated by the distribution tails of €?; the heavier the tails, the slower the
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convergence. Moreover, the assymptotic normality of the estimator is only possible if E(|e;|?~%) < oo
for any § > 0.

The asymptotic normality of the least absolute deviations estimator fy in (95) can be established
under milder conditions. To do so we will use the reparameterized model. Let # = (co,aT)? be the
true value under which the median of €7 equals 1, or equivalently the median of log(e?) equals 0.
Define Uy and M as before. Again we assume there exists a unique strictly stationary solution {X;}
of model (90) with Ey(X?) < oo. The parameters ¢ and b;, i = 1,2, ..., p are positive. M is positive
definite. log(e?) has median zero, and its density function f is continous at at zero.

Under the above conditions, there exists a sequence of local minimizers 0 of (95) for which

V(s —0) -5 N(0,M71/{4£(0)*})

(see Peng and Yao 2003).Thus the least absolute deviations estimator 0, is asymptotically normal with
convergence rate v/n under very mild conditions. In particular, the tail-weight of the distribution of
€ is irrelevant as no condition is imposed on the moments of ¢; beyond E(e?) < oo

Similar to the above result,\/ﬁ(él — 0) is also asymptotically normal with mean
E[E21(2 > 1) — e21(e2 < 1)] [E|mail, .- .,E|m(p+1)(p+1)|]T where M = (myj); ;
(see Peng and Yao 2003) which is unlikely to be 0. This shows that 0, is often a biased estimator.

It can also be shown that \/ﬁ(ég — 0) is also assymptotically normal under the additional condi-
tion EX} < oo.

4.4 Bootstrap in ARCH models

As indicated in the earlier section, the range of possible limit distributions for a (conditional) Gaussian
maximum likelihood estimator is extraordinaily vast. In particular the limit laws depend intimately
on the error distribution. This makes it impossible in heavy tailed cases to perform statistical tests
or estimation based on asymptotic distributions in any conventional sense. Bootstrap methods seem
the best option for tackling these problems.

Residual Bootstrap(m-out-of-n) for likelihood estimator: Let

€& = X¢/or(0) for t = p+1,...,n and let {€} be the standardized version of {&} such that the
sample mean is zero and the sample variance is 1. We define

Now we draw {ej} with replacement from {é} and define X; = ofe for
t=p+1,...,m with

and form the statistic (6%, 7*) based on { X, ,..., X, } in the same way as (6,7) based on {X,11,..., X, }.
It has been proved that (Hall and Yao (2003)) as n — oo, m — oo, and m/n — 0, it holds for any
convex set C' that

— 0

P{\/E(QTQ) €C|X1,...,Xn}P{\/ﬁ(éTA9) ec}
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Weighted Bootstrap for likelihood estimator For every n > 1, let {wn¢}, t = 1,...,n, be real
valued row-wise exchangeable random variables independent of {X;}. Then we define the weighted
bootstrap estimators, 6* of § as the minimizers of

S wnllogo?(@) + X2/o?(0)] (99)

t=p+1

Under suitable regularity conditions on the weights, we can expect the consistency of 6.

It is well known that in the settings where the limiting distribution of a statistic is not normal,
standard bootstrap methods are generally not consistent when used to approximate the distribution
of the statistic. In particular when the the distribution of €; is very heavy-tailed in the sense that
E(Je;|?) = oo for some 2 < d < 4, the Gaussian likelihood estimator is no longer assymptotically
normal. However the least absolute deviations estimator 6 is assymptotically normal under very
mild conditions. Hence we expect the Bootstrap methods to work under larger range of possible
distributions for 65.

Weighted Bootstrap for 6y As in (99) we define the weighted bootstrap estimators, é; of 6,
as the minimizers of

S warllog(X? — Log(4(6)?) (100)
t=p+1

Let 02 = Vgwni, Wpi = 0, (w,; — 1), where Pg, Ep and Vg, respectively, denote probabilities,
expectations and variances with respect to the distribution of the weights, conditional on the given

data {Xy,...,X,}. The following conditions on the weights are assumed:
Ep(wi) =1 (101)
0<k<o?=o0(n) (102)
c1n = Cov(w;, w;) = O(n™!) (103)

Also assume that 02 /n decreases to 0 as n — oo. Further assume that the conditions of Result 1 hold
with Up; = W,,;. Then it is plausible that

P{Vno T (05 — 02) < 2| X4, ..., X} — P{va(s—0) <z} 50 vz eR

4.5 Numerical Properties

In this section, we compare numerically the three least absolute deviation estimators with the condi-
tional Gaussian maximum likelihood estimator for
ARCH(1) model. Then we check the consistency of their Bootstrap analogues.

We took the errors €; to have either a standard normal distribution or a standardised Student’s ¢-
distribution with d = 3 or d = 4 deegrees of freedom. We standardized the ¢-distributions to ensure
that their first two moments are, respectively, 0 and 1. We took ¢y = 1 and ¢; = 0.5 in the models.
Setting the sample size n = 100, we drew 200 samples for each setting. We used different algorithms
to find estimates for different estimation procedures. Since the values of the parameters ¢y and c¢;
estimated by the least absolute deviations methods differ from the numerical values specified above
by a common factor (namely the median of the square of the distribution of ¢;), for a given sample,
¢ | where ¢ and ¢; are the respective sample estimates. We
average the error over all our samples to obtain the sample average absolute error for an estimation
procedure.

The table below displays the average absolute error for the different estimation procedures. The first
column indicates distribution of €;, the second column are the estimation procedures, and in the third
column are the corresponding average error values.
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Distn. Estimate || Average error
Normal (. 2.548
Normal 6, 6.936
Normal ég 5.274
Normal 0 16.559
t-3 Ot 11.097
t-3 6, 5.750
-3 0, 2.307
t-3 0 56.259
t-4 Ot 13.107
t-4 6, 7.054
t-4 0 4.528
t-4 0 24.253

Figures 3a), 3b) and 3c) present the boxplots for the absolute errors with error distributions being
normal, t3 and t4 respectively. For models with heavy-tailed errors, eg €; ~ t4 with d = 3,4 the least
absolute deviation estimator - performed best. Furthermore, the gain was more pronounced when
the tails were very heavy, eg €; ~ t3.From the boxplot, it can be seen that, when €; ~ t4, except
for a few outliers, the Gaussian maximum likelihood estimator éml was almost as good as 61 and 6.
However, when ¢; ~ t3, 0, was no longer desirable. On the other hand, when the error ¢; was normal,
éml was of course the best. In fact the absolute error of 9ml was larger when the tail of the error
distribution was heavier, which reflects the fact that, heavier the tails are, slower is the convergence
rate; see Hall and Yao (2003). However this is not the case for the least absolute deviations estimators
as they are more robust against heavy tails.

Overall the numerical results suggest that we should use the least absolute deviations estimator 6,
when ¢, has heavy and especially very heavy tails, eg E(|¢;|?) = oo, while in general the Gausian
maximum likelihood estimator 6,,; is desirable as long as €; is not very heavy-tailed.

*

Next we check the consistency of the bootstrap estimators, HAml . and é; of Oy and o respectively.
We fixed a sample of size 100 from the ARCH(1) process with standard normal errors, and used 200
simulations for four different resampling techniques: the RB ;the m-out-of-n RB and the WB. For the
m-out-of-n RB, we took m to be 50. Comparing the values of V;, and V', the results of the KS test
are:

Two-Sample Kolmogorov-Smirnov Test
Data: V,, and V}
Alternative hypothesis:
cdf of V,, does not equal the cdf of V¥ for at least one sample point

Estimate || BS Technique || KS value || p-value
Comi WB 0.095 0.286
Cimi WB 0.110 0.152
Coml RB 0.170 0.005
Clmi RB 0.125 0.073
Comi RB(m/n) 0.1 0.234
Ciml RB(m/n) 0.095 0.286

Co2 WB 0.095 0.286
¢12 WB 0.130 0.057

In the table above, ¢y, and é1,,,; denote the estimates of ¢y and ¢y respectively using the max-
imum likelihood estimation procedure, while ¢go and ¢12 denote the corresponding estimates using
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the least absolute deviations estimator. From the table, it can be seen that the full sample (i.e.
n-out-of-n)bootstrap fails, while m-out-of-n RB fares better. The reason that the full-sample RB fails
to be consistent is that it does not accurately model relationships among extreme order statistics in
the sample; see Fan and Yao 2003. WB does reasonably well for both maximum likelihood and least
absolute deviations estimation procedures.
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Figure 1[a]

Figure 1[b]

Figurel: Sample density plots of V;, and V; with af =1 and a% = 2. The green line denotes density of V,,, the red
line for density of V,*. (a) 6 is the residual bootstrap estimator, (b) 6 is the weighted bootstrap estimator.
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Figure 2[a]

Figure 2[b]

Figure2: Sample density plots of V,, and V,* with of =1and a% = 10. The green line denotes density of V;,, the red
line for density of V,*. (a) 6 is the residual bootstrap estimator, (b) 6 is the weighted bootstrap estimator.
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Figure 3: Box plots of the absolute errors of the maximum likelihood estimates (MLE), and the three least absolute
deviations estimates (LADE). Labels 1, 2, 3 and 4 denote respectively the MLE, LADEL1 - 61, LADE2 - 63 and LADE3
- 03. (a) Error €; has normal distribution, (b) Error €; has t3 distribution, (c) Error ¢; has ¢4 distribution.
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