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Abstract

Non-parametric function estimation using L�evy random measures is a very active

area of current research. In this thesis further contributions, both theoretical and

methodological, are made towards non-parametric functionestimation using L�evy

random measures.

In chapter 2, it is observed that L�evy random measures lead to a uni�ed perspec-

tive of non-parametric function estimation using Bayesianmethods and those using

kernel methods such as Tikhonov regularization used in the machine learning litera-

ture. A coherent Bayesian kernel model based on an integral operator de�ned as the

convolution of a kernel with a signed measure is studied. A few results on Fredholm

integral operators are derived and a general class of measures whose image is dense

in the reproducing kernel Hilbert space (RKHS) induced by the kernel is identi�ed.

These results lead to a function theoretic foundation for using non-parametric prior

speci�cations in Bayesian modeling, such as Gaussian process and Dirichlet process

prior distributions.

In chapter 3, easily veri�able conditions are derived for posterior consistency to

hold in commonly used regression models with prior distributions on in�nite dimen-

sional spaces constructed from L�evy random �elds. On routeto proving conistency,

convergence properties of �nite dimensional approximations of L�evy random �elds are

studied. The key technical issues involved are outlined, and the results are illustrated

by proving the posterior consisteny in concrete examples.

In chapter 4, the posterior consistency for non-parametricPoisson regression mod-

els is proved. The key step is to construct test functions that separate points, and

have exponentially decaying type I and II errors.

In chapter 5, a novel application of L�evy random measures isdiscussed. It is

iv



shown that L�evy random measures can be used for constructing prior distributions

for spectral measures. Together with Bochner's theorem, this leads to a construction

of non-parametric prior distributions on the cone of positive de�nite functions.
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Chapter 1

Introduction

Non-parametric function estimation using L�evy random measures is a very active

area of current research. L�evy random measures, derived from the classic in�nitely

divisible processes, are used for constructing prior distributions on function spaces

based on overcomplete dictionaries. Overcomplete representations lead to possibly

non-unique coe�cients, but also facilitate sparser representations by using fewer non-

zero coe�cients. In most cases closed form expressions for posterior distributions are

not available, but the prior construction using L�evy random �elds permits tractable

posterior simulation via a reversible jump Markov chain Monte Carlo algorithm.

Powerful algorithms for e�cient computation are available, and L�evy random �eld

priors perform very well in comparison with other competingmethods (Clyde and

Wolpert [2007]).

1.1 Thesis outline

In this thesis further contributions, both theoretical and methodological, are made

toward non-parametric function estimation using L�evy random measures.

In chapter 2, it is observed that L�evy random measures lead to a uni�ed perspec-

tive of non-parametric function estimation using Bayesianmethods and those using
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kernel methods such as Tikhonov regularization commonly used in the machine learn-

ing literature. In this chapter, a coherent Bayesian kernelmodel based on an integral

operator de�ned as the convolution of a kernel with a signed measure is studied. A

general class of measures whose image is dense in the reproducing kernel Hilbert space

(RKHS) induced by the kernel is identi�ed. A consequence of this result is a func-

tion theoretic foundation for using non-parametric prior speci�cations in Bayesian

modeling, such as Gaussian process and Dirichlet process prior distributions.

Although the L�evy random �eld priors work well in pratice, t heir posterior con-

sistency has not been studied before in the literature. In chapter 3, easily veri�able

conditions are derived for posterior consistency to hold incommonly used regression

models. On route to proving consistency, the convergence properties of �nite dimen-

sional approximations of L�evy random �elds are studied. The results are illustrated

by proving the posterior consistency of two regression models with L�evy random �eld

priors.

In chapter 4, the posterior consistency of a non-parametricPoisson regression

model is proved. The key step is separating points in the parameter space by con-

structing hypothesis tests with suitably small error rates; this is done for individual

pairs of points, and a covering argument is then used to show that the tests have

exponentially decaying errors of types I and II.

In chapter 5, a novel application of L�evy random measures isdiscussed. It is

shown that L�evy random measures can be used for constructing prior distributions

for spectral measures. Together with Bochner's theorem, this leads to a construc-

tion of non-parametric prior distributions on the cone of positive de�nite functions.

Some examples are discussed, and the methodology is illustrated by estimating the

covariance function of one dimensional stationary Gaussian processes.

2



Chapter 2

Characterizing The Function Space For
Bayesian Kernel Models

2.1 Introduction

Kernel methods have a long history in statistics and appliedmathematics [Schoenberg

1942, Aronszajn 1950, Parzen 1963, de Boor and Lynch 1966, Micchelli and Wahba

1981, Wahba 1990] and have had a tremendous resurgence in themachine learning

literature in the last ten years [Poggio and Girosi 1990, Vapnik 1998, Sch•olkopf and

Smola 2001, Shawe-Taylor and Cristianini 2004]. Much of this resurgence was due

to the popularization of classi�cation algorithms such as support vector machines

(SVMs) [Cortes and Vapnik 1995] that are particular instantiations of the method of

regularization of Tikhonov [1963]. Many machine learning algorithms and statistical

estimators can be summarized by the following penalized loss functional [Evgeniou

et al. 2000, Hastieet al. 2001, Section 5.8]

f̂ = arg min
f 2H

�
L(f; data) + � kf k2

K

�
; (2.1)

where L is a loss function,H is often an in�nite-dimensional reproducing kernel

Hilbert space (RKHS),kf k2
K is the norm of a function in this space, and� is a tuning

3



parameter chosen to balance the trade-o� between �tting errors and the smoothness

of the function. The data is assumed to be drawn independently from a distribution

� (x; y) with x 2 X � Rd and y 2 Y � R. Due to the representer theorem [Kimeldorf

and Wahba 1971] the solution of the penalized loss functional will be a kernel

f̂ (x) =
nX

i =1

wi K (x; x i ); (2.2)

where f x i gn
i =1 are the n observed input or explanatory variables. The statistical

learning community as well as the approximation theory community has studied and

characterized properties of the RKHS for various classes ofkernels [DeVoreet al.

1989, Zhou 2003].

Probabilistic versions and interpretations of kernel estimators have been of inter-

est going back to the work of H�ajek [1961, 1962] and Kimeldorf and Wahba [1971].

More recently a variety of kernel models with a Bayesian framework applied to the

�nite representation from the representer theorem have been proposed [Tipping 2001,

Sollich 2002, Chakrabortyet al. 2005]. However, the direct adoption of the �nite rep-

resentation is not a fully Bayesian model since it depends onthe (arbitrary) training

data sample size (see remark 2.1.3 for more discussion). In addition, this prior distri-

bution is supported on a �nite-dimensional subspace of the RKHS. Our coherent fully

Bayesian approach requires the speci�cation of a prior distribution over the entire

spaceH. A continuous, positive semi-de�nite kernel on a compact spaceX is called

a Mercer kernel. The RKHS for such a kernel can be characterized [Mercer 1909,

K•onig 1986] as

H K =

(

f
�
�
� f (x) =

X

j 2 �

aj � j (x) with
X

j 2 �

aj
2=� j < 1

)

; (2.3)

where f � j g � H and f � j g � R+ are the orthonormal eigenfunctions and the cor-

responding non-increasing eigenvalues of the integral operator with kernel K on

4



L2
�
X ; � (du)

�
,

� j � j (x) =
Z

X
K (x; u)� j (u)� (du) (2.4)

and where � := f j : � j > 0g. The eigenfunctionsf � j g and the eigenvaluesf � j g

depend on the measure� (du), but the RKHS does not. This suggests specifying a

prior distribution over H by placing one on the parameter space

A =
n

f aj g
�
�
�

X

j 2 �

aj
2=� j < 1

o

as in Johnstone [1998] and Wasserman [2005, Section 7.2]. There are serious compu-

tational and conceptual problems with specifying a prior distribution on this in�nite-

dimensional set. In particular, only in special cases are the eigenfunctionsf � j g and

eigenvaluesf � j g available in closed form.

Another approach, theBayesian kernel model, is to study the class of functions

expressible as kernel integrals

G =
�

f
�
�
� f (x) =

Z

X
K (x; u) 
 (du); 
 2 �

�
; (2.5)

for some space �� B (X ) of signed Borel measures. Any prior distribution on �

induces one onG. The natural question that arises in this Bayesian approachis:

For what spaces � of signed measures is the RKHSH K identical to the

linear space span(G) spanned by the Bayesian kernel model?

The spaceG is the rangeL K [�] of the integral operator L K : � ! G given by

L K [
 ](x) :=
Z

X
K (x; u) 
 (du): (2.6)

Informally (we will be more precise in Section 2.2) we can characterize � as the range

of the inverse operatorL � 1
K : H K ! �. The requirements on � for the equivalence

5



between L K [�] and H K is the primary focus of this paper and in Section 2.2 we

formalize and prove the following proposition:

Proposition 2.1.1. For � = B (X ), the space of all signed Borel measures,G = H K .

The proposition asserts that the Bayesian kernel model and the penalized loss

model both operate in the same function space when � includesall signed measures.

This result lays a theoretical foundation from a function analytic perspective for

the use of two commonly used prior speci�cations: Dirichletprocess priors [Ferguson

1973, West 1992, Escobar and West 1995, MacEachern and M•uller 1998, M•uller et al.

2004] and L�evy process priors [Wolpertet al. 2003, Wolpert and Ickstadt 2004].

2.1.1 Overview

In Section 2.2, we formalize and prove the above proposition. Prior distributions

are placed on the space of signed measures in Section 2.4 using L�evy, Dirichlet, and

Gaussian processes. In Section 2.5 we provide two examples using slightly di�erent

process prior distributions for a univariate regression problem and a high dimensional

classi�cation problem. This illustrates the use of these process priors for posterior

inference. We close in Section 2.6 with a brief discussion.

Remark 2.1.2. equation (2.5) is a Fredholm integral equation of the �rst kind [Fred-

holm 1900]. The problem of estimating an unknown measure
 for a speci�ed element

f 2 H K is ill-posed [Hadamard 1902] in the sense that small changesin f may give

rise to large changes in estimates of
 . It was precisely the study of this problem that

led Tikhonov [1963] to his regularization method, in a studyof problems in numerical

analysis such as interpolation or Gauss quadrature. Bayesian methods for interpo-

lation and Gauss quadrature were explored by Diaconis [1988]. A Bayesian method

using L�evy process priors to address numerically ill-posed problems was developed by

6



Wolpert and Ickstadt [2004]. We will return to this relationbetween robust statistical

estimation and numerically stable methods in the discussion.

Remark 2.1.3. Due to the relation between regularization and Bayes estimators the

�nite representation is a MAP (maximal a posterior) estimator [Wahba 1999, Poggio

and Girosi 1990]. However, functions in the RKHS having a posterior probability very

close to that of the MAP estimator need not have a �nite representation so building

a prior only on the �nite representation is problematic if one wants to estimate the

full posterior on the entire RKHS. Thus the prior used to derive the MAP estimate

is essentially the same as those used in Sollich [2002]. Thiswill lead to serious

computational and conceptual di�culties when the full posterior must be simulated.

2.2 Characterizing the function space of the kernel

model

In this section we formalize the relationship between the RKHS and the function

space induced by the Bayesian kernel model.

2.2.1 Properties of the RKHS

Let X � Rd be compact andK : X � X ! R a continuous, positive semi-de�nite

(Mercer) kernel. Consider the space of functions

H =

(

f
�
�
� f (x) =

nX

j =1

aj K (x; x j ) : n 2 N; f x j g � X ; f aj g � R

)

with an inner product h�; �i K extending



K (�; x i ); K (�; x j )

�
K

:= K (x i ; x j ):

The Hilbert space closureH K of H in this inner-product is the RKHS associated

with the kernel K [Aronszajn 1950]. The kernel is \reproducing" in the sense that

7



eachf 2 H K satis�es

f (x) = hf; K x i K

for all x 2 X , whereK x (�) := K (�; x).

A well-known alternate representation of the RKHS is given by an orthonor-

mal expansion (Aronszajn 1950, extended to arbitrary measures by K•onig 1986; see

Cucker and Smale 2001). Letf � j g and f � j g be the non increasing eigenvalues and

corresponding complete orthonormal set of eigenvectors ofthe operator L K of equa-

tion (2.6), restricted to the Hilbert space L2
�
X ; du

�
of measures
 (du) = 
 (u)du

with square-integrable density functions
 2 L2
�
X ; du

�
. Mercer's theorem [Mercer

1909] asserts the uniform and absolute convergence of the series

K (u; v) =
1X

j =1

� j � j (u)� j (v); (2.7)

whereupon with � := f j : � j > 0g we have

H K =

(

f =
X

j 2 �

aj � j

�
�
�

X

j 2 �

� j
� 1 aj

2 < 1

)

:

2.2.2 Bayesian kernel models and integral operators

Recall the Bayesian kernel model was de�ned by

G =
�

L K [
 ](x) :=
Z

X
K (x; u) 
 (du); 
 2 �

�
;

where � is a space of signed Borel measures onX . We wish to characterize the space

L � 1
K (H K ) of Borel measures mapped into the RKHSH K of equation (2.3). A precise

characterization is di�cult and instead we will �nd a subclass � � L � 1
K (H K ) which

will be large enough in practice, in the sense thatL K (�) is dense in H K .

8



First we study the image underL K of four classes of measures: (1) those with

square integrable (Lebesgue) density functions; (2) all �nite measures with Lebesgue

density functions; (3) the set of discrete measures; and (4)linear combinations of all

of these. Then we will extend these results to the general case of Borel measures.

We �rst examine the classL2(X ; du), viewed as the space of �nite measures on

X with square-integrable density functions with respect to Lebesgue measure; in

a slight abuse of notation we write
 (du) = 
 (u)du, using the same letter
 for

the measure and its density function. SinceX is compact andK bounded, L K

is a positive compact operator onL2(X ; du) with a complete ortho-normal system

(CONS) f � j g of eigenfunctions with non increasing eigenvaluesf � j g � R+ satisfying

equation (2.7). Each
 2 L2(X ; du) admits a unique expansion
 =
P

j aj � j , with

k
 k2
2 =

P
j a2

j < 1 . The image underL K of the measure
 (du) := 
 (u) du with

Lebesgue density function
 may be expressed as theL2-convergent sum

L K [
 ](x) =
X

j

� j aj � j (x):

Proposition 2.2.1. For every 
 2 L2(X ; du), L K [
 ] 2 H K and

kL K [
 ]k2
K = hL K [
 ]; 
 i 2:

Consequently,L2(X ; du) � L � 1
K (H K ).

Proof. It holds that

kL K [
 ]k2
K k = k

X

j 2 �

� j aj � j k2
K =

X

j 2 �

(� j aj )2

� j
=

X

j 2 �

� j a2
j

which is upper bounded by� 1
P

j a2
j < 1 . HenceL K [
 ] 2 H K . By direct computa-

tion, we have

hL K [
 ]; 
 i 2 =
DX

� j ak � j ;
X

aj � j

E

2
=

X
� ka2

j = kL K [
 ]k2
K :

9



The following corollary illustrates that the spaceL2(X ; du) is too small for our

purpose{i.e., that important functions f 2 L � 1
K (H K ) fail to lie in L2(X ; du).

Corollary 2.2.2. If the set � := f j : � j > 0g is �nite, then L K (L2(X ; du)) = H K ;

otherwiseL K (L2(X ; du)) $ H K . The latter occurs wheneverK is strictly positive

de�nite and the RKHS is in�nite-dimensional.

Proof. The �rst claim is obvious since bothL K [L2(X ; du)] and H K are the same

�nite dimensional space spanned byf � j gj 2 � .

The second claim follows from the existence of the sequence (cj ) j 2 � such that

X

j 2 �

c2
j

� j
< 1 and

X

j 2 �

c2
j

� 2
j

= 1 :

For any such sequence, the functionf =
P

j 2 � cj � j lies in H K . But by Proposition

2.2.1, one cannot �nd a
 2 L2(X ; du) such that L K [
 ] = f . A simple example is

(cj ) j 2 � = ( � j ) j 2 � .

If K is strictly positive de�nite, then all its eigenvalues are positive. So the last

claim holds.

Thus only for �nite dimensional RKHS's is the space of squareintegrable func-

tions su�cient to span the RKHS. In almost all interesting non-parametric statistics

problems, the RKHS is in�nite-dimensional.

Next we examine the space of integrable functionsL1(X ; du), a larger space than

L2(X ; du) when X is compact.

Proposition 2.2.3. For every
 2 L1(X ; du), L K [
 ] 2 H K . Consequently,L1(X ; du) �

L � 1
K (H K ).

10



Proof. SinceK (u; v) is continuous on the compact setX � X , it has a �nite max-

imum � 2 := supu;v K (u; v) < 1 . Since L2(X ; du) is dense inL1(X ; du), for every


 2 L1(X ; du), there exists a Cauchy sequencef 
 ngn� 1 � L2(X ; du) which converges

to 
 in L1(X ; du). It follows from Proposition 2.2.1 that L K [
 n ] 2 H K and

kL K [
 n ]k2
K =

Z

X

Z

X
K (u; v) 
 n(u) du 
 n(v) dv � � 2

Z

X
j
 n(u)jdu

Z

X
j
 n(v)jdv = � 2k
 nk2

1 < 1 :

Therefore we havef L K [
 n ]gn� 1 � H K and

lim
n!1

sup
m>n

kL K [
 n ] � L K [
 m ]kK � lim
n!1

sup
m>n

� k
 n � 
 mk1 = 0;

so f L K [
 n ]gn� 1 is a Cauchy sequence inH K . By completeness it converges to some

f 2 H K . The proof will be �nished if we showL K [
 ] = f .

By the reproducing property ofH K convergence in the RKHS norm implies point-

wise convergence forx 2 X , soLK [
 n ](x) ! f (x) for every x.

In addition, for every x 2 X ; we have

lim
n!1

jL K [
 n ](x) � L K [
 ](x)j �
Z

X
jK (x; u)( 
 n(u) � 
 (u)) j du � � 2k
 n � 
 k1 = 0;

which implies that L K [
 n ](x) also converges toL K [
 ](x). HenceL K [
 ] = f 2 H K .

Another class of functions to be considered is the space of �nite discrete measures,

M D =

(

� =
X

j

cj � x j : f cj g � R; f x j g � X ;
X

j

jcj j < 1

)

;

where� x is the Dirac measure supported atx 2 X (the sum may be �nite or in�nite).

This class will arise naturally when we examine L�evy and Dirichlet processes in

Section 2.4.3.
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Proposition 2.2.4. For every � 2 M D , L K [� ] 2 H K . Consequently,M D �

L � 1
K (H K ).

Proof. Let 
 =
P

ci � x i 2 M D . Then L K [
 ] =
P

ci K x i and

kL K [
 ]k2
K =

X

i;j

ci K (x i ; x j )cj � � 2

 
X

i

jci j

! 2

< 1 :

Therefore, our conclusion holds.

By Proposition 2.2.3 and 2.2.4 the spaceM spanned byL1(X ; du)[ M D is a subset

of L � 1
K (H K ). The range ofL K on just the elements ofM D with �nite support is

preciselyH , linear combinations of the
�

K x j

	
x j 2X

; thus

Proposition 2.2.5. L K (M ) is dense inH K with respect to the RKHS norm.

Let B + (X ) denote the cone of all �nite nonnegative Borel measures onX and

B (X ) the set of signed Borel measures. Clearly every� 2 B (X ) can be written

uniquely as� = � + � � � with � + ; � � 2 B + (X ). The set B nM contains those Borel

measures that are singular with respect to the Lebesgue measure. In this context, the

set M = M D [ L1(X ; du) contains the Borel measures that can be used in practice.

The above results, Propositions 2.2.3 and 2.2.1, also hold if we replace the Lebesgue

measure with a Borel measure. It is natural to compareB (X ) with L � 1
K (H K ).

Proposition 2.2.6. B (X ) � L � 1
K (H K ).

Proof. The arguments for Lebesgue measure hold if we replace the Lebesgue measure

with any �nite Borel measure. We denote the corresponding integral operator asL K;�

and function space of integrable and square integrable functions asL1
� (X ) and L2

� (X )

respectively. Then

L2
� (X ) � L1

� (X ) � L � 1
K;� (H K ):

12



Since the function 1X (x) = 1 lies in L1
� (X ) we obtain

L K (� ) = L K;� (1X ) =
Z

X
K (�; u)d� (u) 2 H K :

This implies B + (X ) lies in L � 1
K (H K ) and so doesB (X ).

We close this section by showing that evenB (X ) need not exactly characterize

the classL � 1
K (H K ). The proof of Proposition 2.2.3 implies that

kL K [
 ]k2
K =

ZZ

X �X
K (x; u) 
 (x) 
 (u) dx du: (2.8)

From the above it is apparent that L K [
 ] 2 H K holds only if L K [
 ] is well de�ned

and the quantity on the right hand side of (2.8) is �nite. If the kernel is smooth

and vanishes at certainx; u 2 X , then (2.8) can be �nite even if 
 =2 L1(X ; du). For

example in the case of polynomial kernels� 0
x , the functional derivatives of the Dirac

measure� x , are mapped intoH K .

Proposition 2.2.7. B (X ) $ L � 1
K (H K (X )).

Proof. We construct an in�nite signed measure
 satisfying L K [
 ] 2 H K . As in

Example 1 below, let

K (x; u) := x ^ u � xu

be the covariance kernel for the Brownian bridge on the unit interval X = [0; 1] (as

usual, \x ^ u" denotes the minimum of two real numbersx; u). Consider the improper

Be(0; 0) distribution


 (du) =
du

u(1 � u)
;

with image under the integral operator

f (x) := L K [
 ](x) = � x log(x) � (1 � x) log(1 � x):

13



The function f (x) satis�es f (0) = 0 = f (1) and has �nite RKHS norm

kf k2
K = � 2

Z 1

0

log(x)
1 � x

dx =
� 2

3
;

so f (x) is in the the RKHS (see Example 1). Thus the in�nite signed measure
 (ds)

is in L � 1
K [H K ] but not in B (X ), so L � 1

K [H K ] is larger than the space of �nite signed

measures.

2.3 Two Concrete Examples

In this section we construct two explicit examples to help illustrate the ideas of

Section 2.2.

Example 2.3.1 (Brownian bridge). On the spaceX = [0; 1] consider the kernel

K (x; u) := ( x ^ u) � xu;

which is jointly continuous and the covariance function forthe Brownian bridge

[Rogers and Williams 1987,xIV.40] and hence a Mercer kernel. The eigenfunctions

and eigenvalues of equation (2.4) for Lebesgue measure� (du) = d u are

� j =
1

j 2� 2
� j (x) =

p
2 sin(j�x ):

The associate integral operator of equation (2.6) is

L K [
 ](x) :=
Z

X
K (x; u) 
 (du)

= (1 � x)
Z

[0;x )
u
 (du) + x

Z

[x;1]
(1 � u)
 (du);

mapping any
 (du) = 
 (u)du with 
 2 L1(X ; du) to a function f (x) = L K [
 ](x) that

satis�es the boundary conditionsf (0) = 0 = f (1) and, for almost everyx 2 X ,

14



f (x) = (1 � x)
Z x

0
u
 (u)du + x

Z 1

x
(1 � u)
 (u)du

f 0(x) =
Z 1

x

 (u) du �

Z 1

0
u 
 (u) du

f 00(x) = � 
 (x)

and hence, by equation (2.8) and integration by parts,

kf k2
K =

Z 1

0
f (x) 
 (x) dx

=
Z 1

0
� f (x) f 00(x) dx

=
Z 1

0
f 0(x)2 dx:

Evidently the RKHS is just

H K =

(

f (x) =
1X

j =1

aj

p
2 sin(j�x )

�
�
�

1X

j =1

� 2 j 2 aj
2 < 1

)

=
�

f in L2(X ; du)
�
� f (0) = 0 = f (1) and f 0 2 L2(X ; du)

	
;

the subspace of the Sobolev spaceH+1 (X ) satisfying Dirichlet boundary conditions

[Mazja 1985, Section 1.1.4], and

L � 1
K

�
H K

�
=

(


 (x) =
1X

j =1

aj

p
2 sin(j�x )

�
�
�

1X

j =1

aj
2

� 2j 2
< 1

)

=
�


 = f 00
�
� f; f 0 2 L2(X ; du); f (0) = 0 = f (1)

	
;

a subspace ofH � 1(X ).

Example 2.3.2 (Splines on a circle). The kernel function for �rst order splines on

the real line is

K (x; u) := jx � uj x; u 2 R
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and the corresponding RKHS norm is

kf k2
K =

Z 1

�1
f 0(x)2 dx:

However, since the domain is not compact the spectrum of the associated integral

operator on L2(R; du) is continuous rather than discrete, the approach of Section2.2

does not apply.

Instead we consider the case of splines with periodic boundary conditions. On the

spaceX = [0; 1] we consider the kernel function

K (x; u) =
1X

j =1

1
2� 2j 2

cos(2�j ju � xj)

=
1
2

�
jx � uj �

1
2

� 2
�

1
24

0 < x; u < 1

The eigenfunctions and eigenvalues of equation (2.4) for Lebesgue measure� (du) =

du are

� 2j � 1(x) :=
p

2 sin(2�jx ) � 2j � 1 = 1
4� 2 j 2

� 2j (x) :=
p

2 cos(2�jx ) � 2j = 1
4� 2 j 2

j 2 N:

The RKHS norm for this kernel is

kf k2
K =

Z 1

0
f 0(x)2 dx

and the RKHS is

H K =

(

f (x) =
1X

j =1

p
2
�
aj sin(2�jx ) + bj cos(2�jx )

� �
�
�

1X

j =1

4� 2 j 2 (a2
j + b2

j ) < 1

)

the subspace of the Sobolev spaceH+1 (X ) satisfying periodic boundary conditions and

orthogonal to the constants [Wahba 1990, Section 2.1] and

L � 1
K

�
H K

�
=

(


 (x) =
1X

j =1

p
2
�
aj sin(�jx ) + bj cos(�jx )

� �
�
�

1X

j =1

a2
j + b2

j

4j 2� 2
< 1

)

;
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a subspace ofH � 1(X ).

Elements in either RKHS given in the above two examples with a�nite represen-

tation

f (x) =
mX

i =1

ci K (x; x i ); m < 1

are splines. For the �rst example these functions are linearsplines that vanish at

f 0; 1g. In the second example if the coe�cients sum to zero (
P m

i =1 ci = 0), then these

functions are linear splines with periodic boundary conditions. If the coe�cients do

not sum to zero then they are quadratic splines with periodicboundary conditions.

2.4 Bayesian Kernel Models

Our goal from Section 2.1 is to present a coherent Bayesian framework for non-

parametric function estimation in a RKHS. Suppose we observe data (with noise),

f (x i ; yi )g � X � R from the linear regression model

yi = f (x i ) + " i (2.9)

where we assumef " i g are independentNo (0; � 2) random variables with unknown

variance� 2, and f (�) is an unknown function we wish to estimate. For a �xed kernel

we assumef 2 H K . Recall that the integral operatorL K mapsM (X ) into H K and

in particular L K (M (X )) is dense inH K . Therefore, we assume that

f (x) =
Z

X
K (x; u)Z (du) (2.10)

whereZ(du) 2 M (X ) is a signed measure onX . If we put a prior on M (X ), we are

in essence putting a prior on the functionsf 2 G.
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Our measurement error model (2.9) gives us the following likelihood for the data

D := f (x i ; yi )gn
i =1

L(D jZ ) /
nY

i =1

exp
�
�

1
2� 2

(yi � f (x i ))
2
�

: (2.11)

With a prior distribution on Z , � (Z ), we can obtain the posterior density function

given data

� (Z jD) / L(D jZ ) � (Z ); (2.12)

which implies a posterior distribution for f via the integral operator (2.10).

2.4.1 Priors on M

A random signed measureZ(du) on X can be viewed as a stochastic process on

X . Therefore the practice of specifying a prior onM (X ) via a stochastic process

is ubiquitous in non-parametric Bayesian analysis. Gaussian processes and Dirichlet

processes are two commonly used stochastic processes to generate random measures.

We �rst apply the results of Section 2.2 to Gaussian process priors [Rasmussen

and Williams 2006, Section 6] and then to L�evy process priors [Wolpert et al. 2003,

Tu et al. 2006]. We also remark that Dirichlet processes can be constructed from

L�evy process priors.

2.4.2 Gaussian Processes

Gaussian processes are canonical examples of stochastic processes used for generating

random measures. They have been used extensively in the machine learning and

statistics community with promising results in practice and theory [Kimeldorf and

Wahba 1971, Chakrabortyet al. 2005, Rasmussen and Williams 2006, Ghosal and

Roy 2006].

We consider two modeling approaches using Gaussian processpriors:

18



i. Model I: Placing a prior directly on the space of functionsf (x) by sampling

from paths of the Gaussian process with its covariance structure de�ned via a

kernel K ;

ii. Model II: Placing a prior on the random signed measuresZ(du) on X by using

a Gaussian process prior forZ (du) which implies a prior on the function space

de�ned by the kernel model in equation (2.10).

For both approaches we can characterize the function space spanned by the kernel

model. The �rst approach is the more standard approach for non-parametric Bayesian

inference using Gaussian processes while the later is an example of our Bayesian kernel

model. However, as pointed out by [Wahba 1990, Section 1.4] the random functions

from the �rst approach will be almost surely outside the RKHSinduced by the kernel.

However these functions will be contained in a larger RKHS, as we show in the next

section.

We �rst state some classical results on the sample paths of Gaussian processes.

We then use these properties and the results of Section 2.2 tocharacterize the function

spaces of the two models.

Sample paths of Gaussian processes

Consider a Gaussian processf Zu; u 2 X g on a probability spacef 
 ; A ; Pg having

covariance functions determined by a kernel functionK . Let H K be the corresponding

RKHS and let the meanm be contained in the RKHS,m 2 H K . Then the following

zero-one law holds:

Theorem 2.4.1. (Kallianpur [1970], Theorem 5.1) If Z � � f Zu; u 2 X g is a Gaus-

sian process with covarianceK and meanm 2 H K , and H K is in�nite dimensional,

then

P(Z � 2 H K ) = 0 :
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The probability measure is assumed to be complete.

Thus the sample paths of the Gaussian process are almost surely outside H K .

However, there exists a RKHSH R that is bigger than H K that contains the sample

paths almost surely. To construct such an RKHS we �rst need tode�ne nuclear

dominance.

De�nition 2.4.2. Given two kernel functionsR and K , R dominatesK (written as

R � K ) if H K � H R .

Given the above de�nition of dominance the following operator can be de�ned:

Theorem 2.4.3. [Luki�c and Beder 2001] LetR � K . Then

kgkR � k gkK ; 8g 2 H K :

There exists a unique linear operatorL : H R ! H R whose range is contained inH K

such that

hf; g i R = hLf; g i K ; 8f 2 H R ; 8g 2 H K :

In particular

LR u = K u; 8u 2 X :

As an operator into H R , L is bounded, symmetric, and positive.

Conversely, letL : H R ! H R be a positive, continuous, self-adjoint operator then

K (s; t) = hLR s; Rt i R ; s; t 2 X

de�nes a reproducing kernel onX such thatK � R.

L is the dominance operator ofH R over H K and this dominance is called nuclear

if L is a nuclear or trace class operator (a compact operator for which a trace may

be de�ned that is �nite and independent of the choice of basis). We denote nuclear

dominance asR�� K .
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Implications for the function spaces of the models

Model I placed a prior directly on the space of functions using sample paths from

the Gaussian process with covariance structure de�ned by the kernel K . Theorem

2.4.1 states that sample paths from this Gaussian process are not contained inH K .

However, there exists another RKHSH R with kernel R which does contain the sample

path if R has nuclear dominance overK .

Theorem 2.4.4. [Luki�c and Beder 2001] Let K and R be two reproducing kernels.

Assume that the RKHSH R is separable. A necessary and su�cient condition for

the existence of a Gaussian process with covarianceK and meanm 2 H R and with

trajectories in H R with probability 1 is that R�� K .

The implication of this theorem is that we can �nd a function space H R that

contains functions generated by the Gaussian process de�ned by covariance function

K .

Model II places a prior on random signed measuresZ(du) on X by using a Gaus-

sian process prior forZ (du). This implies a prior of the space of functions spanned by

the kernel model in equation (2.10). This spaceG is contained inH K by our results in

Section 2.2. This is due to the fact that any sample path from acontinuous Gaussian

process on a compact domainX is in L1 and therefore the corresponding function

from the integral (2.10) is still in H K .

2.4.3 L�evy processes

L�evy processes o�er an alternative to Gaussian processes in non-parametric Bayesian

modeling. Dirichlet processes and Gaussian processes witha particular covariance

structure can be formulated from the framework of L�evy processes. For the sake of

simplicity in exposition, we will use the univariate setting X = [0; 1] to illustrate the
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construction of random signed measures using L�evy processes. The extension to the

multivariate setting is straightforward and outlined in Appendix ??.

A stochastic processZ := f Zu 2 R : u 2 X g is called aL�evy process if it satis�es

the following conditions:

1. Z0 = 0 almost surely.

2. For any integerm 2 N and any 0 = u0 < u 1 < ::: < u m , the random variables

f Zu j � Zu j � 1 g; 1 � j � m are independent. (Independent increments property)

3. The distribution of Zs+ u � Zs does not depend ons (Temporal homogeneity or

stationary increments property).

4. The sample paths ofZ are almost surely right continuous and have left limits,

i.e., are \c�adl�ag".

Familiar examples of L�evy processes include Brownian motion, Poisson processes, and

gamma processes. The following celebrated theorem characterizes L�evy processes.

Theorem 2.4.5. (L�evy-Khintchine ) Z is a L�evy process if and only if the char-

acteristic function of Zu : u � 0 has the following form:

E[ei�Z u ] = exp
�

u
�
i�a �

1
2

� 2� 2 +
Z

Rn0
[ei�w � 1 � i�w 1f w:jwj< 1g(w)]� (dw)

��
;

(2.13)

wherea 2 R; � 2 � 0 and � is a nonnegative measure onRn0 with

Z

Rn0
(1 ^ j wj2)� (dw) < 1 : (2.14)

Note that (2.13) can be written as a product of two components,

exp
�

iau � �
u� 2

2
� 2

�
� exp

�
u

Z

Rn0

�
ei�w � 1 � i�w 1f w:jwj< 1g(w)

�
� (dw)

�
;
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the characteristic functions of a Gaussian process and of a partially compensated

Poisson process, respectively. This observation is the essence of the L�evy-Itô theorem

[Applebaum 2004, Theorem 2.4.16], which asserts that everyL�evy process can be

decomposed into the sum of two independent components: a \continuous process"

(Brownian motion with drift) and a (possibly compensated) \pure jump" process.

The three parameters (a; � 2; � ) in (2.13) uniquely determine a L�evy process wherea

denotes the drift term, � 2 denotes the variance (di�usion coe�cient) of the Brownian

motion, and � (dw) denotes the intensity of the jump process. The so-called \L�evy

measure"� need not be �nite, but (2.14) implies that � [(� �; � )c] < 1 for each� > 0

and so� is at least sigma-�nite.

Pure jump L�evy processes

Pure jump L�evy processes are used extensively in non-parametric Bayesian statistics

due to their computationally amenability. In this section we �rst state an interpreta-

tion of these processes using Poisson random �elds. We then describe Dirichlet and

symmetric � -stable processes.

Poisson random �elds interpretation

Any pure jump L�evy processZ has a nice representation via a Poisson random �eld.

Set � Zu := Zu � lims" u Zs, the jump size at the locationu. Set � = R � X , the

Cartesian product ofR with X . For any setsA � Rn0 bounded away from zero and

B � X we can de�ne the counting measure

N (A � B) :=
X

s2 B

1A

�
� Zs

�
: (2.15)

The measureN de�ned above turns out to be a Poisson random measure on �, with

mean measure� (dw)du wheredu is the uniform reference measure onX (for instance
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the Lebesgue measure whenX = [0; 1]). For any E � � with � =
R

E � (dw)du < 1

the random variableN (E) has a Poisson distribution with intensity � .

When � is a �nite measure, the total number of jumpsJ 2 N of the process follows

a Poisson distribution with �nite intensity � (�). When Z has a density with respect

to the L�evy random �eld M with L�evy measure m, Zu has �nite total variation and

determines a �nite measureZ(du) = dZu. In this case, any realization ofZ (du) can

be formulated as

Z(du) =
JX

j =1

wj � u j ; (2.16)

where (wj ; uj ) 2 � are i.i.d. draws from � (dw)du representing the jump size and

the jump location, respectively. Given a realization ofZ (du) = f uj ; wj gJ
j =1 , equa-

tion (2.10) reduces to

Z

X
K (x; u)Z (du) =

Z

�
K (x; u)N (dwdu) =

JX

j =1

wj K (x; u j );

where N (dwdu) is a Poisson random measure as de�ned by (2.15). Then the likeli-

hood for the dataD := f (x i ; yi )gn
i =1 is given by

L(D jZ ) /
nY

i =1

exp
h

�
1

2� 2

�
yi �

JX

j =1

wj K (x i ; uj )
� 2i

:

If the measure� (dw)du has a density function� (w; u) with respect to some �nite

reference measurem(dwdu), then the prior density function for Z with respect to a

L�evy( m) process is

� (Z ) =
h JY

j =1

� (wj ; uj )
i
em(�) � � (�) : (2.17)

Using Bayes' theorem, we can calculate the posterior distribution for Z via (2.12).
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When � is an in�nite measure the number of jumps in the unit intervalis countably

in�nite almost surely. However, if the L�evy measure satis�es

Z

R
(1 ^ j wj)� (dw) < 1 ; (2.18)

then the sequencef wj g is almost surely absolutely summable (i.e,
P 1

j =1 jwj j < 1

a.s.) and we can still represent the processZ via the summation (2.16). Note

that condition (2.18) is stronger than the integrability condition (2.14) in the L�evy-

Khintchine theorem. This allows for the existence of L�evy processes with jumps that

are not absolutely summable.

Dirichlet process

The Dirichlet process is commonly used in non-parametric Bayesian analysis [Fergu-

son 1973, 1974] mainly due to its analytical tractability. When passing from prior to

posterior computations, it has been shown that the Dirichlet process is the only con-

jugate member of the whole class of normalized random measures with independent

increments [Jameset al. 2005] so the posterior can be e�ciently computed. Recently

it has received much attention in the machine learning literature [Blei and Jordan

2006, Xinget al. 2004, 2006]. Though Dirichlet processes are often de�ned via Dirich-

let distributions, they can also be de�ned as a normalized Gamma process as noted

by Ferguson [1973]. A Gamma process is a pure jump L�evy process, which has the

L�evy measure

� (dw) = aw� 1 expf� bwgdw; w > 0;

so at each locationu Zu � Gamma(au; b). SupposeZu is a Gamma(a;1) process

de�ned on X = [0; 1], then

~Zu = Zu=Z1
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is the DP (adu) Dirichlet process. Since the Dirichlet process is a randommeasure on

probability distribution functions, it can be used when thetarget function f (x) is a

probability density function. Dirichlet processes can also be used to model a general

smooth function f (x) in combination with other random processes. For example,

Liang et al. [2007a] and Lianget al. [2007b] consider a variation of the integral (2.10)

f (x) =
Z

X
K (x; u) Z (du) =

Z

X
w(u) K (x; u) F (du); (2.19)

where the random signed measureZ(du) is modeled by a random probability dis-

tribution function F (du) and random coe�cients w(u). A Dirichlet process prior is

speci�ed for F and a Gaussian prior distribution is speci�ed forw.

Symmetric � -stable process

Symmetric � -stable processes are another class of L�evy processes, arising from sym-

metric � -stable distributions. The symmetric� -stable distribution has the following

characteristic function:

' (� ) = exp( � 
 j� j � );


 is the dispersion parameter, and� 2 (0; 2] is the characteristic exponent. The case,

when 
 = 1 is called the standard symmetric� -stable (S� S) distribution. It has the

following L�evy measure

� (dw) =
�( � + 1)

�
sin

�
��
2

�
jwj � 1� � dw � 2 (0; 2]:

Two important cases of S� S distributions are the Gaussian when� = 2 and the

Cauchy when � = 1. Thus S� S processes allow us to model heavy or light tail

processes by varying� . One can verify that the L�evy measure is in�nite for 0 < � � 2

since� (R) =
R

R � (dw) = 2
R

(0;1 ] �w � 1� � dw = 1 . Hence the process has an in�nite
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number of jumps in any �nite time interval. However by a limiting argument, we can

ignore the jumps of negligible size (say< � ). Hence our space reduces to

� � = ( � �; � )c � [0; 1]:

Given the jumps sizesf wj g, jump locations f uj g, and the number of jumpsJ , the

prior probability density function (2.17) is

� (Z ) =
h
� J

j =1 jwj j
i 1� �

e2(� � 1 � � � � ) � J ; jwj j � � (2.20)

with respect to a Cauchy random �eld.

Using thus prior is essentially the same as using a penalty term in a regularization

approach. For the S� S process, we have

log� (Z ) / J log� + (1 � � )
� X

j

logjuj j1ju j j>�

�
+ constant: (2.21)

The �rst term is an AIC like penalty for the number of knots J and the second term

is a LASSO-type penalty in log-scale. There is also a hidden penalty which shrinks

all the coe�cients with magnitude less than � to zero.

2.4.4 Computational and modeling considerations

The computational and modeling issues involved in choosingprocess priors, especially

in high dimensional settings, are at the heart of non-parametric Bayesian modeling.

In this section we discuss these issues for the models discussed in the previous section.

A main challenge with Gaussian process models is that a �nitedimensional rep-

resentation of the sample path is required for computation.For low dimensional

problems (sayd � 3), a reasonable approach is to place a grid onX . Then we can

approximate a continuous processZ by its values on the �nitely many points f uj gm
j =1
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on the grid. Using this approximation, our kernel model (2.10) can be written as

f (x) =
mX

j =1

wj K (x; u j );

and the implied prior distribution on (w1; : : : ; wm ) is a multivariate normal with mean

and covariance structure as de�ned by the kernelK evaluated at pointsf uj g. For low-

dimensional data a grid can be placed on the input space. However, this approach

is not practical in higher dimensions. This issue is addressed in Gaussian process

regression models by evaluating the function at the training and future test data

points. This corresponds to a �xed design setting. It is important to note however,

that the prior being sampled in this model is not overX but the restriction of X to

the data. Both the direct model and the kernel model will facethis computational

consideration and thus the computational cost will not di�er signi�cantly between

models.

For pure jump processes discretization is not the bottleneck. The nature of the

pure jump process ensures that the kernel model will have discrete knots. The key

issue in using a pure jump processes to model multivariate data is that the knots of

the model should be representative of samples drawn from themarginal distribution

of the data �X . This is a serious computational as well as modeling challenge, it is

obvious that independently sampling each dimension will typically not be a good

idea either in terms of computational time or modeling accuracy. In Section 2.5.2 we

provide a kernel model that addresses this issue.

A theoretical and empirical comparison of the accuracy of the various process

priors on a variety of function classes and data sets would beof interest, but is

beyond the scope of this paper. Due to the extensive literature on Gaussian process

models from theoretical as well as practical perspectives [Rasmussen and Williams

2006, Ghosal and Roy 2006] our simulations will focus on two pure jump process
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models.

2.5 Posterior Inference

For the case of regression our model is

yi = f (x i ) + " i for x i 2 X

with f " i g as normal independent random variables and the unknown regression func-

tion f (which is assumed to be inH K ) is modeled as

f (x) =
Z

X
K (x; u)Z (du):

In the case of binary regression we can use a probit model

P(yi = 1jx i ) = �[ f (x i )]; (2.22)

where �[ �] is the cumulative distribution function of the standard normal distribution.

In Section 2.4, we discussed specifying a prior onH K via the random measure

Z(du). The observed data add to our knowledge of both the \true function" f (�)

and the distribution of Z (du). This information is used to update the prior and

obtain the posterior density� (Z jD). For pure jump measuresZ(du) and most non-

parametric models this update is computationally di�cult b ecause there is no closed-

form expression for the posterior distribution. However, Markov chain Monte Carlo

(MCMC) methods can be used to simulate the posterior distribution.

We will apply a Dirichlet process model to a high-dimensional binary regression

problem and illustrate the use of L�evy process models on a univariate regression

problem.
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2.5.1 L�evy process model

Posterior inference for L�evy random measures have been less explored than Dirichlet

and Gaussian processes. Wolpertet al. [2003] is a recent comprehensive reference on

this topic. We use the methodology developed in this work forour model.

The random measureZ(du) is given by

Z(du) � L�evy( � (dw)du)

where

� (dw) =
�( � + 1)

�
sin

�
��
2

�
jwj � 1� � 1f w:jwj>� g dw � 2 (0; 2]

is the L�evy measure (truncated) for the S� S process. As explained in Section 2.4.3,

since� (dw) is not a �nite measure onR, we ignore jumps of size smaller than� . Any

realization of the random measureZ(du) is an element of the parameter space �

� :=
1[

J =0

�
(� �; � )c � [0; 1]

� J

with the prior probability density function given by Equati on(2.20), with respect to

a Cauchy random �eld.

Transition probability proposal

In this section, we describe an MCMC algorithm to simulate from � according to the

posterior distribution. We construct an irreducible transition probability distribution

Q(d� � j� ) on the parameter space � such that the stationary distribution of the chain

will be the posterior distribution.

Two di�erent realizations from the parameter space � may not have the same

number of jumps. Hence the number of jumpsJ is modeled a birth-death process.

At any iteration step t the parameter space consists ofJ jump locations f uj g of size
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f wj g, � t = f wj ; uj gJ
j =1 . The (weighted) transition probability algorithm, Algori thm

1, computes the weighted transition probability to a new state � � given the current

state � .

Algorithm 1 : Weighted transition probability algorithm Q(� ).

input : 0 < p b; pd < 1, � > 0, current state � 2 �

return : proposed new state� � and its weighted transition probability Q(� � j� )� (� )

Draw t � U[0; 1];
if t < 1 � pb then

draw uniformly j 2 f 1; :::; Jg; draw 
 1; 
 2 � No (0; � 2);
w�  wj + 
 1; u�  uj + 
 2;
if (jw� j < � or t < p d) then

J  J � 1; delete (wj ; uj );
Q(� � j� )� (� )  (J +1) pb

2� � �
�

(1� pb� pd )
h
�(

w j + �

� )� �(
w j � �

� )
i
+ pd

� ;

else

Q(� � j� )� (� )  
�
�
� w�

wj

�
�
� ; wj  w� ; uj  u� ;

else
J  J + 1; uJ � U[X ]; wJ � Birth;

Q(� � j� )� (� )  
2� � �

�
(1� pd � pb)

h
�(

w J + �

� )� �(
w J � �

� )
i
+ pd

�

pbJ ;

In the above algorithm,No (0; � 2) denotes the normal distribution with mean 0 and

variance � 2 and �( �) denotes the distribution function of the standard normal dis-

tribution. The variables (pb; pd) stand for probability of birth step and death step

respectively. There is an implicit update step, where a chosen point(uj ) is `updated'

with another point(u� ) with probability 1 � pb � pd. In the birth step, a new point is

sampled according to the density

� jwj � 1� �

2� � �
� > 0:

31



The MCMC algorithm

The MCMC algorithm, Algorithm 2, simulates draws from the posterior distribution.

This is done by Metropolis-Hastings sampling using the weighted transition proba-

bility algorithm above to generate a Markov chain whose equilibrium density is the

posterior density.

Algorithm 2 : MCMC algorithm

input : data D, number of iterationsT, weighted transition probability algorithm Q(� )

return : parameters drawn from the posteriorf � i gT
i =1

J � Po(2� � � ); // initialize J
for j  1 to J do

// initialize � (0)
uj � U[X ]; wj � Birth;

for t  1 to T do
// t-th iteration of the Markov chain
f � � ; Q(� � j� t )� (� t )g  Q (� (t)); // call the weighted transition

probability algorithm
log� (� � jD ) � log� (� t jD ) = log L (D j� � )

L (D j� t ) + log � (� � )
� (� t ) ;

� �  log� (� � jD ) + log Q(� t j� � ) � log� (� t jD ) � logQ(� � j� t ); // the
Metropolis-Hastings log acceptance probability

e � Ex (1);
if e+ � t+1 > 0 then � t+1  � � else � t+1  � t ;

The MCMC algorithm will provide us with T realizations of the jump parameters

f � tgT
t=1 . We assume that the chain reaches its stationary distribution afterb iterations

(b � T). For each of theT � b realizations, we have a corresponding function

f̂ t (x) =
J tX

i =1

wit K (x; u it );

where for thet-th realization Jt is the number of jumps,wit is the magnitude of the

i -th jump, and uit is the position of the i -th jump. Point estimates can be made
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by averagingf̂ and credible intervals can be computed from the distribution of f̂ to

provide an estimate of uncertainty.

Illustration on simulated data

Data is generated from a noisy sinusoid

f (x i ) = sin(2 �x i ) + " i for x 2 [0; 1]; (2.23)

with " i
iid� No (0; :01), f x i g100

i =1 points equally spaced in [0; 1], andf yi g100
i =1 are computed

by equation (2.23). We applied the S� S model with � = 1:5 and a Gaussian kernel

K (x; u) = expf (x � u)2g to this data. We set� = 0:01 and (pb; pu; pd) = (0 :4; 0:2; 0:4),

in algorithms 1 and 2. In Figure 2.1a-d we plot the target sinusoid, the function

realized at an iterationt of the Markov chain, and the jump locations and magnitudes

of the random measure. In Figure 2.1e,f we provide a plot of the target function,

realization of the data, and the 95% point-wise credible band { the 95% credible

interval at each point x i .

2.5.2 Classi�cation of gene expression data

For Dirichlet processes there is extensive literature on exact posterior inference using

MCMC methods [West 1992, Escobar and West 1995, MacEachern and M•uller 1998,

M•uller et al. 2004] as well as work on approximate inference using variational methods

[Blei and Jordan 2006]. Recently Dirichlet process priors have been applied to a

Bayesian kernel model for high dimensional data. For example in Liang et al. [2007b]

and Lianget al. [2007a] the Bayesian kernel model was used to classify gene expression

data as well as digits, the MNIST database. We apply this model to gene expression

data consisting of microarray gene expression pro�les from190 cancer samples and 90

normal samples [Ramaswamyet al. 2001, Mukherjeeet al. 2003], over 16,000 genes.
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The model is based upon the integral operator given in equation (2.19)

f (x) =
Z

X
K (x; u) Z (du) =

Z

X
w(u) K (x; u) F (du);

where the random signed measureZ(du) is modeled by a random probability dis-

tribution function F (du) and a random weight functionw(u). We assume that the

support of Z (du) and w(u)F (du) are equal. A key point in our model will be that if

our estimate ofF is discrete and puts masseswi at support points (or \knots") ui ,

then the expression forf (�) is simply

f (x) =
X

i

w(ui ) K (x; u i ): (2.24)

The above model, in which basis functions are placed at random locations and a

joint distribution is speci�ed for the coe�cients, has been considered previously in

the literature (see Neal, R. M. [1996], Lianget al. [2007a]). In Lianget al. [2007a]

uncertainty about F is expressed using a Dirichlet process prior, Dir(�; F 0). The pos-

terior after marginalization is also a Dirichlet distribution and given data (x1; : : : ; xn )

the posterior will have the following representation [Liang et al. 2007a,b]

f̂ (x) =
�

� + n

Z
w(u)K (x; u)F0(du) +

1
� + n

nX

i =1

w(x i )K (x; x i );

which can be approximated by the following discrete summation

f̂ (x) �
nX

i =1

wi K (x; x i ) (2.25)

when �
n is small andwi = w(x i )

� + n . We specify a mixture-normal prior on the coe�cients

wi as in Liang et al. [2007a] and use the same MCMC algorithm to simulate the

posterior.
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Note that although equation (2.25) has the same form as the representer theorem,

it is derived from a very di�erent formulation. In fact, when there is unlabeled data

available { (xn+1 ; : : : ; xn+ m ) drawn from the margin �X { our model has the following

discrete representation

f̂ (x) =
nX

i =1

wi K (x; x i ) +
mX

i =1

wi + nK (x; x i + n );

wherew` = w(x ` )
� + m+ n . The above form is identical to the one obtained via the manifold

regularization framework [Belkin and Niyogi 2004, Belkinet al. 2006]. The two

derivations are from di�erent perspectives. This simple incorporation of unlabeled

data into the model further illustrates the advantage of placing the prior over random

measures in the Bayesian kernel model.

In our experiments we �rst applied a standard variation �lter to reduce the number

of genes top = 2800. We then randomly assigned 20% of the samples from the cancer

and normal groups to training data and use the remaining 80% as test data. We used

a linear kernel in the model and we used the classi�cation model detailed in [Liang

et al. 2007a].

We performed two analyses on this data:

Analysis I { The training data were used in the model and the posterior prob-

ability was simulated for each point in the test set. A linearkernel was used.

Analysis II { The training and unlabeled test data were used in the model and

the posterior probability was simulated for each point in the test set. A linear

kernel was used.

The classi�cation accuracy for Analyses I and II were 73% and85%, respectively.

The accuracy of the predictive models in Analysis I is comparable to that obtained for
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support vector machines in Mukherjeeet al. [2003]. Figure 2.2 displays boxplots of

the posterior mean of the 72 the normal and 152 cancer samplesfor the two analyses.

2.6 Discussion

The modeling objective underlying this paper is to formulate a coherent Bayesian

perspective for regression using a RHKS model. This requires a �rm theoretical

foundation characterizing the function space that the Bayesian kernel model spans

and the relation of this space to the RKHS. Our results in Section 2.2 are interesting

in their own right, in addition to providing this foundation .

We examined the function class de�ned by the Bayesian kernelmodel, the integral

of a kernel with respect to a signed Borel measure

G =
�

f
�
�
� f (x) =

Z

X
K (x; u) 
 (du); 
 2 �

�
; (2.26)

where � � B (X ). We stated an equivalence under certain conditions of the function

classG and the RKHS induced by the kernel. This implies: (a) a theoretical founda-

tion for the use of Gaussian processes, Dirichlet processes, and other jump processes

for non-parametric Bayesian kernel models, (b) an equivalence between regularization

approaches and the Bayesian kernel approach, and (c) an illustration of why placing

a prior on the distribution is natural approach in Bayesian non-parametric modelling.

Coherent non-parametric methods have been of great interest in the Bayesian

community, however function analytic issues have not been considered. Conversely

theoretical studies of RKHS have not approached the approximation and estimation

problems from a Bayesian perspective (the exception to bothof these are the works

of Wahba [1990] and Diaconis [1988]). It is our view that the interface of these

perspectives is a promising area of research for statisticians, computer scientists, and

mathematicians and has both theoretical and practical implications.
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A better understanding of this interface may lead to a betterunderstanding of

the following research problems:

1. Posterior consistency: It is natural to expect the posterior distribution to con-

centrate around the true function since the posterior distribution is a probability

measure on the RKHS. A natural idea is to use the equivalence between the

RKHS and our Bayesian model to exploit the well understood theory of RKHS

in proving posterior consistency of the Bayesian kernel model. Tools such as

concentration inequalities, uniform Glivenko-Cantelli classes, and uniform cen-

tral limit theorems may be helpful.

2. Priors on function spaces: In this paper we discuss general function classes

without concern for more subtle smoothness properties. An obvious question is

can we use the same ideas to relate priors on measures and the kernel to speci�c

classes of functions, such as Sobolev spaces. A study of the relation between

integral operators and priors could lead to interesting anduseful results for

putting priors over speci�c function classes using the kernel model.

3. Comparison of process priors for modeling: A theoreticaland empirical compar-

ison of the accuracy of the various process priors on a variety of function classes

and data sets would be of great practical importance and interest, especially

for high dimensional problems.

4. Numerical stability and robust estimation: The original motivation for reg-

ularization methods was to provide numerical stability in solving Fredholm

integral equation of the �rst kind. Our interest is that of providing robust non-

parametric statistical estimates. A link between stability of operators and the

generalization or predictive ability of regression estimates is known [Bousquet

and Elissee� 2002, Poggioet al. 2004]. Further developing this relation is a
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very interesting area of research and may be of importance for the posterior

consistency of the Bayesian kernel model.

5. The results we have presented extend to the multivariate case (see theorem

2.6.1) without complication. The simplest multivariate extension is to assume

independence of the dimensions, however for small sample sizes and many di-

mensions this is not practical. This issue can be addressed by carefully inducing

covariance structure in the model [Lianget al. 2007a,b].

Here we give the statement of the multivariate version of theL�evy-Khintchine

formula [Applebaum 2004, Corollary 2.4.20].

Theorem 2.6.1. (L�evy-Khintchine ) Let X be ad-dimensional L�evy process

with characteristic function � t (u) := E(ei hu;X t i ); u 2 Rd. Then there exists a

unique vectora 2 Rd; a d � d semi-positive de�nite matrix � , and � a positive

measure onRdn0 with
R

Rd (1 ^ j uj2)� (du) < 1 such that,

� t (u) = exp
�

t
�
ihu; ai �

1
2

hu; �u i +
Z

Rd n0
[ei hu;si � 1 � ihu; si 1f s:jsj< 1g(s)]� (ds)

��

whereh�; �i denotes the standard inner product inRd.
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Figure 2.1 : Plots of the target sinusoid (solid line), the function realized at an
iteration t of the Markov chain (dashed line), and the jump locations andmagnitudes
of the measure (spikes) for (a)t = 1, (b) t = 10, (c) t = 5 � 103, and (d) t = 104. (e)
A realization of the simulated data (circles) and the underlying target sinusoid (solid
line). (f) The 95% point-wise credible band for the data and the target sinusoid.
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Figure 2.2 : Boxplots of the posterior mean for normal and cancer samples with just
the training data (Analysis I) and the training and unlabeled test data (Analysis II).
(In the above boxplots, the box ranges from the �rst quartile(F.Q.) to the third
quartile (T.Q.) of the data, while the line shows the median.The dots denote the
outliers, which are points which lie beyond 1.5*(T.Q. - F.Q.) on either side of the
box.)
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Chapter 3

Posterior Consistency

3.1 Introduction

In this paper we study the posterior consistency of certain Bayesian nonparametric

regression models using L�evy random measures as priors. Nonparametric function

estimation using L�evy random measures has received great attention in the litera-

ture during the last decade. They were introduced in [Wolpert. and Ickstadt 1998,

Wolpert and Ickstadt 1998] in which the authors modeled spatial data using L�evy

random �elds. Other applications can be found in [Wolpertet al. 2003, Wolpert

and Ickstadt 2004], also in which e�cient numerical schemesfor implementation are

developed.

A similar approach is taken in Nieto-Barajaset al. [2004], in which normalized

random measures derived from increasing additive processes are considered as priors

for distribution functions. The main di�erence in our approach is that we consider

random measures which are not necessarily positive. Moroever in our case, the ran-

dom measures can be unbounded and need not even have �nite total variation.

Recently [Tu et al. 2006] extended the methodology developed in the papers men-

tioned above to construct a richer class of models, called LARK (L�evy Adaptive
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Regression Kernels), for function estimation. Consider estimating an unknown func-

tion based on noisy data. The traditional approach is to represent the function in a

series expansion using a linear combination of basis functions and then to estimate

the coe�cients from the data. In [Tu et al. 2006], the authors use overcomplete dic-

tionaries instead of an orthonormal basis. Over complete representation may lead

to possibly non-unique coe�cients, but facilitates sparser representations by using

fewer non-zero coe�cients. L�evy random �elds are natural candidates for construct-

ing prior distributions on functions using these overcomplete representations. In most

situations closed form expressions for posterior distributions are not available, but

powerful algorithms exist to sample from the posterior distribution. See Clyde and

Wolpert [2007] for a thorough exposition of the relative merits of these models and

a comparison with other relevant models in the literature.

Even though these models perform very well in practice, the issue of their pos-

terior consistency has not been studied in the literature. Posterior consistency of

in�nite dimensional non parametric models is not always guaranteed and the mod-

eler needs to be careful to avoid unpleasant surprises (see Diaconis and Freedman

[1986a,b], Barronet al. [1999]). One of the important criteria for the posterior con-

sistency to hold is that the prior puts positive mass on everyKullback-Liebler (KL)

neighborhoods. This condition is easy to verify when the number of dictionary el-

ements is almost surely �nite. However, in the models we consider it is possible to

have an in�nite number of dictionary elements in the representation of the unknown

function, and more importantly the coe�cients corresponding to those elements need

not be absolutely summable. Hence it requires more e�ort to verify the KL positivity

condition mentioned above, and we accompolish this using a limiting arguement.

In addition to verifying the KL positivity condition, one ha s to show the existence

of tests which separate points in the parameter space. This depends on the the
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speci�c model under consideration. Posterior consistencyfor independent but not

identically distributed random variables are studied onlyrecently in the literature.

The general framework for proving such results was laid out by Amewou-Atissoet al.

[2003], Ghosal and van der Vaart [2007a,b] and Choi and Schervish [2007]. Choi and

Schervish [2007] prove the posterior consistency for a regression model with Gaussian

error terms. Recently posterior consistency was proved fornonparametric binary

regression by Ghosal and Roy [2006], who conjectured that similar results might hold

for the Poisson regression. We verify that conjecture, proving posterior consistency

for the Poisson regression model under moderate assumptions. Our results on the

Poisson regression model are of independent interest.

The rest of the paper is organized as follows. Section 2 explains the basic frame

work of L�evy random measures. Section 3 contains the main results of the paper.

Section 4 has examples which use the results from the previous sections. Section 5

contains a brief discussion and conclusion.

3.2 Kernel Model

Let X be a compact subset ofR and � be a space of real valued functions onX . Let


 be a complete separable metric space andK : X � 
 ! R+ a Borel measurable

function. Set

� D �

(

� 2 � : � (x) =
JX

j =1

uj K (x; ! j ); J 2 N; uj 2 R; ! j 2 


)

: (3.1)

The function K (�; �) will be chosen later to ensure that �D is dense in �, in some

speci�ed topology. Let MD (
) denote the space of �nitely supported discrete signed

measures on 
. Let K : MD (
) 7! � D be the integral operator de�ned by

K
�
L

�
(x) �

Z



K (x; ! )L (d! ); x 2 X (3.2)
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whereL 2 MD (
) is given by

L (d! ) �
JX

j =1

uj � ! j (d! ); J 2 N; f uj ; ! j g 2 R � 
 : (3.3)

The integral operator K will be extended later to countably supported measures

L on 
 with possibly in�nite total variation. We de�ne a probab ility distribu-

tion � on the measurable space
�
� �

D ; B(� �
D )

�
(here � �

D denotes the closure of �D

in some topology to be de�ned later) by �rst specifying a joint distribution of
�
L (A1); L (A2); : : : ; L (An )

�
, for disjoint Borel sets A i � 
, and de�ne � to be the

corresponding probability measure induced on
�
� �

D ; B(� �
D )

�
by the integral operator

K.

The joint distribution of
�
L (A1); L (A2); : : : ; L (An )

�
is determined by the joint

distribution of the random variablesJ and f uj ; ! j g. Next, we introduce L�evy random

�elds for de�ning a joint distribution for these random vari ables [Tu et al. 2006].

3.2.1 L�evy Random Measures

Let � (du d! ) be a probability measure onR � 
 and � + > 0. Let J � Po(� + ) and,

conditional on J , let f uj ; ! j gJ
j =1

iid� � (du d! ). The random measureL de�ned by

L (A) =
JX

j =1

1A (! j ) uj (3.4)

assigns independent in�nitely-divisible (ID) random variablesL (A i ) to disjoint Borel

setsA i � 
. For any Borel set A � 
, L (A) has characteristic function

E
�
eit L (A )

�
= exp

� ZZ

R� A
(eitu � 1)� (du d! )

�
(3.5)

where� (du d! ) � � + � (du d! ). A sigma-�nite random measureL with characteristic

function given by (3.5) can be well de�ned for any sigma-�nite positive measure
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� (du d! ) on R � 
 that satis�es

ZZ

R� K
(1 ^ j uj) � (du dw) < 1 (3.6)

for each compactK � 
. If a measure � (�) satisfying (3.6) is in�nite, then the

random measureL will have a countably-in�nite support set. For relatively compact

Borel setsA (i.e., those with compact closure), the sum

L(A) =
X

1A (! j )uj (3.7)

converges absolutely.

More generally, for any positive sigma-�nite measure� (du d! ) on R� 
 satisfying

the weaker condition
ZZ

R� K
(1 ^ u2) � (du d! ) < 1 (3.8)

for each compactK � 
, and any sigma-�nite signed measurem(d! ), there exists a

random sigma-�nite measureL (d! ) with characteristic function

E
�
eit L (A )

�
= exp

�
itm (A) +

ZZ

R� A

�
eitu � 1 � ith 0(u)

�
� (du d! )

�
(3.9)

with \compensator function" h0(u) � u1juj� 1(u) (see Rajput and Rosi�nski [1989, Prop

2.1] for extending the classic L�evy Khintchine formula to random measures). Since

eitu � 1 � ith 0(u) = O(u2); u ! 0, the integral in (3:9) converges for any relatively

compact A. Equation (3:9) remains valid, if we replaceh0(u) by any other bounded

h(u) satisfying h(u) = u + O(u2); u ! 0, and m(A) by m(A) +
RR

R� A [h(u) �

h0(u)]� (du d! ).
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3.2.2 L�evy Random Fields

In this section we construct L�evy random �elds. Let � (du d! ) be a positive sigma-

�nite measure on R � 
 satisfying the integrability condition (3.8). Let

N (du d! ) � Po(� ) (3.10)

be a Poisson random measure onR � 
 which assigns independent Po
�
� (B i )

�
distri-

butions to disjoint Borel setsB i � R � 
. Let

~N (du d! ) � N (du d! ) � � (du d! ) (3.11)

denote the compensatedPoisson measure with mean 0, an isometry fromL2

�
R �


 ; � (du d! )
�

to the square-integrable zero-mean random variables [iti Sato 1999,pg.

38]. For relatively compact Borel setsA � 
 and a sigma-�nite signed measurem,

de�ne (following Wolpert and Taqqu [2005])

L (A) � m(A) +
ZZ

R� A

�
u � h(u)

�
N (du d! ) +

ZZ

R� A
h(u) ~N (du d! ) (3.12)

whereh(u) is any bounded function satisfyingh(u) = u+ O(u2), u ! 0. The random

variable L (A) has the characteristic function

E
�
eit L (A )

�
= exp

�
itm (A) +

ZZ

R� A

�
eitu � 1 � ith (u)

�
� (du d! )

�
: (3.13)

Henceforth we denote the L�evy random measureL with intensity measure �

L � L�evy
�
�; m; h

�
: (3.14)

In what follows, unless otherwise speci�ed, we setm � 0 andh(u) = h0(u) � u1juj< 1.

If in addition, the measure � satis�es the stronger integrability condition (3.6), we

also seth � 0. In either of these instances, we further omitm; h from the notation

and write

L � L�evy
�
�
�
: (3.15)
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Notice that if � + � � (R � 
) < 1 , then the random measureL can be represented

as in (3.4). A similar representation is available (withJ = 1 ) if � is in�nite but

satis�es (3.6), but no such convergent sum is available if (3.6) fails.

Following [Taqqu and Wolpert 1983, section 3], we now extendthe de�nition of

the integral operatorK as follows: For the random measureL � L�evy
�
� (du d! )

�
, set

K
�
L

�
(x) �

Z



K (x; ! )L (d! ); x 2 X (3.16)

�
ZZ

R� 

K (x; ! )

�
u � h(u)

�
N (du d! ) +

ZZ

R� 

K (x; ! )h(u) ~N (du d! )

(3.17)

for all Borel measurableK (�; �) for which the integrals in (3:17) converge {i.e., for

those in \Musielak-Orlicz" (Rajput and Rosi�nski [1989]) space for (3.17) to be well

de�ned. For a function f : R � 
 7! R de�ne

I (f ) �
ZZ

R� 

f (u; ! ) ~N (du d! ): (3.18)

De�ne

L 	 p

�
R � 
 ; �

�
�

�
f : f is Borel measurable and

ZZ

R� 

	 p

�
f (u; ! )

�
� (du d! ) < 1

�

(3.19)

where

	 p(y) �

8
>><

>>:

jyj ^ j yj2; 0 � p � 1;

jyjp ^ j yj2; 1 < p � 2;

jyjp _ j yj2; p > 2:

(3.20)

Theorem 3.2.1. (Rajput and Rosi�nski [1989], Theorem 3.3, Gaigalas [2004a,b]) The

integral I (f ) in equation (3.18) is well de�ned andE
�
jI (f )jp

�
< 1 for somep > 0,

if and only if f 2 L 	 p

�
R � 
 ; �

�
.
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Remark 3.2.2. For any A � 
 with compact closure,f (u; ! ) � h0(u) 1A (! ) 2

L 	 0

�
R � 
 ; �

�
, since

ZZ

R� A

�
jf (u; ! )j ^ j f (u; ! )j2

�
� (du d! ) =

ZZ

[� 1;1]� A
u2� (du d! ) < 1 :

Hence the compensated random measureL (A) given by(3.12) is well de�ned. More-

over for p � 1,

E
� �
�L (A)

�
�p�

< 1 ; if and only if
ZZ

[� 1;1]c � A
jujp� (du d! ) < 1 : (3.21)

Remark 3.2.3. Also

Lp

�
R � 
 ; �

�
� L 	 p

�
R � 
 ; �

�
; 1 � p � 2;

with strict inclusion unlessp = 2.

3.2.3 Truncation

Let � be an in�nite L�evy measure and let L � L�evy
�
�
�
. Then L has an in�nite

number of elements in its support almost surely. Hence we will require a sequence

of L�evy random measuresfL � g with almost surely �nite number of points in their

support and approximate (made more precise below)L as � goes to 0. This �nite

approximation is also useful and routinely implemented in numerical procedures to

sample L�evy random measures. Hence it is useful to study theweak convergence of

the sequence of random measuresfL � g to a limiting M (
) valued random variable

L , whereM (
) denotes the set of �nite signed measures on 
.

If 
 is compact, by the Reisz representation theorem [Albiacand Kalton 2006, The-

orem 4.1.1, pg. 74],M (
) can be identi�ed as the dual of the Banach spaceC(
) of
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continuous functions on 
. The duality is given by

� (f ) =
Z



fd�; f 2 C(
) ; � 2 M (
)

with total variation norm k� k � j � j(
). A natural topology on M (
) is the usual

weak star topology onM (
) [Reed and Simon 1980, pg. 113], the weakest topology

for which all the functions � 7! � (f ); f 2 C(
) are continuous. Finite linear com-

binations of point measures are dense inM (
) [Reed and Simon 1980, pg. 114], so

M (
) is the closure of MD (
)
�
the set of �nite discrete measures onM (
)

�
in the

weak star topology. Thus it is natural to approximate countably supported L�evy ran-

dom measures with a sequence of measures belonging toMD (
). Weak convergence

of probability measures is well studied in the metric space setting [Billingsley 1999].

Alas, since the Banach spaceC(
) is in�nite dimensional, the weak star topology

on its dual M (
) is not metrizable (see [Dunford and Schwartz 1988, pg. 462] &

[Wehausen 1938, Theorem 17]).

Hence to study the weak convergence of random variables inM (
), one option is

to consider other natural topologies onM (
) which are metrizable. Another option

is to considerM (
) as a subset of D(
), the set of tempered distributions ([Reed

and Simon 1980, pg. 134]) on 
. Instead we settle for a simplerapproach: We �nd

a sequence of L�evy random measuresfL � g such that for any precompactA � 
, the

random variablesfL � (A)g converge in distribution to L (A).

Let 
 � be an increasing sequence of compact sets (as� ! 0) with [ �> 0
 � = 
 .

De�ne

I � (u; ! ) � 1fj uj>�;! 2 
 � g(u; ! ) 2 L1

�

 ; �

�
: (3.22)

and set

� � (du d! ) � I � (u; ! )� (du d! ): (3.23)
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Consider

L � � L�evy
�
� � ; 0; h0

�
: (3.24)

By equation (3.8), � � (R � 
) = �
�
(� �; � )c � 
 �

�
< 1 and L � will only have al-

most surely �nitely many points in its support. We call L � the compound Poisson

approximation of L .

Theorem 3.2.4. For any precompactA � 
 , the sequence of random variables

L � (A) ) L (A), as � ! 0.

Proof. By (3.8) the log Characteristic function

ZZ

R� A

�
eitu � 1 � ith (u)

�
� (du d! )

for L (A) is well de�ned. For � > 0; t 2 R,

E
�
eit L � (A )

�
= exp

� ZZ

R� A

�
eitu � 1 � ith 0(u)

�
� � (du d! )

�

= exp
� ZZ

R� A

�
eitu � 1 � ith 0(u)

�
I � (u; ! )� (du d! )

�
:

! exp
� ZZ

R� A

�
eitu � 1 � ith 0(u)

�
� (du d! )

�
:

by Lebesgue's dominated convergence theorem.

Remark 3.2.5. Notice that for � > 0, the random variableL (A) � L � (A) is indepen-

dent of L � (A), and has the characteristic function

E

 

e
it

�
L (A)�L � (A )

� !

= exp
� ZZ

(� �;� )� A

�
eitu � 1 � ith 0(u)

�
� (du d! )

�
:

Example 3.2.6. Let 
 = [0 ; 1]. Let D [0; 1] be the Skorohod space of right continous

functions with left limits, (see [Billingsley 1999, Chapter 3]) and D be the associated

Borel sigma �eld.
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Let � (du d! ) satisfy equation(3.6). Set (see the Inverse L�evy Measure Algorithm

described in Wolpert and Ickstadt [1998])

L (d! ) �
1X

j =1

uj � ! j (! ); f uj ; ! j g 2 R � [0; 1]:

Then the processX t on [0; 1] de�ned by

X t �
1X

j =1

uj 1f ! j � tg

is in�nitely divisible and the sample pathX � f X t ; t 2 [0; 1]g is a random element of

D [0; 1]. The truncated random measureL � is given by

L � (d! ) �
1X

j =1

uj 1fj u j j>� g� ! j (! ); f uj ; ! j g 2 R � [0; 1]

and the processX �
t de�ned analogously, is the usual compound Poisson process.The

random measuresL and fL � g induce distributions on the measure space
�
D [0; 1]; D

�
.

By theorem (3.2.4) X �
t converges in distribution toX t for each �xed t > 0. Hence

the sequencef X �
t ; t 2 [0; 1]g of D [0; 1] variables converges in distribution tof X t ; t 2

[0; 1]g. This construction needs a little more modi�cation, when� does not satisfy

(3.6) as illustrated in the next example.

This example also suggests another alternative to study weak convergence of L�evy

random measures. The Skorohod topology is de�ned for functions on the positive real

line and we believe that generalizing it to functions on Polish spaces (
 in our case)

will be a useful path to follow.

Example 3.2.7. For the choice of the compensatorh(u) � sin(u), the one dimen-
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sional stable distributionSt(�; �; 
; � ) on the real line has the characteristic function

� St (t) =

8
><

>:

exp
h

� 
 jtj � + it
n

� � �
 tan ��
2 (1 � j tj � � 1)

oi
; � 6= 1;

exp
h

� 
 jtj + it
n

� � 2�

� logjtj

oi
; � = 1;

(3.25)

with 0 < � � 2, � 1 � � � 1, 0 < 
 < 1 , �1 < � < 1 , with the L�evy measure

� (du) =

(

 �

� �( � ) sin(��= 2) juj � 1� � (1 + � sgn u) du; � 6= 1;


� juj � 2 (1 + � sgn u) du; � = 1:

(3.26)

The alpha stable L�evy measure satis�es

Z

R
(1 ^ j uj) � (du)du < 1 ; (3.27)

only for 0 < � < 1, so compensation is needed foralpha � 1 including the skewed

Cauchy distribution (St(1,1,1,0)) with L�evy measure �

� (du) =
1
�

juj � 21u> 0:

Let (uj ; sj ) 2 R+ � [0; 1] be generated from a Poisson random �eld with intensity

measure� (du)ds. Then for any �xed t 2 (0; 1], the sequence of random variables

de�ned by

X �
t �

n X
uj : uj > �; s j � t

o
(3.28)

diverges a.s. as� ! 0. However if we compensateX �
t to obtain,

Y �
t � X �

t � t � � ; � � �
Z 1

�
sin(u)� (du) < 1 ; (3.29)

then the sequence of random variablesY �
1 converges almost surely to aSt(1,1,1,0)

random variableY1. Moreover, the sequence ofD [0; 1] valued random variables

Y � �
n

Y �
t ; t 2 [0; 1]

o
(3.30)
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converges in distribution to a skewed Cauchy process inD [0; 1], as � # 0.

Let Y �; 1
1 ; Y �; 2

1 be two independent copies of the random variableY �
1 de�ned in

(3.29). Then the sequence of random processes

~Yt
�

� Y �; 1
t � Y �; 2

t = X �; 1
t � X �; 2

t

converges almost surely to a Cauchy process
�

St(1,0,2t,0)
�

.

Remark 3.2.8. There exist methods in the literature, other than the truncation ap-

proach, for approximating L�evy random �elds that have in�nite L�evy measure with

those that have �nite L�evy measure.

The L�evy measure for the Symmetric Alpha Stable (S� S) process on the unit

interval is given by

� � (du d! ) = c� 
� juj � � � 1du d!; f u; ! g 2 R � [0; 1]; � 2 (0; 2); 
 > 0

with c� � �( � )
� sin( ��

2 ) and

� � (R � [0; 1]) = 2c� 
�
Z 1

0
juj � � � 1du d! = 1 ; � 2 (0; 2):

It can be shown that the Theorem(3.2.4) is also applicable tothe sequenceL � �

L�evy
�
�

0�
� (du d! )

�
with

�
0�
� (du d! ) � c� 
�

�
juj _ �

� � � � 1
du d!; f u; ! g 2 R � [0; 1]; � 2 (0; 2); 
 > 0:

In Ouyang et al. [2008], the authors use the following approximation for� � :

~� �
� (du d! ) � c� 
�

1
(� 2 + juj2)(� +1) =2

du d!; f u; ! g 2 R � [0; 1]; � 2 (0; 2); 
 > 0:

Notice that �
0�
� (R � [0; 1]) < 1 and ~� �

� (R � [0; 1]) < 1 .
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3.3 Prior positivity

Let � (du d! ) be a positive Radon measure on 
 such that

ZZ

R� 

(1 ^ u2)� (du d! ) < 1 (3.31)

and setL � L�evy( � ). For � > 0, let � � (du d! ) denote the measure de�ned in (3.23)

and let L � � L�evy
�
� � ; 0; h0

�
. For any Kernel K such that K (�; ! ) is continuous on

X for each �xed ! 2 
, the integral operator K given by (3:17) mapsL and L � into

C(X ). Let �, f � � g be probability distributions on
�
C(X ); B(C)

�
induced by the

operator K via the random measuresL and fL � g respectively.

Denote the modulus of continuity of a real valued functionf : X 7! R by:

Wf (� ) � sup
js� t j<�

n
jf (s) � f (t)j; s; t 2 X

o
(3.32)

WK (� ) � sup
! 2 


WK (�;! )(� ): (3.33)

Since the functionWK is non-decreasing in� its right-continuous inverseW  
K is well

de�ned.

We now introduce two conditions, either of which (as we will see in theorem

(3.3.2)) is su�cient to ensure the weak convergence of �� .

Condition A: The family of functions
n

K (�; ! ); ! 2 

o

is uniformly bounded and

equicontinuous and, in addition to (3.31), the L�evy measure satis�es

ZZ

R� 

(1 ^ j uj)� (du d! ) < 1 : (3.34)

Condition B: There existsr > 0 such that

Z r

0

1
p

W  
K (a)

da < 1 : (3.35)
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Remark 3.3.1. If the function K (�; �) is uniformly bounded and uniformly continuous

on X � 
 , then
n

K (�; ! ); ! 2 

o

is equicontinuous. Also, ifK (�; ! ) is uniformly

H•older continuous for some� > 1=2, i.e.

WK (� ) � C� � ; (3.36)

for some� > 1=2 and C > 0, then condition B is satis�ed as well.

Theorem 3.3.2. The sequence of probability measuresf � � g converges weakly to�

in C(X ) if either (A) or (B) holds.

Proof. Set

f � (x) � K [L � ](x); f (x) � K [L ](x) x 2 X : (3.37)

First we claim that each �nite dimensional random vector of the form

�
f � (x1); f � (x2); � � � ; f � (xn )

�
; n 2 N; f xkgn

k=1 2 X ;

converges in distribution to the random vector
�
f (x1); f (x2); � � � ; f (xn )

�
as � ! 0.

To see this, as in the proof of Theorem 3.2.4, use dominated convergence theorem to

verify that

lim
� ! 0

E
h
e

P n
k =1 ia k f � (xk )

i
= E

h
e

P n
k =1 ia k f (xk )

i
; n 2 N; f xkgn

k=1 2 X ; f akgn
k=1 2 R:

Hence the �nite dimensional distributions off � � g converge to those of �. To show

that f � � g converges weakly, by Prohorov's theorem ([Billingsley 1999], Thm 5.1, pg

59) it is enough to show the tightness of the sequencef � � g. This is equivalent to

showing that ([Billingsley 1999],Thm 7.5), for every� > 0,

lim
� ! 0

lim sup
� ! 0

P
�
Wf � (� ) > �

�
= 0: (3.38)
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Under condition A,

Wf � (� ) �
Z



sup

jx � yj<�
jK (x; ! ) � K (y; ! )j

�
�L

�
� �

(d! ) � WK (� ) jLj � (
) ; (3.39)

where jLj denotes the total variation norm of the measureL . Hence

lim
� ! 0

lim sup
� ! 0

P
�
Wf � (� ) > �

�
� lim

� ! 0
lim sup

� ! 0
P

�
WK (� )jLj � (
) > �

�
:

Theorem (3.2.4) and (3.34) guarantee that the sequencefjLj � (
) g converges in distri-

bution to jLj (
), and that jLj (
) < 1 a.s. Therefore lim� ! 0 WK (� )jLj (
) = 0 a.s. ;

so (3.38) holds, and the theorem is proved under condition A.

Now suppose condition B holds. From equations (3.17) and (3.37), for every

x 2 X , the random variable f � (x) can be written as the sum of two independent

random variables

f � (x) =
X

j

K (x; ! j )uj 1ju j j> 1 +
ZZ

[� 1;1]� 

K (x; ! )u ~N � (du d! ) (3.40)

where ~N � (du d! ) � N � (du d! ) � � � (du d! ) is the fully compensated Poisson random

measure, withN � (du d! ) � Po(� � ). Therefore

sup
jx � yj<�

jf � (x) � f � (y)j � sup
jx � yj<�

X

j

�
�
�K (x; ! j ) � K (y; ! j )

�
�
� juj j1ju j j> 1

+ sup
jx � yj<�

�
�
�
ZZ

[� 1;1]� 


�
K (x; ! ) � K (y; ! )

�
u ~N � (du d! )

�
�
�

� WK (� )
� X

j

juj j1ju j j> 1

�

+ sup
jx � yj<�

�
�
�
ZZ

[� 1;1]� 


�
K (x; ! ) � K (y; ! )

�
u ~N � (du d! )

�
�
�:

(3.41)

The �nite sum
P

j juj j1ju j j> 1 is almost surely �nite, so as before it follows that

lim
� ! 0

lim sup
� ! 0

P�
�
WK (� )

� X

j

juj j1ju j j> 1

�
> �

�
= 0: (3.42)
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By the L2 isometry of the compensated Poisson integrals,

E
� ZZ

[� 1;1]� 


�
K (x; ! ) � K (y; ! )

�
u ~N � (du d! )

� 2

=
ZZ

[� 1;1]� 


�
K (x; ! ) � K (y; ! )

� 2
u2 � � (du d! )

� CW2
K (jx � yj);

(3.43)

where C �
RR

[� 1;1]� 
 u2 � (du d! ) < 1 by (3.31). Let N (a;X ; d) denote the covering

number of X with d-balls of radiusa, for the semi-metricd on X de�ned by

d(x; y) � WK (jx � yj); x; y 2 X :

Since
n

y 2 X : d(x; y) � �
o

=
n

y 2 X : jx � yj � W  
k (� )

o

and X � R there exists a constantK 1 < 1 such that for any a > 0,

N (a;X ; d) � K 1
1

W  
K (a)

: (3.44)

By theorem 2.2.4 of [van der Vaart and Wellner 1996, pg. 98], for a positive constant

K independent of� and any r > 0

E sup
jx � yj<�

�
�
�
ZZ

[� 1;1]� 


�
K (x; ! )� K (y; ! )

�
u ~N � (du d! )

�
�
�
2

� K
hZ r

0

p
N (a;X ; d) da+ �N (r; X ; d)

i 2

(3.45)

Hence under condition B holds true, for small enoughr

E sup
jx � yj<�

�
�
�
ZZ

[� 1;1]� 


�
K (x; ! )� K (y; ! )

�
u ~N � (du d! )

�
�
�
2

� K 2

hZ r

0

1
p

W  
K (a)

da+ �
1

W  
K (r )

i 2
:

(3.46)

where K 2 < 1 is independent of� . The right hand side of the above equation can

be made arbitrarily small by �rst choosing r and then � . Therefore by Markov's
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inequality, for any � > 0,

lim
� ! 0

lim sup
� ! 0

P
�

sup
jx � yj<�

�
�
�
ZZ

[� 1;1]� 


�
K (x; ! ) � K (y; ! )

�
u ~N � (du d! )

�
�
� > �

�

� lim
�;r ! 0

K 2

� 2

hZ r

0

1
p

W  
K (a)

da+ �
1

W  
K (r )

i 2
= 0:

(3.47)

Hence the tightness of the sequencef � � g follows and the theorem is proved.

The next theorem is our main result in this section. It gives asimply veri�able

su�cient condition for the L�evy random �eld priors so that p osterior consistency

holds in most nonparametric regression models.

Recall that X is a compact subset ofR and � D is

� D �

(

� 2 C(X ) : � (x) �
JX

j =1

uj K (x; ! j ); J 2 N; uj 2 R; ! j 2 
 :

)

Let � �
D be its closure in the uniform topology and letB(� �

D ) be the associated Borel

� -�eld. For � 0 2 �, denote the \uniform ball" of radius � centered at� 0,

B � (� 0) � f � 0 2 � �
D : k� � � 0k� < � g (3.48)

where

k� k� � sup
x 2X

j� (x)j: (3.49)

Theorem 3.3.3. Let � satisfy (3.31) and L � L�evy(� ). Let � be the probability

measure on(� �
D ;

�
B(� �

D )
�
) induced by the integral operatorK de�ned as in (3.17).

For a uniformly continuous K (x; ! ) : X � 
 ! R,

1. For any a > 0,
ZZ

R� 

(a ^ j uj) � (du d! ) < 1

.

58



2. Supp� (�) = R � 
 .

Then �
�
B � (� 0)

�
> 0 for every � 0 2 � �

D and for all � > 0.

Proof. Fix � > 0 and � 0 2 � �
D . Since� 0 2 � �

D , there exist aJ� 2 N and f u�
j ; ! �

j gJ �
j =1

such that

k� 0(x) �
J �X

j =1

K (x; ! �
j )u�

j k� < �= 2: (3.50)

Set 	 �
P J �

j =1 ju�
j j, � � supjK (x; ! )j and � � �

2(� +	) . SinceK in uniformly continu-

ous inX � 
, there exists an � 0 > 0 such that j! � ! 0j < � 0 ) j K (x; ! ) � K (x; ! 0)j <

�; 8x 2 X . De�ne

B 0
� (� 0) �

(

� : � (x) =
J �X

j =1

uj K (x; ! j ); juj � u�
j j < �; j! j � ! �

j j < � 0

)

: (3.51)

Lemma 3.3.4. B 0
� (� 0) � B � (� 0)

Proof. For any � 2 B 0
� (� 0) such that � =

P J �
i =1 uj K (x; ! j ),

j� (x) �
J �X

j =1

K (x; ! �
j )u�

j j �
J �X

j =1

jK (x; ! j )uj � K (x; ! �
j )u�

j j

�
J �X

j =1

jK (x; ! j )uj � K (x; ! j )u�
j j +

J �X

j =1

jK (x; ! j )u�
j � K (x; ! �

j )u�
j j

� �
J �X

j =1

juj � u�
j j +

J �X

j =1

ju�
j j�

� �� + 	 � = �=2:

Hencek� �
P J �

j =1 K (x; ! �
j )u�

j k� < �= 2 and by the triangle inequality k� � � 0k� < � .

HenceB 0
� (� 0) � B � (� 0) and the lemma is proved.
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Pick a� � inf ju�
j j such that

P
� ZZ

(� a� ;a� )� 

jK (x; ! )jjujN (du d! )j > �= 2

�
�

2
��

ZZ

(0;a� )� 

juj� (du; d! < 1:

(3.52)

� �
�
B � (� 0)

�
= P

� Z



K (x; ! ) uN (du d! ) 2 B C

� (� 0)
�

= P

 
1X

j =1

K (x; ! j )uj 2 B � (� 0)

!

� P

 
1X

j =1

K (x; ! j )uj 2 B 0
� (� 0)

!

� P

 
n

(uj ; ! j )
J �
j =1 : juj � u�

j j < �; j! j � ! �
j j < � 0

o \ n 1X

j =1

juj j1juj j <a � <
�

2�

o
!

Using the independent increments property of the L�evy random measures, the quan-

tity on the right hand side of the last equation can be writtenas

= P
�n 1X

j =1

juj j1juj j <a � <
�

2�

� � (A � )J � e� A �

J� !

J �Y

j =1

"
�

�
juj � u�

j j < �; j! j � ! �
j j < � 0

	

� (A � )

#

(3.53)

whereA � � (� a� ; a� ) � 
. Since the support of � is R � 
,

�
n

(uj ; ! j ) : juj � u�
j j < �; j! j � ! �

j j < � 0
o

> 0: (3.54)

Therefore by (3.52) and (3.54) �
�
B � (� 0)

�
> 0 and the theorem follows.

Remark 3.3.5. Hypothesis (2) of theorem 3.3.3 (i.e., Supp(� ) = R � X ) can be

weakened by the following condition:R = G[Supp �(du ! ); +] for each! 2 
 , where

G[Supp �(du ! ); +] is the additive group generated by the setSupp �(du ! ).

Remark 3.3.6. The theorem holds even if the L�evy measure does not satisfy hypoth-

esis (1), but the proof requires a di�erent technique and some extra assumptions on

the smoothness of the kernelK are needed.
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Remark 3.3.7. If 
 is bounded (not necessarily compact) then the uniform continuity

of K implies that � = sup K (x; ! ) < 1 .

Remark 3.3.8. The family of functions

K (x; !; � ) � exp
n

� � jx � ! j2
o

; � 2 R+ ; ! 2 R

satisfy the conditions A and B if � and ! are bounded above. However, it can be

shown that our main theorem holds even if� and ! are not bounded above. See

Tokdar and Ghosh [2007] for related discussion.

3.4 Examples

In this section we consider some concrete examples in which the results from the

previous section can be applied.

3.4.1 Poisson Regression

Let X be a compact subset ofRd. For any vector k = ( k1; k2; � � � ; kd) 2 Nd, let D k

denote the di�erential operator,

D k �
@k+

@xk1
1 � � � @xkd

d

;

where k+ �
P d

i =1 ki . Denote by b� c the greatest integer less than or equal to any

� 2 R+ . For a function f : X 7! R, set

kf k� � max
~k�b � c

sup
x2X

jD k f (x)j + max
~k�b � c

sup
x;y 2X

jD k f (x) � D k f (y)j
jj x � yjj � �b � c

; (3.55)

where the supremum is taken over allx; y in the interior of X with x 6= y. Let C � (X )

be the set of all continuous functionsf : X 7! R with kf k� < 1 and, for 
 > 0, set

� 
 � f � 2 C � (X ) : (8x) � (x) � 
 g ;
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the set ofC � functions bounded below uniformly by
 > 0, with Borel � -�eld B(� 
 ).

We consider the following Poisson regression model:

P(Yi = yjX i ; � ) = exp
�

� � (X i )
� � (X i )y

y!
; � 2 � 
 ; y 2 Z+ ; i 2 N: (3.56)

For � 2 � 
 let P� be the distribution of conditionally-independentf Yi g generated

according to the model (4.2) with mean function� . Let k � k� denote the uniform

norm in � 
 , and for any � 2 � 
 and � > 0 de�ne

B � (� ) � f ~� 2 � 
 : k~� � � k� < � g:

For any increasing sequence of positive numbersf Mng (we will choose a speci�c

sequence in Section 4.2.2 below), set

� n

 � f � 2 � 
 : k� k� � Mng: (3.57)

L�evy Random Field Priors

Let K (x; ! ) : X � 
 7! R be a Borel measurable function onX � 
 such that the set

(
NX

n=1

K (x; ! j )uj ; f uj ; ! j g 2 R � 
 ; N 2 N

)

is dense inC(X ) in the uniform topology. Let � be a positive sigma-�nite measure

on R � 
 satisfying the integrability condition (3.31). Consider the following prior

� L (d� ) on � 
 :

� (x) =
Z



K (x; ! )L (d! ) (3.58)

L (d! ) � L�evy( � ): (3.59)

Let � L (�jY1; Y2; � � � ; Yn) denote the corresponding posterior conditioned on the ob-

servationsf Yi g sampled according to the Poisson regression model given in (4.2).
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Theorem 3.4.1. If either condition A or B holds true, for any � > 0,

lim
n!1

� L

��
� 2 � n


 :
Z

X
j� (x) � � 0(x)j Qn (dx) > �

� �
�
�Y1; Y2; � � � ; Yn

�
= 0 (3.60)

in P� o probability.

Proof. If condition A or B holds true, by theorem (3.3.3) it follows that � L
�
B � (� 0)

�
>

0 for any � 0 2 � 
 and � > 0. Hence the result follows from theorem (4.2.1).

3.4.2 Regression with Gaussian Errors

Let � � C � (X ); � > 0. We consider the following regression model on �. Let

X i 2 X � R and

Yi

�
� �; X i = � (X i ) + � i ; � 0 2 � ; � i

iid� N (0; � 2): (3.61)

Here the error variance� > 0 is assumed to be unknown. Let �� (d� ) denote a

(prior) probability distribution whose support is the postive real line. Let � L (d� ) be

the L�evy random �eld prior on � de�ned in (3.58). Let � L (d� ) 
 � � (d� ) be the prior

distribution on � � R+ and � L;� (�jY1; Y2; � � � ; Yn) denote the corresponding posterior

distribution. De�ne the sets

� n �
�

� 2 � : k� k� � n� ; � 2 (1=2; 1]
	

and setSn;�

Sn;� �
n

� 2 � n :
Z

X
j� (x)� � 0(x)j Qn (dx) < �;

�
�
�

�
� 0

� 1
�
�
� < �

o
; Qn (dx) =

1
n

nX

i =1

� X i (dx):

(3.62)

Theorem 3.4.2. Let P� 0 ;� 0 denote the distribution off Yi g conditional on (� 0; � 0). If

conditions A or B hold true, for any � 0 2 � and for any � > 0

lim
n!1

� L;�

�
SC

n;�

�
�
� Y1; Y2; � � � ; Yn

�
= 0
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in P� 0 ;� 0 probability.

Proof. Direct calculations yield that (also see [Choi and Schervish 2007, pg. 1974])

K i (� 0; � ) =
1
2

log
� 2

� 2
0

�
1
2

�
1 �

� 2
0

� 2

�
+

1
2

�
� 0(X i ) � � (X i )

� 2

� 2

and

Vi (� 0; � ) =
1
2

�
� 2

0

� 2
� 1

� 2

+
� 4

0

� 4

�
� 0(X i ) � � (X i )

� 2
:

De�ne

B � 0 ;� 0
� �

�
(�; � ) : k� � � 0k� < �;

�
�
�

�
� 0

� 1
�
�
� < �

�
:

Hence the above calculations show that for every� > 0, there exists a� > 0 such

that for all ( �; � ) 2 B � 0 ;� 0
� ,

K i (� 0; � ) < � 8i;
1X

i =1

Vi (� 0; � )
i2

< 1 :

Hence conditions I.1 and I.2 are satis�ed if the prior probability of the set B � 0 ;� 0
�

is positive for every� > 0. If either condition A or B is satis�ed, theorem (3.3.3)

gaurantees that � L
�
B � (� 0)

�
> 0. Since the prior � � (d� ) has support over the entire

real line, � �

� �
�
� �

� 0
� 1

�
�
� < �

�
> 0. Hence for every� > 0, � L;�

�
B � 0 ;� 0

�

�
> 0 and

conditions I.1 and I.2 are satis�ed.

The existence of tests as required in II.1 and II.2 are constructed in [Choi and

Schervish 2007, Theorem 2, pg. 1973]. Hence the theorem is proved.

Remark 3.4.3. If the covariatesX i were sampled uniformly fromX and � 0 is known,

it follows that

K i (� 0; � ) =
1

2� 2
0

k� 0 � � kL 2(X ) �
1

2� 2
0

k� 0 � � k� (3.63)
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Hence the results of the previous case hold in this case as well. However, condition

B for the function K (�; �) is too strong. Notice that theorem(3.3.3) gives that� L

�
� :

k� 0 � � k� < �
�

> 0 whereas we only need� L

�
� : k� 0 � � kL 2 (X ) < �

�
> 0. To show

this and thereby relax the assumptions on condition B, we will have to show the weak

convergence of probability measures onL2(X ) (instead ofC(X ) as in theorem(3.3.2))

induced by the truncated compound Poisson L�evy measures.
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Chapter 4

Posterior Consistency of Nonparametric
Poisson Regression Models

4.1 Introduction

Posterior consistency for non-identically distributed random variables has received at-

tention only recently in the literature. The general framework for proving such results

was laid out by Amewou-Atissoet al. [2003], Ghosal and van der Vaart [2007a,b] and

Choi and Schervish [2007]. Choi and Schervish [2007] prove the posterior consistency

for a regression model with Gaussian error terms. Recently posterior consistency was

proved for nonparametric binary regression by Ghosal and Roy [2006], who conjec-

tured that similar results might hold for the Poisson regression.

In this note we verify that conjecture, proving posterior consistency for the Poisson

regression model under moderate assumptions. The standardproof technique requires

one to verify two conditions: positivity of prior mass for all information-metric (or

equivalently Kullback-Leibler) neighborhoods of the trueparameter, and existence of

point-separating hypothesis tests with exponentially decaying error rates of types I

and II. The �rst condition is prior-speci�c, and is relatively easy to verify. The

existence of tests is independent of the prior and usually requires the calculation of
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the metric entropy of the parameter space. Our main tool in verifying the tests is a

condition for exponential convergence rates for the law of large numbers, derived in

Baum et al. [1962].

4.2 Main Result

Let X be a compact subset ofRd. For any vector k = ( k1; k2; � � � ; kd) 2 Nd, let D k

denote the di�erential operator,

D k �
@k+

@xk1
1 � � � @xkd

d

;

where k+ �
P d

i =1 ki . Denote by b� c the greatest integer less than or equal to any

� 2 R+ . For a function f : X 7! R, set

kf k� � max
~k�b � c

sup
x2X

jD k f (x)j + max
~k�b � c

sup
x;y 2X

jD k f (x) � D k f (y)j
jj x � yjj � �b � c

; (4.1)

where the supremum is taken over allx; y in the interior of X with x 6= y. Let C � (X )

be the set of all continuous functionsf : X 7! R with kf k� < 1 and, for 
 > 0, set

� 
 � f � 2 C � (X ) : (8x) � (x) � 
 g ;

the set ofC � functions bounded below uniformly by
 > 0, with Borel � -�eld B(� 
 ).

We consider the following Poisson regression model:

P(Yi = yjX i ; � ) = exp
�

� � (X i )
� � (X i )y

y!
; � 2 � 
 ; y 2 Z+ ; i 2 N: (4.2)

For � 2 � 
 let P� be the distribution of conditionally-independent f Yi g generated

according to the model (4.2) with mean function� . Let k � k� denote the uniform

norm in � 
 , and for any � 2 � 
 and � > 0 de�ne

B � (� ) � f ~� 2 � 
 : k~� � � k� < � g:
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For any increasing sequence of positive numbersf Mng (we will choose a speci�c

sequence in Section 4.2.2 below), set

� n

 � f � 2 � 
 : k� k� � Mng: (4.3)

Theorem 4.2.1. Let � be a (prior) probability measure onB(� 
 ) such that�
�
B � (� )

�
>

0 for each � 2 � 
 and � > 0. Then for any � > 0, and any � 0 2 � 
 ,

lim
n!1

�
��

� 2 � n

 :

Z

X
j� (x) � � 0(x)j Qn(dx) > �

� �
�
�
�Y1; Y2; � � � ; Yn

�
= 0

in P� 0 probability, whereQn (dx) � 1
n

P n
i =1 � X i (dx) denotes the empirical distribution.

Proof. Fix � > 0 and � 0 2 � 
 , and let

� i (� 0; � ) � log
exp

�
� � 0(X i )

��
� 0(X i )

� Yi

exp
�

� � (X i )
��

� (X i )
� Yi

=
�
� (X i ) � � 0(X i )

�
+ Yi log

� 0(X i )
� (X i )

denote the log ratio of two Poisson densities with means� 0(X i ) and � (X i ), evaluated

at Yi . Set

K i (� 0; � ) � E� 0

�
� i (� 0; � )

�

(the Kullback-Leibler divergence for observationi ), and

Vi (� 0; � ) � Var� 0

�
� i (� 0; � )

�
:

Also set

U�
n �

�
� 2 � 
 :

Z
j� (x) � � 0(x)j Qn (dx) > �

�
:

Our goal is to verify the following two conditions:

I) Positive prior probability: There exists a setB � � 
 with �( B ) > 0 such that
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1. (8� 2 B)
P 1

i =1 Vi (� 0; � )=i2 < 1 .

2. (8i 2 N) �
�
B \ f � : K i (� 0; � ) < � g

�
> 0.

II) Existence of tests: There exist non-negative bounded measurable functions

f � ng1
n=1 and positive constantsC1; c1 > 0 such that

1.
P 1

n=1 E� 0 � n < 1 :

2. (8� 2 U�
n \ � n


 ) E� (1 � � n ) � C1e� c1n :

By Theorem 1 of [Choi and Schervish 2007], these conditions imply that

lim
n!1

�
�
U�

n \ � n

 jY1; Y2; � � � ; Yn

�
= 0; in P� 0 probability :

4.2.1 Positive prior probability

First we consider Condition I. Fix any � 0 > 0 and setB � B � 0 (� 0). Then for any

� 2 B,

Vi (� 0; � ) = � 0(X i )
�
log

� 0(X i )
� (X i )

� 2

� k � 0k�

�
log

k� 0k� + � 0




� 2

;

uniformly in i 2 N, so
P 1

i =1 Vi (� 0; � )=i2 < 1 ; for all � 2 B and I.1 holds.

Notice that

K i (� 0; � ) = � (X i ) � � 0(X i ) + � 0(X i ) log
� 0(X i )
� (X i )

= � (X i ) (1 � r + r logr ) ;

wherer � � 0 (X i )
� (X i ) . The inequality logr � r � 1 implies that

K i (� 0; � ) � � (X i )
�
1 � r + r (r � 1)

�
= � (X i )(r � 1)2

=

�
� (X i ) � � 0(X i )

� 2

� (X i )
�

1



k� � � 0k2
� :

Since �
�
B � (� 0)

�
> 0 for each� > 0 by hypothesis, and in particular for� =

�
� 0^

p

�

�
,

condition I.2 is veri�ed sinceB � (� 0) � B \ f � : K i (� 0; � ) < � g.
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4.2.2 Existence of tests

Now we turn to the second condition. First we construct testsfor the simple vs.

simple hypotheses:

H0 : Yi � Po
�
� 0(X i )

�
vs: H1 : Yi � Po

�
� 1(X i )

�
:

Below we construct test functions for testing a more generalclass of hypotheses. Be-

fore proceeding, we state a result of Baumet al. [1962] on the exponential convergence

rates for the law of large numbers used later in our proof.

Theorem 4.2.2. [Baum et al. 1962, Theorem 2] Letf X k ; k = 1; 2; � � � g be a sequence

of independent random variables and letSn =
P n

k=1 X k . For every � > 0, and a

constant c there exists a� � 2 (0; 1) such that

P
� �

�
�
Sn

n
� c

�
�
� � �

�
� C� n

� (4.4)

if and only if there exists a constantM � and t � > 0 such that

E
�

et (Sn � nc)
�

� M � ej t j n � ; 8t 2 [� t � ; t � ]: (4.5)

Lemma 4.2.3. Let f Yi g be independent Poisson random variables with means� i and

let f X i g � X . Consider the following hypothesis testing problem:

H0 : � i = � 0(X i ) vs. H1 : � i = � 1(X i )

for �xed elements� 0; � 1 2 � 
 that satisfy the inequality

� 1(x) > � 0(x) + �

for some number� > 0 and all x 2 X . Consider the sequence of indicator random

variables,

� n � 1f A n g; An �

(
1
n

nX

i =1

�
Yi � � 0(X i )

�
> �= 2

)

:
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Then, for every � > 0 and n 2 N, there exists a� � 2 (0; 1) such that

E� 0 (� n ) � exp(n log� � ) (4.6a)

E� 1 (1 � � n ) � exp(n log� � ): (4.6b)

Proof. The proof is deferred to the Appendix.

Remark 4.2.4. In the above lemma if we had,� 0(x) > � 1(x) + � , with all the other

conditions being the same, then the test

� n = 1f B n g; Bn �

(
1
n

nX

i =1

�
Yi � � 1(X i )

�
< �= 2

)

will satisfy (4.6), for every � > 0 and n 2 N. (see Appendix for the details of the

proof).

The rest of our proof is based on a standard argument using covering num-

bers [Ghosal and Roy 2006]. First notice that for any� j 2 � 
 with
R

j� j (x) �

� 0(x)jQn (dx) > � ,

Qn f x : j� j (x) � � 0(x)j > �= 2g �
�

2(k� 0k� + k� j k� )
:

This can be seen from:

� <
Z

j� j (x) � � 0(x)j Qn (dx)

<
�
k� 0k� + k� j k�

�
Qn f x : j� j (x) � � 0(x)j > �= 2g + �=2:

Hence the cardinality #f i : j� j (X i ) � � 0(X i )j > �= 2g � ~Cn for the constant ~C �

� (2k� 0k� +2k� j k� )� 1. This implies that one of the two setsf i : � j (X i ) > � 0(X i )+ �=2g
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or f i : � 0(X i ) > � j (X i ) + �=2g will have at least ~Cn=2 points. For de�niteness we will

assume it is the former and set

S+
� j

� f x : � j (x) > � 0(x) + �=2g (4.7)

(otherwise see Remark 4.2.4, and make the corresponding change in equation (4.8)

below). Now for testing� 0 vs. � j such that
R

j� j (x) � � 0(x)j Qn (dx) > � , we construct

the test:

	 nj = 1f Enj g; Enj �

(
1
n

nX

i =1

�
Yi � � 0(X i )

�
1f X i 2 S+

� j
g > �= 2

)

: (4.8)

Let N � N
�
�=2; � n


 ; k � k�
�

denote the covering number of the set �n
 under the

uniform norm, i.e., the smallest numberN such that

� n

 �

N[

j =1

B �=2(� j )

for somef � 1; � 2; � � � ; � N g � � n

 . Then by Theorem 2.7.1 of van der Vaart and Wellner

[1996],

logN � K 1M d=�
n � � 1=� (4.9)

for some constantK 1 < 1 . For each � 2 � n

 there is somej � N such that

k� � � j k� � �=2. Recall the testsf 	 nj gN
j =1 , from (4.8). By Lemma 4.2.3 (with �=2

replacing � ),

E� 0 (	 nj ) � exp(n log� � );

E� j (1 � 	 nj ) � exp(n log� � );
1 � j � N:

Now set 	 n � maxf 	 n;� j : 1 � j � N g. Then,

E� 0 (	 n ) �
NX

j =1

E� j (	 nj ) � exp(logN + n log� � ): (4.10)
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If we set Mn � K 2n�=d (see equation (4.3)) for su�ciently small K 2, then equa-

tions (4.9, 4.10) imply

E� 0 (	 n ) � exp(� K 3n)

for some constantK 3 > 0. In particular,
P 1

n=1 E� 0 (	 n ) < 1 , verifying II.1. Now we

turn to II.2.

For any � 2 U�
n \ � n


 , there is at least onej 2 f 1; 2; � � � ; N g such that k� � � j k� <

�=2. For X i 2 S+
� j

(see equation (4.7)), by the triangle inequality,
�
� (X i ) � � 0(X i )

�
�

�=2. Hence

E� (1 � 	 n ) � E� (1 � 	 nj ) � exp(n log� � ):

Since this holds uniformly for all� 2 U�
n \ � n


 ,

sup
� 2 U �

n \ � n



E� (1 � 	 n ) � exp(n log� � )

verifying II.2. Hence we have proved the theorem.

Remark 4.2.5. If the prior � also satis�es the condition�(� n



c) � C2e� c2n for

constantsC2; c2 > 0, then the conclusion of Theorem 4.2.1 can be strengthened to:

lim
n!1

�
��

� 2 � 
 :
Z

X
j� (x) � � 0(x)j dQn (x) > �

� �
�
�Y1; Y2; � � � ; Yn

�
= 0

in P� 0 probability.

Remark 4.2.6. The predictors f X i g, instead of being �xed, can be sampled accord-

ing to a distribution D on X . With similar arguments as above, we can show that

consistency holds inL1 norm, instead of the empiricalL1 norm. See [Ghosal and

Roy 2006] for a result of this type.
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4.3 An Example

Set X � [� 1; 1]. Fix �; 
 > 0 and set � 
 � f � 2 C � (X ) : � (x) � 
 g. Let � �

f � k(x); k 2 N; x 2 X g denote a set of continuous functions such that �
 is contained

in the linear span of � in the uniform norm ( e.g. � k(x) � Pk(x) = 1
2k k!

dk

dxk

�
(x2 � 1)k

�
,

the kth Legendre polynomial). Fix� > 0, and consider the following prior �(d� ) on

� 
 :

J � Po(� ):

f � j gJ
j =1

i id� No (0; 1); f � j g1
j = J +1 = 0:

� (x) =
1X

j =1

� j � j (x):

Lemma 4.3.1. The prior �( d� ) de�ned above satis�es�
�
B � (� 0)

�
> 0 for any � > 0

and � 0 2 � 
 . Hence the conclusion of Theorem 4.2.1 holds true.

Proof. Fix � > 0. For any � 0 2 � 
 , by hypothesis, there exist aJ� 2 N and

f � �
j gJ �

j =1 2 R such that

k� 0(X ) �
J �X

j =1

� j � j (x)k� � �=2: (4.11)

Let � � maxj � J � k� j k� . Hence by the triangle inequality and (4.11),

B � (� 0) �

(
1X

j =1

� j � j (x) :
J �X

j =1

j� j � � �
j j � �=2�; f � j g1

J � +1 = 0

)

: (4.12)

The prior probability of the right hand side above is given by

P

(

f � j g1
j =1 :

J �X

j =1

j� j � � �
j j � �=2�; f � j g1

J � +1 = 0

)

= e� � 1

(2� )J � =2

Z

B
exp(� � 0�= 2)d� > 0

(4.13)
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whereB �
n

f � j g
J �
j =1 :

P J �
j =1 j� j � � �

j j � �=2�
o

. Hence �
�
B � (� 0)

�
> 0 and the lemma

is proved.

This example shows an illustrates an important fact. While constructing priors

based on series expansion, for consistency to hold in Poisson regression models, it is

su�cient to verify the following two conditions:

1. The true parameter is contained in the linear span of the basis functions in an

appropriate topology.

2. The basis coe�cients are supported over the entire real line.

4.4 Discussion

We have proved the posterior consistency of the nonparametric Poisson regression

model, under very modest assumptions on the prior: it is su�cient that the prior

puts positive mass on the uniform balls around the true parameter. This condition,

as demonstrated in the example, is easy to verify for most priors, especially the ones

which are based on series expansion or splines. We constructed tests which have the

required exponential error rates, and our tests applicableto other exponential error

models.

It is interesting to note that we require the parameter space� 
 to be bounded

away from zero. This is not a mere artifact of our proof: if almost all observations in

a sample from a Poisson distribution areYi = 0, then it hard to estimate the log mean

if it is not bounded away from zero. We expect that our approach may be extended

to obtain bounds on convergence rates for nonparametric Poisson regression models.

Proof of Lemma 4.2.3. Notice that

E� 0 (� n ) = P� 0

(
1
n

nX

i =1

�
(Yi � � 0(X i )

�
> �= 2

)

:

75



Since underH0 E� 0 (Yi ) = � (X i ), by the strong law of large numbers

lim
n!1

1
n

nX

i =1

�
(Yi � � 0(X i )

�
= 0;

almost surely. Since under the null hypthesis, the sum
P n

i =1 Yi is a Poisson random

variable with mean
P n

i =1 � 0(X i ),

E
h
et

� P n
i =1 Yi �

P n
i =1 � (X i )

� i
= exp

�
(et � t� 1)

nX

i =1

� 0(X i )
�

� exp
�

(et � t� 1)nk� 0k�

�
� exp

�
n� jtj

�

for all t 2 [� t � ; t � ], t � � 2�
k� 0k�

. Therefore by theorem 4.2.2, there exists a� � 2 (0; 1)

such that

E� 0 (� n ) = P� 0

(
1
n

nX

i =1

�
(Yi � � 0(X i )

�
> �= 2

)

� (� � )n = exp(n log� � )

and hence the type I error decays exponentially withn.

To obtain the type II error rate of equation (4.6b), �rst note

E� 1 (1 � � n ) = P� 1

(
1
n

nX

i =1

�
(Yi � � 0(X i )

�
� �=2

)

= P� 1

(
1
n

nX

i =1

�
Yi � � 1(X i )

�
+

1
n

nX

i =1

�
� 1(X i ) � � 0(X i )

�
� �=2

)

� P� 1

(
1
n

nX

i =1

�
Yi � � 1(X i )

�
� � �=2

)

(4.14)

where the last inequality holds because� 1(X i ) � � 0(X i ) > � for eachi by hypothesis.

Therefore as done in the previous case, theorem 4.2.2 can be applied to show that

there exists a� � 2 (0; 1) such that

P� 1

(
1
n

nX

i =1

�
Yi � � 1(X i )

�
� � �=2

)

� exp(n log� � ) (4.15)
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Hence by (4.14) and (4.15)

E� 1 (1 � � n ) � exp(n log� � )

and therefore the type II error decays exponentially withn and the lemma is proved.

Proof of Remark 4.2.4. In this case the type II error rate follows from theorem

4.2.2,

E� 1 (1 � � n ) = P� 1

(
1
n

nX

i =1

�
Yi � � 1(X i )

�
> �= 2

)

� exp(n log� � ):

For the type I error,

E� 0 (� n ) = P� 0

(
1
n

nX

i =1

�
Yi � � 1(X i )

�
� �=2

)

= P� 0

(
1
n

nX

i =1

�
Yi � � 0(X i )

�
+

1
n

nX

i =1

�
� 0(X i ) � � 1(X i )

�
� �=2

)

: (4.16)

Once again the di�erences
�
� 0(X i ) � � 1(X i )

�
> � for eachi , so equation (4.16) can be

bounded above by

E� 0 (� n ) � P� 0

(
1
n

nX

i =1

�
Yi � � 0(X i )

�
� � �=2

)

� exp(� n log� � )

by another application of theorem 4.2.2.
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Chapter 5

Nonparametric Covrariance Function
Estimation

5.1 Introduction

In this chapter we discuss a novel application of L�evy random measures for estimating

spectral measures and covariance functions of stationary stochastic processes.

Nonparametric Bayesian approaches for estimating a spectral density of a Gaus-

sian time series were studied in [Pawitan and O'Sullivan 1994, Carter and Kohn 1997,

Gangopadhyayet al. 1999, Choudhuriet al. 2004](see Choudhuriet al. [2004] for more

references). In all of the above papers, the estimation proceeds through �rst smooth-

ing the periodogram and then using an approximate likelihood (Whittle likelihood)

instead of using the actual likelihood for the data which involves the autocorrelations

functions. The prior distribution for the spectral density is modeled using a variety

of tools such as Brownian motions (Carter and Kohn [1997]), Bernstein polynomials

(Choudhuri et al. [2004]), piecewise polynomial expansion of the logarithm of the

spectral density (Gangopadhyayet al. [1999])etc.

Bayesian nonparametric estimation of spatial random e�ects using a Dirichlet

process mixture was studied in Reich and Fuentes [2007]. In Tu et al. [2006] the
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authors develop L�evy Adaptive Regression Kernels for estimating the mean surface

of a spatial random �eld. In both cases the covariance function is modeled using a

standard parametric form.

We focus on nonparametric estimation of the covariance function of a station-

ary process, and construct a nonparametric prior distribution on the set of positive

functions on Rd. Constructing a prior distribution for positive de�nite fu nctions is

challenging (since the positive de�niteness of an arbitrary function is di�cult to ver-

ify) and e�cient sampling methods need to be developed for implementation. In this

chapter, we illustrate that Bochner's theorem together with L�evy random measures

can be used for constructing e�cient, easy to implement prior distributions for spec-

tral measures and covriance functions. We consider a few examples mainly in the

spatial setting, however our discussion equally applies totime series data as well.

5.2 Spectral representation and priors on station-

ary covariance functions

Let S � Rd be a spatial domain and letf Z (s) : s 2 Sg be a real valued stationary

process. LetC(h); h 2 Rd denote the covariance function of the processZ(�) :

C(s2 � s1) � Cov
�
Z (s1); Z (s2)

�
; s1; s2 2 Rd: (5.1)

To be a valid covariance function, the functionC(h) needs to be positive semi-de�nite,

i.e., for any set of locationsf si gn
i =1 and constantsf ai gn

i =1 ,

nX

i =1

nX

j =1

ai aj C(si � sj ) � 0; n 2 N; si ; sj 2 S; ai ; aj 2 R: (5.2)

Our goal is to de�ne a probability distribution on the set of real valued positive

de�nite functions on S. It is often di�cult to verify the postive de�niteness of a
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function. Bochner's theorem [Bochner 1955, Cram�er 1940] gives a necessary and

su�cient condition for a function to be positive de�nite.

De�nition 5.2.1. For a �nite Borel measure � on Rd, de�ne its Fourier transform

to be:

�̂ (! ) �
1

(2� )d=2

Z

Rd
exp

�
� ix � !

�
� (dx); ! 2 Rd (5.3)

wherex � ! denotes the usual Euclidean inner product inRd.

Theorem 5.2.2. [Bochner 1955] A real valued functionf (�) on Rd is of positive

semi-de�nite if and only if it is the Fourier transform of a �n ite, positive, symmetric

measure� on Rd.

The measure� above is referred to be the spectral measure. If� (d! ) has a density

f (! ) with respect to the Lebesgue measure,f (! ) is called the spectral density.

Let M (Rd) denote the set of positive �nite measures onRd and M (Rd) denote

the Borel sigma �eld under the weak star topology. Hence by Bochner's theorem,

C(h) �
1

(2� )d=2

Z

Rd
exp

�
� ih � !

�
� (d! ); � 2 M (Rd); � (A) = � (� A); 8A � Rd

=
1

(2� )d=2

Z

Rd
+

cos
�
h � !

�
� (d! ); � 2 M (Rd

+ ) (5.4)

Therefore, instead of directly de�ning a distribution on the set of positive de�nite

functions we de�ne a distribution on the measure space
�
M (Rd

+ ); M (R+
d )

�
and con-

sider the distribution on the cone of positive de�nite functions induced by the relation

given in (5.4).

5.2.1 L�evy Random Measures: Priors on spectral measures

A simple prior distribution for the spectral measure can be constructed as follows:

Fix real numbers 
; �; a; b > 0, and let G0 be a probability measure onRd
+ . Let
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 � Ga(a; b), and set

L � 
 DP(�G 0) (5.5)

where DP(�G 0) denotes a Dirichlet process (reference Ferguson) with base measure

G0 and precision parameter� .

Linear combinations of point masses are dense in weak star topology (give refer-

ence). Thus, eventhough the realizations from a Dirichlet process are almost surely

discrete, the random measureL constructed above has full support onM (R+
d ). More

generally, for any positive sigma-�nite measure� (du; d! ) on R � Rd
+ satisfying the

integrability condition
ZZ

R� Rd
+

(1 ^ j uj)� (du; d! ) < 1 (5.6)

the L�evy random measure

L � L�evy( � ) (5.7)

is a natural choice for a prior distribution for the spectralmeasure� .

5.3 Representations of covariance functions: Ex-

amples

Example 5.3.1. (Bochner's theorem continued) Letd = 1 and � (d! ) be a nonnega-

tive symmetric measure onR with �nite support,

� (d! ) �
JX

j =1

� j � ! j (d! ) (5.8)

for someJ 2 N, � j 2 R+ . De�ne

C(h) �
Z

R
e� ih! � (d! ); h 2 R: (5.9)
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It follows that, for any N 2 N, z 2 CN and s 2 RN ,

N;NX

n;m =1

znC(sn � sm )�zm =
N;NX

n;m =1

zn

Z

R
e� i (sn � sm )! � (d! )�zm

=
�
�

NX

n=1

JX

j =1

zne� is n ! j
p

� j

�
�2

� 0:

However, as can be seen from the above equation, the quadratic form
P N;N

n;m =1 znC(sn �

sm )�zm is zero if the N -vector z 2 CN is orthogonal to each of theJ N -vectors

! (j ) � f e� is n ! j
p

� j g 2 CN , which is always possible ifN > J . The nonnegative-

de�nite covariance matrix � N � N [n; m] � C(sn � sm ) can be written as

� N � N [n; m] =
JX

j =1

e� i (sn � sm )! j � j = U� U� ; 1 � n; m � N; (5.10)

with UN � J [n; j ] � e� is n ! j , � J � J [j; k ] � � j 1f j = kg and rank(U) = min( N; J ). Let

� (du; d! ) be a �nite measure onR+ � R+ . If we set

C(h) =
Z

R+

e� ih! L (d! ); L (d! ) � L�evy
�
�
�
; (5.11)

the above discussion implies that the random measureL must have atleastN number

of points in its support to obtain a nonsingular covariance matrix in RN , whereN is

the number of locations.

Example 5.3.2. (Isotropic covariance functions): An arbitrary isotropic covariance

function in Rd can be expressed as [Yaglom 1987, section 22]

C(h) =
Z 1

0

�
r jhj
2

� � �

�( � + 1) J� (r jhj) 
 (dr); � �
d
2

� 1; (5.12)

where 
 (dr) is a �nite positive measure onR+ , �( �) is the Gamma function, and
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J� (�) is the Bessel function of order� de�ned by (Abramowitz and Stegun [1974])

J� (z) �
(z=2)�

p
� �( � + 1=2)

Z �

0
cos(z cos� )(sin � )2� d�: (5.13)

Hence, as in the previous example, the measure
 (dr) can be given a L�evy
�
�
�

prior.

Even if the possible singularity of the covariance matricessampled by the prior

can be tackled by incorporating nugget e�ects (measurementerrors), using linear

combinations of delta measures may not lead to sparse representations of spectral

measures. Finite linear combinations of delta measures as prior distributions for

the spectral measure will lead to e�cient estimation only if the spectral measure is

compactly supported,i.e., the covariance function from which the data is generated is

smooth (give reference). Since the spectral measure may notbe compactly supported,

we seek for more e�cient priors. A natural alternative is to �rst specify a L�evy

random �eld prior for the spectral density f (! ), and use (5.4) to obtain the induced

prior distribution on the covariance functionC(�).

Let � be a Polish space, andK : Rd � � : ! R+ be a continous function. De�ne

f (! ) �
Z

�
K (!; � )L (d� ); L � L�evy( � ): (5.14)

By (5.4), and assuming that change of order of integration isallowed,

C(h) =
1

(2� )d=2

Z

Rd
exp

�
� ih � !

�
� (d! ) =

1

(2� )d=2

Z

Rd
exp

�
� ih � !

�
f (! )d!

=
1

(2� )d=2

ZZ

Rd � �
exp

�
� ih � !

�
K (!; � ) L (d� ) d!: (5.15)

The mixture prior for the spectral density in (5.14), in contrast to the point

mass prior, simultaneously captures multiple frequencieswith each component in

the mixture. Hence such a mixture prior can well approximatea spectral density

83



with relatively fewer terms and they also sample e�ciently from the cone of positive

de�nite functions. For some choices of the functionK (�; �), the inner integral in (5.15)

has a closed form. We present a few examples.

Example 5.3.3 (Mixture of Gaussian kernels). Let � be a measure on the set of

positive de�nite matrices of orderd. Consider the scale mixture ofd-variate Gaussian

kernels with mean0 and variance� , i.e.,

f (! ) =
Z

exp
�

�
1
2

! 0� !
�

L (d�) ; L � L�evy (� ): (5.16)

In this case the covariance function can be expressed as

C(h) =
Z

exp
�

�
1
2

h0 ~� h
�

L (d~�) ; L � L�evy (� ): (5.17)

Therefore, a scale mixture of centered Gaussian kernels as aprior distribution for

the spectral density yields a mixture of (anisotropic) centered Gaussian covariance

functions as the prior distribution for C(h). Since the tails of a centered Gaussian

decay rapidly to zero, they are e�cient only if the spectral density of the data also

decreases to zero rapidly. In particular, priors given by(5.17) do not well represent

non-smooth covariance functions. Gaussian kernels which are not centered can be

used in this example to model spectral densities which are heavy tailed, however the

induced covariance functions do not have a closed form.

Example 5.3.4. (Mixture of Materns) Let K (! j� ; � ) � (1 + ! 0� � 1! )� (� + d=2) such

that,

f (! ) =
Z

K (! j� ; � )L (d� ; d� ); L � L�evy (� ) (5.18)

where � (d� ; d� ) is a L�evy measure. In this case exchanging the order of integra-

tion yields a covariance function that is a mixture of anisotropic Matern covariance
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functions,

C(h) =
Z

� 2

2� � 1�( � )

�
� h 0� � 1h

� �= 2
K �

� �
�h 0� � 1h

� 1=2
�

L (d� ; d� ) (5.19)

whereK � is the modi�ed Bessel function of the second kind of order� ([Abramowitz

and Stegun 1974, section 9.6]). In the case of t-kernels (� = � I ; � 2 R+ ) we recover

the construction in Ecker and Gelfand [1999] for isotropic covariance functions.

Example 5.3.5. [A dense model for covariance function onR] Let � be a measure

on R+ � R+ . Consider the location-scale mixture of exponential kernels as a prior

distribution for spectral density,

g(! ) =
ZZ

R+ � R+

exp
�

�
! � �

�

�
1!>� L (d�; d� ); L � L�evy(� ):

This prior distribution has full weak star support on the setof �nite positive

measures onR+ . By exchanging the order of integration it follows that the induced

prior distribution on the covariance function has the form

C(h) =
Z �

�
1 + � 2h2

cos(�h ) �
� 2h

1 + � 2h2
sin(�h )

�
L (d�; d� ) (5.20)

Figure 5.3 shows plots of the integrand for� = 1 and di�erent values of � .

5.4 Estimation: Gaussian Process

Let Z (s); s 2 S � R be a stationary mean 0 Gaussian process and we observe a

realization of Z at a set of locationsf sngN
n=1 . Our goal in this section is to estimate

the covariance function ofZ ,

C(sn � sm ) = E
�
Z (sn ) � Z (sm )

�
:
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Figure 5.1 : Covariance functions from an exponential mixture model

The likelihood of the observed dataZ � (Z (s1); Z (s2); � � � ; Z (sN )) (with a \nugget

e�ect" � ) is given by

L(Z j C; � ) �
1

(2� )N=2j� j
1
2

exp
n

�
1
2

Z 0(� + � 2I )� 1Z
o

(5.21)

where � N � N [m; n] = C(sn � sm ).

In the spatial setting large sample properties of estimators (Fisher Information,

MLE, posterior meanetc.) can be studied under di�erent conditions (see [Xia 2006]).

We discuss two situations: the out�ll and the in�ll asymptot ics.

1. Out�ll : In the out�ll case (expansion asymptotics), the euclidean distance

between two neighboring locations remains constant while the domain S is

necessarily unbounded. In this case it is known that, under mild regularity

conditions, the MLEs are consistent and asymptotically normal.
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2. In�ll: In the in�ll case, the domain S is bounded but the distance between the

observed locations goes to zero and eventually we obtain every where dense

samples insideS. As noted in [Xia 2006, Ying 1991], in the in�ll case it is not

always possible to estimate the parameters of a covariance function consistently

even with an in�nite amount of data. When the domain S remain �xed and

the locations are sampled increasingly dense inS, the observed data points can

be highly correlated. For covariance functions from the standard parametric

families such as exponential or Matern, the �sher information can be shown to

be bounded above ([Xia 2006, pg. 64]). Fore.g., for the standard exponential

covariance function,

C(s; t) � � 2 exp(� � js � tj); s; t 2 S

Ying [1991] shows that� 2, � cannot be estimated consistently, but the MLE

for the product � 2� is consistent and asymptotically normal with the usual
p

n

rate.

Therefore the e�ect of prior distribution will be signi�cant even in abundance

of data in the in�ll case. The idea of equivalent Gaussian measures (see [Stein

1999, chapter 4]) is useful in the in�ll case for prediction even if the parameters

cannot be estimated consistently.

5.5 Simulation Examples

We present two examples.

1. A centered Gaussian process was simulated atN = 250 equally spaced points in

the interval [1; 100] with the covariance functionC(h) = 5 exp (� 2h2) and with a

nugget variance� 2 = 0:01. The covariance function was given the Gaussian mixture
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prior discussed in example 5.3.3:

C(h) =
Z

R+

exp (� ! h 2) L (d! )

L (d! ) = L�evy( � )

� (du; d! ) = � +
1

ba �( b)
ua� 1 exp (� u=b)

1
vm �( v)

! m� 1 exp (� !=v )

where � + ; a; b; m; v2 R+ .

2. A centered Gaussian process was simulated atN = 250 equally spaced points

in the interval [1; 100] with the covariance functionC(h) = 3 exp (� 2h2) and with

a nugget variance� 2 = 0:01. The covariance function was given the mixture prior

discussed in example 5.3.5:

C(h) =
ZZ

R+ � R+

�
�

1 + � 2h2
cos(�h ) �

� 2h
1 + � 2h2

sin(�h )
�

L (d�; d� )

L (d�; d� ) = L�evy( � )

� (du; d�; d� ) = � +
1

ba �( b)
ua� 1 exp (� u=b)

1
vm �( v)

� m� 1 exp (� �=v )
1

sm �( s)
� m� 1 exp (� �=v )

where � + ; a; b; m; v; s2 R+ .

The simulations were performed using a reversible jump MCMCalgorithm. Figure

5:2 shows the draws from the posterior distribution for the �rst simulation. In this

case the kernel was chosen from the same parametric family asthe true covariance

distribution, and hence as expected, the posterior mean estimates the true covariance

function very well and the posterior quantiles are very tight. The mean number of

terms in the stochastic representation of the covariance function C(h) was 1.2. This

shows that if there is a sparse representation possible in the overcomplete dictionary

expansion, our model will capture it.

Figure 5:3 shows the results from the second simulation study. In thiscase the

kernels do not have the same parametric form as the true covariance function. How-
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Figure 5.2 : The red curve is true covariance function, the dotted blue curve is
posterior mean, the blue curves are the 5% and 95% quantiles from the posterior
draws.

ever the posterior mean estimates the covariance function fairly well (even though

not as good as the previous case) and the true function is contained in the quantile

curves. The mean number of terms in the stochastic representation of the covari-

ance functionC(h) was 4.1. Both the above simulations were performed for di�erent

values of hyper parameters and the �nal results were not sensitive to their values.

5.6 Discussion

We have illustrated a novel application of L�evy random measures for estimating

of covariance functions of stationary stochastic processes. Several examples were

discussed, and simulation studies were carried out in a one dimensional example.

The one dimensional simulation results are encouraging. However in higher di-
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Figure 5.3 : The red curve is true covariance function, the dotted blue curve is
posterior mean, the blue curves are the 5% and 95% quantiles from the posterior
draws.

mensions, for e�cient estimation more care needs to be givenin specifying the prior

distribution, especially in the choice of kernels. Furthermore, results regarding pos-

terior consistency must be obtained to ensure the correctness of the methodology.
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