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1. Properties of Estimato rs

Let X j be a sequenceof independent, identically distributed random vari-
ables taking value in somespaceX , all with pdf f (xj� ) for someuncertain
parameter � 2 �, and let Tn (X 1; :::; X n ) be a sequenceof estimators of
� | i.e., of functions Tn : X n ! � intended to satisfy Tn (X ) � � . An
example to keep in mind would be X � No(� ; 1) with � 2 � = R, and
Tn (X ) = X n = (X 1 + � � � + X n )=n. Let us now explore di�eren t ways of
making the intention \ Tn (X ) � � " more precise.

1.1. Bias

The Bias of an estimator Tn (x) is simply the expected di�erence,

� n (� ) := E[Tn (X ) � � j � ]:

An estimator is called unbiased if � n � 0, i.e., if E[Tn (X ) j � ] � � for all
n 2 N and all � 2 �, and an estimator sequenceis called asymptotically
unbiased if � n ! 0 as n ! 1 , i.e.,

lim
n!1

E[Tn (X ) j � ] = � :

An unbiasedestimator will satisfy the goal \ Tn (X ) � � " in the sensethat
the average value of Tn (X ) over many replications will be � . This will
o�er little or no comfort to someoneusing the estimator only once,sincethe
possibility remainsthat perhaps[Tn (X )� � ] will behugely positivewith high
probabilit y, and hugely negative with high probabilit y, with large deviations
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that averageout to zero in the end. Asymptotic unbiasednesso�ers even
lesscomfort, but its absencewould be alarming. What is neededare bounds
or conditions on how large jTn (X ) � � j can be.

Most of the criteria below depend, in one way or another, on the quadratic
Risk Funcion

R(� ; Tn ) � E
�
jTn (X ) � � j2 j �

�
;

we would like this to be small.

1.2. Convergence of Random Variables

While there aremany possiblemetrics on EuclideanspaceRp, for any integer
p 2 N+ , all lead to the samenotions of convergence| a sequenceof vectors
xn 2 Rp convergesto a limit x if and only if each of the p coordinates of
the di�erence (xn � x) convergesto zero, i.e., if and only if for all � > 0
there is a number N � 2 N+ such that, whenever n � N � , every coordinate
of (xn � x) is in the range [� �; � ].

Random variables are more interesting| there are many di�eren t notions
of what it meansfor a sequenceX n of random variables to convergeto some
limit X . Here are a few of them, each with an example constructed from
independent uniform random variables Un � U(0; 1):

� pr : A sequenceconvergesin probability (pr.) if

8� > 0; Pr[jX n � X j > � ] ! 0

The sequenceX n �
p

n 1[Un < 1=n] convergesto zero pr.

� L p: A sequenceconvergesin L p for �xed 1 � p < 1 if

E[jX n � X jp] ! 0

The sequenceX n (above) convergesto zero in L p for p < 2, but not
for p � 2. Similarly the sequenceYn � n1=q 1[Un < 1=n] for �xed q > 1
convergesto zero in L p as n ! 1 for 1 � p < q and not for p � q.

� L 1 : A sequenceconvergesin L 1 (or uniformly 1) if

sup[jX n � X j] ! 0

1To be a little more precise, we need the essential supremum of jX n � X j to go to
zero| it's okay for bad things to happen with probabilit y zero. Ask me if you'd lik e to
seemore details.
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The sequenceYn does not converge in L 1 , but the sequenceZn �
Un=n� doesfor any � > 0. Note that

supfj X n � X jg = lim
p!1

�
E

�
jX n � X jp

�� 1=p

Still other convergencenotions are useful as well: a sequenceconvergesin
distribution if

Pr[X n � r ] ! Pr[X � r ]

for each real number r , or just for a denseset of them, like the rationals.
This turns out to be equivalent to the requirement that E[g(X n )] ! E[g(X )]
for all continuous bounded functions g(x), an idea that extends easily to
random variables taking valuesin any metric (or even topological) spaceX .
And �nally a sequenceconvergesalmost surely (a.s.) if

Pr[X n ! X ] = 1:

The two notions that will concern us most are L 2 convergence(this is L p,
with p = 2) and convergencein probabilit y; the key fact to remember is
that convergencein L 2 implies convergencein probabilit y since,by Markov's
inequality, for any � > 0

Pr[jX n � X j > � ] = Pr[jX n � X j2 > � 2] � E[jX n � X j2]=�2 ! 0:

1.3. Consistency

The estimator sequenceTn (x) is called Consisten t if it always convergesto
the right answer � as n ! 1 , i.e., if the random variable jTn (X ) � � j ! 0
in somesense. Each sensein which random variables may converge leads
to a slightly di�eren t notion of consistency;the most commonly usedis \ L 2

consistency",wherethe requirement is that R(� ; Tn ) ! 0 asn ! 1 for each
� 2 � and for squared-errorloss, i.e.,

lim
n!1

E
�
jTn (X ) � � j2 j �

�
= 0:

By adding and subtracting the meanE[Tn (X )] wecanseethat L 2 consistency
is equivalent to the two requirements � n ! 0 (\asymptotic unbiasedness")
and V[Tn ] ! 0 (variance convergesto zero).

A weaker requirement would be consistencyin probability, i.e., that for each
� > 0, P[jTn (X ) � � j > � j � ] ! 0 as n ! 1 ; this is implied by L 2-
consistency. A stronger requirement would be strong consistency, i.e., that
P[Tn (X ) ! � ] = 1 as n ! 1 ; this will follow (by the Borel-Cantelli lemma)
if R(� ; Tn) ! 0 fast enoughthat

P
R(� ; Tn ) =

P
E

�
jTn (X ) � � j2 j �

�
< 1 .
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1.4. E�ciency

Under suitable regularity conditions an L 2-consistent estimator sequence
Tn (x) will have a limiting squared error of the form R(� ; Tn ) � cT =n for
somecT > 0 that may depend on � , i.e.,

nR(� ; Tn) = nE
�
jTn (X ) � � j2

�
! cT (� ) as n ! 1

for somenumber cT > 0 (in fact they will usually obey the strongercondition
of asymptotic normality , that P[

p
n(Tn (X ) � � ) � z] ! �( z=

p
cT ) as n !

1 ). Evidently it would be preferable to have cT small. The estimator
sequenceS is called \more e�cien t than" T if R(� ; Sn) � R(� ; Tn ), and the
ratio R(� ; Tn )=R(� ; Sn ) is called the relativ e e�ciency ; asymptotically it
will be R(� ; Tn )=R(� ; Sn ) ! cT =cS in the usual case,equal to the ratio of
sample-sizesNS=NT the two estimators needto achieve the sameexpected-
squared-error. Harold Cram�er and C.R. Rao found a lower bound R(� ; Tn ) �
cI =n for somecI (� ) > 0, soit is possibleto quantify e�ciency on an absolute
scaleasthe ratio cI =cT � 1. This wascalled the \Cram �er-Rao lower bound"
in the literature until Erich Lehmann brought to everyone's attention the
earlier work of Frech�et; now it's called the Information Inequality. I'll prove
it below.

1.5. Robustness

Sometimesa probabilit y model is in doubt, or just wrong| we may believe
(or prefer to act as if ) X j � f (x j � ), for example, but may be required
to make inferenceabout � 2 � on the basisof observations X j � f � (x j � )
from a rather di�eren t family of distributions [add an exampleabout outliers
here]. An estimator Tn is calledrobust if it still satis�es Tn (X ) � � , even for
data X j � f � (x j � ) from a somewhatdi�eren t distribution. It is hard to be
more preciseabout the meaning without the context of a speci�c example;
we'll return to this later.

1.6. Su�ciency

In most problemssomeaspectsof the data X lend useful evidenceabout an
unknown � 2 �, while others do not| in a �xed number n of independent
Bernoulli trials, for example,only the total number S of successesis relevent
for estimating the successprobabilit y p, but not the order in which the suc-
cessesand failures arrive. A statistic S is called su�cien t if it embodiesall
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the evidenceabout � | more precisely, if the conditional distribution of the
data X , given S(X ), doesnot dependupon � . The well-known Factorization
Criterion states that S is su�cien t for � if and only if the likelihood function
f (xj� ) may be written in the form

f (xj� ) = g(S(x); � ) h(x)

for somefunctions g(s; � ) and h(x); the important features are that h does
not depend on � , and that g dependson x only through S = S(x). If the
distribution of X comesfrom an exponential family

f (xj� ) = e� (� )�T (x)� B (� ) h(x)

then evidently T(x) is a q-dimensional su�cien t statistic| this is the most
important casewhere su�ciency arises. A su�cien t statistic S is called
minimal if its value is determined by any other su�cien t statistic| i.e., if
for any su�cien t T there is a function � (t) such that S(x) = �

�
T(x)

�
. The

natural su�cien t statistic T in an exponential family is minimal su�cien t,
provided that it is of minimal rank| i.e., that its q components are linearly
independent, and also those of � (� ). More generally, a sigma-�eld G on 

is called su�cient if the conditional expectation E[X j G] does not depend
on � ; G is minimal su�cient if G � H for every su�cien t sigma-�eld H .
If S is a statistic, then S is a su�cien t statistic if and only if � (S) is a
su�cien t sigma-�eld, but the sigma-�eld approach is more generalin that G
may be generatedby in�nitely-man y random variables G = � f Sngn2 N, and
the minimal su�cien t sigma-�eld G is uniquely determined while there may
be many di�eren t minimal su�cien t statistics.

1.7. Admissibilit y

An estimator T is called (squared-error) Admissible if there doesnot exist
another S satisfying R(� ; S) < R(� ; T) for all � 2 � (more precisely, sat-
isfying R(� ; S) � R(� ; T) for all � and R(� 0; S) < R(� 0; T) for at least one
� 2 �). It can be argued that one should never usean in admissibleestima-
tor T, sinceanother S exists that is never worseand is sometimesbetter|
but, perhaps astonishingly, Charles Stein and his student Willard James
(1961) showed that one of the most commonly-usedand recommendedesti-
mators, X n for the normal mean, is inadmissible in p > 3 dimensions(see
below).
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1.8. Bayes Risk

In the Bayesian paradigm the parameter � is an uncertain quantit y, so
estimator features like unbiasednesshave no appeal at all; conversely the
sample-sizen and the data X = (x1; � � � ; xn ) are both observed and hence
not uncertain, so features about averagesover other possibleX 's or limits
as n ! 1 have little appeal either. A desirable Bayesian property for an
estimator Tn () would be that Tn (X ) � � in the sensethat, giv en n and X ,
the probabilit y that � lies far from the observed number Tn (x) is small, or
the expected squareddistance is small. The most frequently cited quantit y
is the Bayes risk for speci�ed prior distribution � (d� ),

r (� ; Tn ) = E jTn � � j2 =
Z

�
R(� ; Tn ) � (d� )

=
ZZ

� �X n
jTn (x) � � j2 f (x j � )dx � (d� )

=
ZZ

� �X n
jTn (x) � � j2 � (d� j x) f (x) dx (1)

which is evidently minimized over all possibleestimators Tn by the Bayesian
posterior mean estimator,

T �
n (x) � E[� j X n = x] =

Z

�
� � (d� j x) =

R
� � f n (x j � )� (d� )
R

� f n (x j � )� (d� )
:

It is a remarkable fact that every unique Bayes estimator is admissible.
Suppose,for contradiction, that for someprior distributibution � (d� ) on �
the Bayes posterior mean T � were not admissible; then there would exist
another estimator S with R(� ; S) � R(� ; T � ) and R(� � ; S) < R(� � ; T � )
for some� � 2 �. After integrating over � with respect to the prior, this
gives r (� ; S) � r (� ; T � ), so S too attains minimum Bayes risk| and by
uniquenessmust be equal to T � , contradicting R(� � S) < R(� � ; T � ). The
standard method for constructing admissibleestimators (evey by Frequentist
statisticians) is to look at Bayesianposterior means,for a range of possible
prior distributions � (d� ).

1.9. Minimaxit y

An estimator T is called minimax if the supremum over all � 2 � of its
risk function,
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sup
� 2 �

R(� ; T) = sup
� 2 �

E
�
jT(X ) � � j2 j �

�
;

is as small as possible| i.e., every other estimator has a larger maximum
risk. This criterion would comfort an extreme pessimist| the worst that
can happen for such a T is no worsethan the worst that can happen for any
other estimator.

Note that minimaxit y may be viewed as a sort of Bayesian robustness,
against misspeci�cation of the prior distribution. The standard method
for �nding minimax estimators is alsoto look at limits of sequencesof Bayes
estimators, in search of the \least favorable" prior distribution � (d� ) for
which R(� ; T � ) is constant| and, by admissibility, necessarilyminimax.

2. Normal Distribution Inference

Let X = (X 1; � � � ; X n ) be a random sample from the Normal No(�; � 2)
distribution; the joint pdf (hencelikelihood) is

f (xj�; � 2) = (2� � 2)� n=2e�
P

(x i � � )2 =2� 2

= (2� � 2)� n=2e�
P

(x i � X n )2=2� 2 � n(X n � � )2=2� 2

= (2� � 2)� n=2e� (n=2� 2 )[S2
n +( X n � � )2 ], where

X n �
1
n

X
x i and S2

n �
1
n

X
(x i � X n )2

are the maximum likelihood estimates (MLE's) for � and � 2, respectively.
Evidently the likelihood dependson the data only through thesestatistics;
since S2

n depends only on [X � X n ], a normal vector independent of X n ,
it follows that the random variables X n and S2

n are independent. Their
distributions are

X n � No(�; � 2=n) S2
n � Ga

�
n � 1

2
;

n
2� 2

�
;

respectively, so the re-scaledquantit y

Y �
n
� 2 S2

n � Ga
�

n � 1
2

;
1
2

�
= � 2

n� 1
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has a � 2
� distribution with � = (n � 1) degreesof freedom,

Z �
X n � �
� =

p
n

has a standard No(0; 1) distribution, and

t �
X n � �

S=
p

n � 1
=

Z
p

Y=(n � 1)

hasa distribution that doesn't dependon � or � 2 at all, called the \Student's
tn� 1." William SealyGosset(1908), writing under the nôm de plume \Stu-
dent" becausehis employer, the Guinessbrewery, didn't allow its employees
to publish, saw that this could provide a basisfor inferenceabout a normal
mean � when the variance � 2 is unknown, and computed the probabilit y
density function

f � (t) =
�( � +1

2 )
�( �

2 )
p

� �

�
1 + t2=�

� � � +1
2 :

This distribution is \b ell-shaped" and in fact converges to the standard
normal density as � ! 1 , but its \tails" fall o� only polynomially fast
(at rate jt j � � � 1) as jt j ! 1 , while the normal density's tails fall o� ex-
ponentially fast. For any n 2 N and � 2 (0; 1) we can �nd the number
t �= 2 = qt(1-alpha/2,nu) such that P[jt j > t �= 2] = � and note that

1 � � = P[� t �= 2 � t � t �= 2]

= P[
� t �= 2Sn
p

n � 1
� X n � � �

t �= 2Sn
p

n � 1
]

= P
�
� 2

�
X n �

t �= 2Sn
p

n � 1
; X n +

t �= 2Sn
p

n � 1

��
;

giving a random interval X n � t �= 2Sn=
p

n � 1 (called a con�dence interval )
which will contain the uncertain quantit y � with prespeci�ed probabilit y
1� � . It is sometimesuseful to notice that if t � t � then t2 has an F 1

�
distribution and that t2=(t2 + � ) � Be(1=2; � =2); the latter allows one to
use the incomplete Beta function to compute t probabilit y integrals in Cor
Fortran .

In the limit as � ! 1 the density convergesf � (t) = c� (1 + t2=� )� (� +1) =2 !
c1 e� t2 =2 to the standard normal distribution, so in the limit the number
t �= 2 = qt(1-alpha/2,nu) is approximately z�= 2 = qnorm(1-alpha/2) , but
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for any � < 1 we have t �= 2 > z�= 2 so approximate intervals of the form
X n � z�= 2Sn=

p
n � 1 would be too short and would fail to bracket � with

probabilit y at least 1 � � .

Note: As an estimator of � 2 the maximum likelihood estimator S2
n =P

(x i � X n )2=n is biased, since � n = E[S2 j � ] � � 2 = (n � 1)� 2=n � � 2 =
� � 2=n 6= 0 (it is asymptotically unbiased,of course). Someauthors prefer to
de�ne \sample variance" by the unbiasedestimator S2

n �
P

(x i � X n )2=(n �
1), which doessatisfy E[S2

n j � 2] � � 2; our intervals above will be recovered
if we replaceeach

p
n� 1 with

p
n.

2.1. Example: Estimating the Normal Mean

The most obvious estimator of the normal mean � is its maximum like-
lihood estimator, the sample mean T 1

n (x) = X n =
P n

i=1 x i =n. I would
also like to consider two other competitors: the sample median T 2

n (x) =
X (m+1) , the m+1 st -smallest observation if n = 2m+1 is odd, or T 2

n (x) =
(X (m) + X (m+1) )=2, the average of the two middle values, if n = 2m is
even; and, for any � 2 R and � > 0, the weighted average T 3

n (x) =
[n� � 2X n + � � 2� ]=[n� � 2 + � � 2] (we'll seelater that this is the conjugate-
prior Bayes estimator ). To simplify life we'll take n = 2m + 1 odd, so
that

T1
n (x) =

P n
i=1 x i

n
T2

n (x) = X (( n+1) =2) T3
n (x) =

� � 2 P n
i=1 x i + � � 2�

n� � 2 + � � 2 :

2.1.1. Bias

The meansare E[T 1
n ] = � and (by symmetry) E[T 2

n ] = � , while evidently
E[T3

n (x)] = (n� 2� + � 2� )=(n� 2 + � 2) = � + (� � � )=(n(� =� )2 + 1), so T 1 and
T2 are unbiasedwhile T 3 is only asymptotically unbiased.

2.1.2. Consistency

The sample mean X n � No(�; � 2=n) has a normal distribution with mean
� and variance � 2=n, so T1 is L 2 consistent with E[jT 1

n � � j2] = � 2=n ! 0.
A little more arithmetic shows that E[jT 3

n � � j2] = (n� 2 + r 2� 2)=(n + r )2,
where � � (� � � ) and r � (� 2=� 2), so E[jT 3

n � � j2] ! 0 at rate 1=n as well.

The median is more fun. Recall that the Beta distribution Be(�; � ) hasmean
�

� + � and variance ��
(� + � )2 (� + � +1) , or 1

2 and 1
4(2m+3) in the symmetric case
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� = � = m + 1, and that Be(�; � ) is asymptotically normal as � + � ! 1 .
From the earlier classnotes we have

pbinom(x,n,p)=1-pbeta(p,x +1, n-x)

for any number p 2 (0; 1) and integers 0 � x � n < 1 , so for any number
a 2 R the probabilit y that the median X (m+1) � � + a� =

p
n is the same

as the probabilit y that at least m + 1 of the n = 2m + 1 X i 's are lessthan
� + a� =

p
n, an event with probabilit y

P[X (m+1) � � + a� =
p

n] =
nX

k= m+1

�
n
k

�
�( a=

p
n)k �( � a=

p
n)n� k

= 1-pbinom(m, n, pnorm(a/sqrt(n)))

= pbeta(pnorm(a/sqrt(n)), m+1, m+1)

� pbeta(0.5+dnorm(0)*a/sq rt(n ), m+1, m+1)

� �

 
( 1

2 + � (0)a=
p

n) � 1
2p

1=4(2m + 3)

!

= �
�
2
p

2m + 3 � (0)a=
p

2m + 1
�

� � (2� (0) a) ;

so the median ~X n � X (m+1) has a limiting distribution given by

p
n( ~X n � � ) � No(0; � 2=4� (0)2)

approximately for large n. Of coursewe could simplify this distribution to
No(0; � 2� =2) using � (0) = 1=

p
2� , but in fact the result is true more gener-

ally: for any X j � F (x) with F (� ) = 1=2 and f (� ) = F 0(� ) > 0, the median
~X n � X (m+1) has the limiting distribution

p
n( ~X n � � ) � No(0; 1=4f (� )2).

In particular, asymptotically we have E[jT 2
n � � j2] � � 2� =2n ! 0, so T 2 is

consistent too.

2.1.3. E�ciency

The Information Inequalit y

Let f (x j � ) be a density function with the property that log f (x j � ) is
di�eren tiable in � throughout the openp-dimensionalparameter set � � Rp;
then the score statistic (or scorefunction) is de�ned by
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Z (X ) � r � log f (x j � ) =
r � f (x j � )

f (x j � )

and the Fisher (or Exp ected ) Information matrix is de�ned by

I (� ) � E
�
Z (X )Z (X )0 j �

�
;

if we may exchange integration with di�eren tiation then we can calculate

E[Z i (X ) j � ] =
Z

X
[

d
d� i

log f (x j � )] f (x j � ) dx

=
Z

X

d
d� i

f (x j � )

f (x j � )
f (x j � ) dx

=
Z

X

d
d� i

f (x j � ) dx

=
d

d� i

Z

X
f (x j � ) dx

= 0

and henceE[Z (X ) j � ] = 0 and Cov[Z (X ) j � ] = E[Z (X )Z (X )0 j � ] = I (� );
taking another derivative with respect to � j of the equation E[Z i (X ) j � ] = 0
gives,by the product rule,

0 =
d

d� j
E[Z i (X ) j � ]

=
d

d� j

Z

X
[

d
d� i

log f (x j � )] f (x j � ) dx

=
Z

X
[

d2

d� i d� j
log f (x j � )] f (x j � ) dx +

Z

X
[

d
d� i

log f (x j � )] [
d

d� j
log f (x j � )] f (x j � ) dx

= E
�

d2

d� i d� j
log f (x j � )

�
+ I (� );

so we may also compute the Fisher Information as

I (� ) = E
�
�r 2

� log f (X j � )
�

;

the matrix of expectednegative secondderivativesof the log likelihood with
respect to � .
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Now let � � R be one-dimensionaland let T be any statistic with �nite
expectation  (� ) � E[T(X ) j � ]; and assumeadditionally that  is di�eren-
tiable throughout � to justify exchanging integration and di�eren tiation as
follows:

 0(� ) =
d
d�

Z

X
T(x) f (x j � ) dx

=
Z

X
T(x)

d
d�

f (x j � ) dx

=
Z

X
T(x) Z (x) f (x j � ) dx

= E[T(X ) Z (X ) j � ] = Cov[T(X ) Z (X )] ;

so the scorestatistic Z (X ) � d
d� log f (x j � ) has mean zero, variance I (� ),

and covariance  0(� ) = Cov[T(X ); Z (X )] with T(X ); by the Covariance
Inequality jCov(T; Z )j2 � V(T) V(Z ) (Mink owski's inequality), we can con-
clude that j 0(� )j2 � I (� )V(T(X )), or that

V(T(X )) �
j 0(� )j2

I (� )
;

in particular, any unbiasedestimator T of � must have risk

R(� ; T) �
1

I (� )

bounded below by the celebratedInformation Inequality.
The Multiparameter Case

If � is p-dimensional and T is a real-valued statistic (such as an estimator
of one component � i ), with expectataion  (� ) = E� T(X ), we similarly have

V
�
T(X )

�
� (r �  

�
I � 1(� )( r �  

� 0;

giving the lower bound R(� ; T) � [I � 1(� )] ii for unbiasedestimators of � i .
Calculating the Information Matrix

By the vector chain rule, for any smoothly invertable change of variables
� 7! � (� ) on Rp we have

Z �
j (X ) =

@
@� j

log f
�
X j � (� )

�

=
X

k

@� k

@� j

@
@� k

log f
�
X j � (� )

�
, so

Z � (X ) =
�
J �

�

�
Z � (X )

where
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J �
� �

�
@� k

@� j

�
(sometimeswritten \( @� =@� )")

is the Jacobean of the transformation � 7! � (� ); thus

I � (� ) = E
�
Z � (X )Z � (X )0�

= E
�
J �

� Z � (X )Z � (X )0� J �
�

� 0�

= J �
� I � (� )

�
J �

�

� 0:

In natural exponential families,

f (x j � ) = e� �T (x)� A (� ) h(x), so

Z (X ) = T(X ) � r � A(� ) and

I (� ) = Cov[T(X )] = r 2
� A:

For curved (i.e., not natural) exponential families, we have

I (� ) =
�
J �

�

�
r 2

� A(� )
�
J �

�

� 0:

The Fisher Information for a random sampleof sizen is just I n (� ) = nI (� ),
n times the Information I 1(� ) = I (� ) for a single observation.
E�ciency of the Mean and Median

The Fisher Information for n observations from the No(� ; � 2) distribution
is I n(� ) = n� � 2, so no unbiasedestimator can have risk lessthan 1=I (� ) =
� 2=n; this bound is attained by the sample mean T 1

n , so no estimator of �
is more e�cien t than the samplemean T 1

n = X n , with E[jT 1
n � � j2] = � 2=n.

The relative e�ciency of the samplemedian T 2
n = ~Tn then is

R(�; T1
n )

R(�; T2
n )

=
E[jT1

n � � j2]
E[jT2

n � � j2]
�

� 2=n
� 2� =2n

=
2
�

;

so the sample median T 2
n (t) will require a sample about � =2 � 1:57 times

(57% more) observations than the sample mean T 1
n (t) would to achieve

equally small squarederrors. The Bayesestimator has relative e�ciency

R(�; T1
n )

R(�; T3
n )

=
E[jT1

n � � j2]
E[jT3

n � � j2]
=

� 2=n
(n� 2 + r 2� 2)=(n + r )2 =

(n + r )2� 2

n2� 2 + nr 2� 2 ! 1;

so the Bayesestimate T 3 is also has the best possibleasymptotic e�ciency .
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Pitman noticed that, if
p

n(Tn � � ) ) No(0; c) in a strong enoughsensethat
even the density function convergespointwise, then the constant c can be
recovered from the pdf f n (t) for Tn by

cT = lim
n!1

n
2� f n (� )2 :

Applying this to the sample median of n = 2m + 1 samplesfrom a distri-
bution with CDF F (t) and pdf f (t) = F 0(t) > 0, with F (� ) = 1=2, and
recalling Stirling's approximation n! �

p
2� nn+1 =2 e� n (with relative error

no larger than e1=12n ),

f n (� +
t

p
n

) = n
�

2m
m

�
1

p
n

f (� +
t

p
n

) F (� +
t

p
n

)m �
1 � F (� +

t
p

n
)
� m

�
p

n
(2m)!
m!2

f (� )
�
1=2 +

t
p

n
f (� )

� m �
1=2 �

t
p

n
f (� )

� m

�
p

n

p
2� (2m)2m+1 =2 e� 2m

(
p

2� (m)m+1 =2 e� m )2 22m
f (� )

�
1 � 4

t2

n
f (� )2

� m

=

s
2n

� (n � 1)
f (� )

�
1 � 4

t2

n
f (� )2

� (n� 1)=2

�

r
4f (� )2

2�
exp

�
� 2t2f (� )2�

;

a normal density function in t with mean 0 and variance 1=4f (� )2, so the
asymptotic relative e�ciency of the Median with respect to the sampleMean
(which by the Central Limit Theorem satis�es

p
n(X n � � ) ) No(0; � 2)) is

ARE = 4f (� )2� 2. For normal f (�) = No(� ; � 2), f (� )2 = 1=2� � 2 giving an
ARE of 2=� for the Median, as before.

Pitman alsosuggestedan incredibly easyway to compute ARE's: under the
strong conditions that the PDF of

p
n(Tn � � ) convergespointwiseand in L 1

to a normal distribution with mean 0 and variance cT , the density function
f n (x) of Tn will satisfy

cT = lim
n!1

n
2� f n (� )2

sowecanpick o� the asymptotic relativee�ciency simply from the valueat �
of the pdf; for the medianof normal deviates,this againgivesus cT = � � 2=2,
onceagain giving an ARE of 2=� .
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2.1.4. Robustness

If the true distribution of the X i is not No(�; � 2) but rather a mixture of 99%
No(�; � 2) and 1%of somethingwith much heavier tails, likea Cauchy or even
a normal distribution with much larger variance, then there is a chancethat
the data will include one or more \outliers" from the contaminating distri-
bution. Many of the pleasant features of T 1

n = X n and the Bayesestimator
T3

n are lost now, becauseX n is quite sensitive to the presenceof outliers|
for example, the bias and expected squarederror are now much larger, per-
haps in�nite. The median is much lesse�ected by the contamination, and
remains consistent and comparatively e�cien t; for this reason it is called
a robust estimator, while the sample mean and its relatives are not. With
Cauchy contamination, for example,we have R(�; T 1

n ) = 1 > R(�; T 2
n ).

Tukey proposeda simple \contamination model"

X i � � No(� ; � 2) + (1 � � )No(� ; � 2� 2)

for some� > 0, � � 1, the � -mixture of a No(� ; � 2) random variable with
a normal distribution with the samemean but in
ated variance. It is easy
to seethat this has again mean � but variance � 2[1 � � + �� 2], and has a
density function whosevalue at � is

f (� ) =
1

p
2� � 2

�
1 � � +

�
�

�
;

so by Pitman's argument the relative e�ciency of the median to the mean
are

4f (� )2V(X ) = 2(1 � � + �=� )2(1 � � + �� 2)=� ;

giving 2=� for � = 0 but becomingarbitrarily large as � ! 1 for any � > 0
indicating that the median is more e�cien t under a contamination model.

[Could add note on how Bayes estimators with respect to 
at-taile d priors
are robust, while those for conjugate priors are not; for example, Cauchy
prior for normal problems,asrecommendedby Je�reys. Could alsomention
trimmed meansetc.].

2.1.5. Admissibilit y

An estimator T is called (squared-error) Admissible if there does not ex-
ist another S satisfying R(� ; S) < R(� ; T) for all � 2 � (more precisely,
satisfying R(� ; S) � R(� ; T) for all � and R(� 0; S) < R(� 0; T) for at least
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one � 2 �). It can be argued that one should never use an in admissible
estimator T, since another S exists that is never worse and is sometimes
better| but, perhapsastonishingly, Charles Stein and his student Willard
James(1961) showed that the most commonly-usedand recommendedesti-
mator for the normal mean, X n , is inadmissible in p > 2 dimensions,with
higher risk than the \James-Stein estimator"

T JS(X ) =
�

1 �
p � 2

P p
i=1 ( �X i

n )2

�
X n ;

the samplemean\shrunk" a bit toward (or perhapseven beyond) zero. Brad
Efron and Carl Morris extended this for p > 3 to

T EM(X ) = X n +
�

1 �
p � 3
SSn

�
(X n � X n );

shrunk not toward zero but rather toward X n , the grand averageover not
only the n observations but also over the p components of X n and where
SSn =

P p
i=1 (X

i
n � X n )2, the sum of squareddi�erences.

The James-Steinestimator may be viewed as an emprical analogueof the
Bayes shrinkageestimator T 3 introduced above, which may be written (for
� 2 = 1)

T3(X ) = � +
�

1 �
1

1 + n� 2

�
(X n � � );

with \prior mean" � = 0 (or � = X n taken from the componentwise average
of the data, for Efron and Morris' variation) and \prior variance" � 2 taken
from how variable are the p components. Wewill seebelow that every Bayes
estimator is admissible;thus a commonapproach to constructing admissible
estimators is to choose speci�c prior distributions and derive their Bayes
estimators. The James-Steinestimator is not itself admissible; sometime
later Bill Strawderman(1971)wasthe �rst to �nd a proper prior distribution
� whose(necessarilyadmissible) Bayes estimator satis�es R(� ; T � ) < � 2=n
for all � 2 Rp.

2.1.6. Bayes Risk

The Bayes risk r (� ; Tn ) may (in principle) be calculated for any prior dis-
tribution � ; the calculation is particularly easy for a (conjugate) normal
No(� ; � 2) prior distribution, for then the posterior is
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f n (� j X = x) / f n(x j � ) � (� )

/ e� (n=2� 2 )( X n � � )2
e� (� � � )2=2� 2

/ e� (� � M )2=2V ;

again normal but now with mean M � n� � 2X n + � � 2 �
n� � 2+ � � 2 = X n +( n� 2=� 2 )�

1+( n� 2 =� 2 ) and

variance V = [n� � 2 + � � 2]� 1. The smallest possible Bayes Risk is that
of T3

n (X ) = E[� j X ] = M , namely r (� ; T 3
n ) = V = [n� � 2 + � � 2]� 1,

while that of the sample mean is r (� ; T 1
n ) =

�
1 + r 2 � 2

r 2+ n

�
V . Notice that

r (� ; T1
n )=r(� ; T 3) ! 1 as n ! 1 , so for large enough sample sizesboth

estimators have approximately the sameBayes risk. I'm not sure how to
calculate the Bayesrisk of the samplemedian, r (� ; T 2

n ), but clearly it's larger
than r (� ; T 3

n ).

3. Where do Estimato rs Come From?

3.1. Metho d of Moments

Match �rst d population moments � j (� ) � E[X j j � ] with samplemoments
�̂ j � 1

n

P n
i=1 X j

i , where d is lowest value to give unique solution (usually
the dimension of �). Introduced by Chebyshev, developed by (his student)
Markov.

3.2. Least Squares

Minimize squared Euclidean distance between observed data vector Y =
f Y1; :::; Yn g and expectation � = f � 1(� ); :::; � n (� )g (common in regression
settings). Proposed by Adrien Marie Legendre (1805), claimed by Carl
Friedrich Gauss(1821).

3.3. Maximum Likelihood

Attributed to Sir Ronald Aylmer Fisher (1922). Maximize likelihood L(� )
(or its logarithm). Note that if f (x j � ) is log-concave (for example, if
�r 2

� log f (x j � ) is strictly positive-de�nite throughout �), then the M.L.E.

�̂ (~x) � argmaxf n(x j � )
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will beunique, if (asusual) log f (x j � ) hasa critical point (wherer � log f (x j
� ) vanishes)in the interior of �. In natural exponential families where

f n (x j � ) = exp
n

� �
X

T(x j ) � nA(� )
o

hn (x);

evidently �r 2
� log f n (x j � ) = nr 2

� A(� ) is the covariancematrix for Tn (x) =P
T(x j ), so f n(x) is log-convex, and

r � log f n (x j � ) = Tn (x) � nr A(� );

so the M.L.E. is the solution � = �̂ n (x) to the equation

r A(� ) =
1
n

Tn (x) = T(x)

provided that a solution in E exists.

3.4. Location and Scale

Let X have any probabilit y distribution with CDF F (x), pdf f (z), and MGF
M (t) = E[etZ ]; let a 2 R and b > 0. Then Y = aX + bwill have a continuous
distribution too, with CDF FY

�
a� 1(y � b)), pdf a� 1f Y

�
a� 1(y � b)), and

MGF M Y (t) = M (bt) eta . The family of distributions y � f (y j a;b) is
called the location-scale family generatedby f (x); familiar examplesinlclude
the No(� ; � ), basedon the standard No(0; 1) distribution, and the uniform
Un(b;a+ b), built on the standard Un(0; 1) distribution, but the location-scale
families built on the t, Cauchy, exponential, Weibull, and other distributions
arise frequently in examplesand applications. If the basedistribution has
a well-de�ned mean � and �nite variance � 2 then Y = aX + b has mean
a� + b and variance a2� 2, so it is possible to estimate location and scale
parametersa and b on the basisof samplemeanX n (or median or trimmed
mean or other measureof centralit y) and sample variance S2

n (or mean or
median absolutedeviation or interquartile range or other measureof scale).
Any remaining (\shap e") parametersare handled using other methods.

3.5. Bayesian Posterior Mean (or Mo de or Median)

Choosesomeprior distribution � (d� ) and evaluate the posterior distribution
� (d� jX ) or somemeasureof its center. Recall from Equation (1) that �� n �
E[� j X ] is is the unique minimizer of the Bayes risk for squared-errorloss.
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3.6. Empirical Bayes

Begin with somefamily of possibleprior distributions � 
 (d� ), using a data-
dependent choice of 
 (Note: This will violate the Likelihood Principle)

3.7. Objective Bayes

Choosea conventional prior distribution � (d� ), depending on the sampling
distribution f (xj� ) for the problem, then proceed as in Bayesian analy-
sis. Most common choices are uniform � (d� ) = d� and Je�reys � (d� ) =p

jI (� )j d� , where I (� ) = r 2E[� log f (X j� ) j � ] is the Fisher Information
matrix. (Note: This will also violate Likelihood Principle. Also, usually
� (d� ) is improper, i.e., � (�) = 1 ).

3.8. Invariant

Mention group invariance| right-invariant Haar measure,Euclean group,
perhapsthe Bi(n; p) problem, etc.
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