L ecture 2. Graph Preliminaries

Mark Peot

Read: [CGH] Chapter 4.1 to 4.6.

Commentsduring class:

The moral graph definition for chain graphsin the notesis correct.

There was a comment on the definition of parent. The definition in the notesis correct.
There was a question on the uniqueness of pathsin atree. Given any two nodes, thereis
only one path from one node to another. Thus the path definition works.

1.0 Why do we care about graphs?
Graphs will be used to model the independence properties of distributions.

The idea of graph separation will be used to capture a subset of the independence proper-
tiesimplied by adistribution. Our general goal (approximately): graph separation will
imply probabilistic independence that, in turn, will imply that the graph can be factored. If
agraph can factored, then that will imply the structure of a graph, such that graphical sep-
aration will imply independence.

Theidea of graph decomposition will be used in inference. If agraph is decomposable, we
can use the distributed law of multiplication to simplify the computation of marginalsin
the distribution represented by that graph.

A brief note on notation. | like using big roman capitals for sets and small roman capitals
for the elements of sets.

Note: Much of this section is adapted from [Lauritzen].

2.0 Graphs

A graphisapair G = (X, L), where X isaset of verticesor nodesand L isaset of edges
or links.! Each edge (a, b) 0 X x X isan ordered pair of nodes.

The graphs that we will consider are ssimple: In asimple graph, each edge is an ordered
pair of distinct vertices (no self loops are permitted).

1. Inthe belief net literature, both sets of terminology (nodes/links and vertices/edges) are used. However,
the ‘cool’ people use the terms vertices and edges when referring to graphs.

2. The book usek;;  for edge (i,j). | think that the  is redundant.

Lecture 2: Graph Preliminaries January 20, 1999 1



Edge (a, b) iscaled undirected if both (a, b) and (b, a) arein L. Anedgeiscalled
directed if (a,b) OL and (b,a) O L.

a - b will be used to denote adirected edge (a, b) . a—b will be used to denote an undi-
rected edge between a and b.

Graphically, vertices are represented by ellipses, undirected edges by lines and directed
edges by arrows.

The figure below representsthe graph G = ({a, b, c}, { (a, b), (b, ), (c, b)}) or, ater-
natively, G = ({a,b,c},{a - b,b-c}).

CH—Ce
2.1 Relationshipsin Graphs
Givenagraph G = (X, L):
If a - b, then a isaparent of b and b isachild of a.

A path from a to b isan ordered sequence of two or more distinct nodes (X, ..., X,) such
that a = x5, b = x,, and (x;_,, %) OL fori = {1, ..., n}. Thelength of the pathisthe
number of linksthat it contains. If thereisapath from a to b, wewill writea [0 b.

The adjacency set for a isadj(a) = {b [ X|(a, b) O L}, that isthe set of nodes that can

be reached by following all one edge paths. The neighbors of a are
ne(@ = {bOXja-bOG}.

A closed path? (or cycle) issimilar to apath save that it starts and ends with the same node
(a, ...,a). A cycleiscaled an n-cycleif it contains n edges.

A cycleisdirected if one of the edges on the path is directed, otherwise it is undirected
([CGH] callsthisaloop).

1. The book calls thisaclosed path, but the cool people call thisacycle.
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Givengraph G = (X, L) and aset of nodes A [J X, the induced subgraph G, of G isthe
graph G, = (A, L n AxA). That is, the induced subgraph consists only of nodesin A
and those links that pass between those nodesin A.

A node b isadescendent of a if all b, butnot b a.Givengraph G = (X, L), the
descendentsof a arede(a) = {c|(al c)U-(cO a)} . The nondescendentsof a,

nd(a) , istheset X\(de(a) O {a}).

A node b isan ancestor of a if b a, butnot a0 b. The ancestors of a are
an(a) = {c|(cd a)d-(al c)}.

Two nodes a and b areconnectedif alJ b and b0 a. Wewill writethisa < b. A
component isamaximal set of nodes with the property that every node is connected to
every other node. Let [a] , denote the set of nodes that are connected to a in induced sub-

graph A.
The boundary bd(a) of a is pa(a) O ne(a) .

The expressions pa(A), ch(A) and bd(A) refer the collections of parents of, children of,
and nodes in the boundary of the nodesin A that are not themselvesin A. For example,

0 0

bd(A) = O[] bd@DA.
0 0
alA

3.0 Kindsof Graphs

An undirected graph is agraph that contains only undirected edges.
A directed graph is a graph that contains only directed edges.

A directed acyclic graph (or DAG) is adirected graph that contains no directed cycles.

A chain graphisagraph G with the property that the nodes X can be partitioned into a
sequence of numbered subsets X = X(1) O ... O X(n) such that

1. &l edgesin each Gy;y are undirected.

2.ifa—b,adX(i),and bOX(j) theni>j.

1. A partitionof A isaset Aq, ..., A, of subsetsof A suchthat A; N AJ- =difi#] and
A=A0..0A,.
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The subsets X(1), ..., X(n) are called the chain components of G.
A concise definition of chain graph: a graph with no directed cycles.

A directed acyclic graph is a chain graph where each chain component consists of asingle
node. An undirected graph is a chain graph with only one chain component.

3.1 Undirected Graphs

Theundirected version G of graph G isthe graph derived by replacing all of the edges of
G with undirected edges.

A graph G isconnected if there is a path between any two distinct nodes in its correspond-
ing undirected graph G .

A treeis an undirected graph with the property that there is exactly one path between any
two distinct nodes.

A forest is an undirected graph with the property that there is at most one path between
any two distinct nodes.

A graph G = (X, L) iscompleteif thereisan edge between every distinct pair of nodesin
X. A subset A0 X of the nodes of G iscomplete if the induced subgraph G, is com-
plete. A complete subgraph will also be called aclique.

If acligue A is not a subgraph of another clique in the graph, we will say that A ismaxi-
mal.

The complement G’ = (X, L") of anundirected graph G = (X, L) if (a,b) O L’ iff
(a,b)OL.

A set K isacover for theedgesin G if every edgein G containsavertex in K. If no sub-
set of K isacover, then K isminimal.

Thm. 1: If K isacover for the complement of G, then X\K isacliquein G. If K ismin-
imal, X\K isamaximal clique.

C isan (a, b) -separator for G if every pathfrom a to b includesanodein C. C issaid
to separate A from B if C isan (a, b) -separator forevery allJA and b 0 B.

1. Inthefirst lecture, | claimed that a clique is amaximal complete subgraph. Although thisisthe usagein
the graphical model community (in particular in the assigned texts), several people have pointed out to
me that is inaccurate. We will use the term maximal clique to avoid this problem.
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3.2 Directed Acyclic Graphs
The family for anode x in adirected graphis { x} [0 pa(x) .

A set of nodes S is an ancestral set if it contains the ancestors of all of its nodes, that is,
an(s) d Sforal sOS.

The moral graph G" for G containsan edge a—b iff
a-borb - aiscontainedin G, or

thereexistsanodec in G, suchthata - cand b - c.

The moral graph is obtained by ‘marrying’ the parents of each node and then dropping the
directions of the edges.

Theundirected version of a graph is the graph obtained by replacing every directed edge
with an undirected edge.

A directed graph is polytreeiif its undirected version is a tree.
3.3 Chain Graphs

Themoral graph G™ for chain graplG contains an edge b iff
a-borb - aiscontained il |,
a—Db is contained irG , or

there exists anodes angl  in the same chain compon@nt in , such that

a-c,andb - c, .

3.4 Triangulation, Perfect Numbering, and Decomposition

3.4.1 Decomposition

Disjoint subsetA B ,an@ are a (weddgomposition of an undirected graph, denoted
(A/B,C) if

V=AOBUOC,
C separate& frorB , and

C is a complete subgraph.

Decomposition(A, B, C) iproper if A andB are nonempty.
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C decomposes G into induced subgraphs G, ;¢ and Gg .

G isdecomposableif G iscomplete or there exists aproper decomposition (A, B, C) into
decomposable subgraphs G, ; ¢ and Gg .

3.4.2 Triangulation

A cyclein an undirected graph has a chord if two non-consecutive verticesin that path are
neighbors.

A triangulated graph is an undirected graph with the property that every cycle of length
greater than 4 possesses a chord.

Thm. 2: If G istriangulated then every induced subgraph is triangul ated.

Thm. 3: [Lauritzen] The following conditions are equivalent for undirected graph G
(i) G isdecomposable,
(i) G istriangulated, and
(iii) every minimal (a, b) -separator is complete.

Proof: By induction. The three conditions are true for any graph with three vertices.

Assume that the result holds for all graphs G = (X, L) with |X| < n. Now consider a
graph G with n+ 1 vertices.

() implies(ii): Say that G isdecomposable. If G iscomplete, thenitistriangulated. If G
isnot complete, then it has aproper decompositioninto G, ; ¢ and Gg ; . Theinductive

assumption states that both of these graphs are triangulated. The only possibility for a
chordless cycleisone that includesanodein A and anodein B. Thiscycleintersects C
twice since C separates A from B. Since C iscomplete, this cycle must include a chord.

(it) implies (iii): Let C beaminimal (a, b) -separator. If C has only one vertex, it is com-
plete. Otherwise, there are at least two nodesin C, ¢, and c,.Since C isaminimal sepa-

rator, there will be apath from a to b viaboth c; and c, . By concatenating these paths

(flipping one), we find a “cycle” that can contain repeated points,
(& ...,Cq .., ..., Co, .. @) Call A the connected componentaof G . @l

the connected componentiof @&, . Silgg is triangulated, repeated points along
with chords other than a link betweep  and  can be used to shorten the cycle until it
consists of one node ik, one nodeéBinc,, and .This produces a cycle of size 4.
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Since C isaminimal separator, then ¢, —c, . Repeating for al pairs of nodesin C yields
that C iscomplete.

(it1) implies (i): Either G iscomplete or there are two nonadjacent nodes, a and b. Let C
beaminima (a, b) -separator and partition the nodes X into [a]y,¢, [b] ¢, C and the

remaining nodes D . Since C iscomplete, thetriple (A, B, C), where A = [a]y,c O D
and B = [b]y,c, form adecomposition of G. Each of the subgraphs G, ; - and Gg - ¢
must also be decomposable, becauseif C; isaminimal (a,, b;) separator in G, ¢, itis
contained inthe minimal (a,, b;) separator in G, which is complete by assumption,
therefore C; iscomplete. The inductive assumption impliesthenthat G, - and Gg - ¢
are complete.d

The smallest graph that is not decomposableis a4-cycle.

3.4.3 Perfect Numbering

A givenaset of nodes X = {xy, ..., X} , anumbering, o, isabijection that assigns each
number in {1, ..., n} to aunique node:

a: {1 ..,n} - X.

A numbering a thenodes X in G iscalled a perfect numbering if the subset of nodes
bd(a(i)) n {a(2), ..., a(i—1)} iscompletefori = 2,...,n.

Thm. 4: (Dirac’'s Lemma [Lauritzen]) LeG be a triangulated graph with at least two

nodes. ThercG has at least two nodes with complete boundais. If  is not complete,
these nodes can be chosen to be non-adjacent.

Proof: By induction on|X| . IfiX| = 2 , then the lemma is true. Assume that the lemma
holds for graphs withX| <n and €| = n+1 .G is complete, the lemma is true. If
G is not complete, then there is a proper decompodi#oB, C) Gfor into subgraphs

Gapc andGg ¢ - The induction assumption used®{ - yields a(paia,) of
nodes that have complete boundarie& Af - is complete, we can choose one of these
nodestobe il .16, is not complete, one of the ngdgsa,) must be  because

C is complete. Thus, there is a node with a complete bounddy in . By symmetry, there
is also a vertex with a complete boundarin . Siice sepakatesB and ,there must be
a nonadjacent pair of nodes with complete boundari€s inl

Thm. 5: A graph has a perfect numbering if and only if it is decomposabile.

Lecture 2: Graph Preliminaries January 20, 1999 7



Proof: (decomposable implies perfect numbering) By induction: Say that the theorem is
true for graphs with less than k nodes. If G is decomposable, then it has two nodes with
perfect boundaries. Pick one and label it a(k) . By hypothess, Gxa(k has a perfect num-

bering, a(l), ..., a(k—1). Therefore, the numbering a(1), ..., a(k) is perfect.

(perfect numbering implies decomposition). By induction: Say that the theorem istrue for
graphswith lessthan k nodes. Let A = {a(k)},let B = X\({a(k)} O bd(a(k))) and let
C = bd(a(k)) . If agraph has a perfect numbering, then it has the proper decomposition
(A, B, C). Since the boundary of a(k) iscomplete, G, . iscomplete. By induction

hypothesis, Gg - isdecomposable.[

3.4.4 Methodsfor triangulating graphs.

Untriangulated graphs can be triangulated by adding new edges, called fill edgesto the
graph.

One method (Maximum Cardinality Search) is discussed in [CGH], Chapter 4.
Another is called node elimination.
The agorithm:

1. Select any node x in G.

2. Add fill edgesto the boundary of x until bd(x) is complete.

3. Eliminate x and the edges that contain x from G.

4. Repeat until all nodes have been eliminated from G.
Add thefill edges added in step 2 to G. The resulting graph is triangul ated.
An elimination order isthe sequence of nodes removed during the algorithm.
The elimination order is perfect if no fill edges are added during step 2.

Thm. 6: The elimination order for agraph is perfect iff the graph is triangulated.
3.5 Basic Complexity Results

The following undirected graph problems are NP -complete:

1. What isthe largest clique in an undirected graph G ?. (Reduction to k-cover: Istherea
cover of the complement of G that has k nodes or less?)

2. What is the minimum number of fill edgesthat | have to add to triangul ate a graph?
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