
Chapter 5

Numerical Integration

In this section we will discuss methods for evaluation of theintegral of the function f (x) in the interval
[a; b]:

I �
Z b

a
f (x)dx:

The function f (x) is de�ned either analytically or on a set of discrete points a = x0; x1; : : :, xN = b. All
integration formulas, also called quadrature formulas, are of the form

I �
NX

j =0

wj f (x j );

wherewj are usually referred to as weights. The speci�c choice of these weights is what distinguishes the
di�erent quadrature formulas.

5.1 Newton-Cotes Formulas

One of the easiest ways to obtain quadrature formulas is to use Lagrange interpolation on an evenly
spaced mesh and integrate the result.

Divide the range of integration into N intervals:

x i = a + ih; h =
b� a

N
; i = 0 ; 1; : : : ; N:

Pass a Lagrange interpolating polynomial of degreeN through the points (x i ; f (x i )):

P(x) =
NX

j =0

L (N )
j (x)f (x j ):

Now integrate this polynomial

I �
Z b

a
P(x)dx =

NX

j =0

f (x j )
Z b

a
L (N )

j (x)dx = ( b� a)
NX

j =0

CN
j f (x j );

where

CN
j =

1
b� a

Z b

a
L (N )

j (x)dx

are pure numbers, called Cotes numbers, and are given in the table below. Observe that in this case the
weights are

wj = ( b� a)CN
j :
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It can be easily shown that

NX

j =0

CN
j = 1 and CN

j = CN
N � j :

N M MC N
0 MC N

1 MC N
2 MC N

3 MC N
4 MC N

5 MC N
6 Truncation Error

0 1 1 4:2 � 10� 2h3f 00

1 2 1 1 8:3 � 10� 2h3f 00

2 6 1 4 1 3:5 � 10� 4h5f ( iv )

3 8 1 3 3 1 1:6 � 10� 4h5f ( iv )

4 90 7 32 12 32 7 5:2 � 10� 7h7f (vi )

5 288 19 75 50 50 75 19 3:6 � 10� 7h7f (vi )

6 840 41 216 27 272 27 216 416:4 � 10� 10h9f (viii )

Table 5.1: Newton-Cotes coe�cients.

Using Table 5.1 we recover some well known formulas:

N = 0 - i) Rectangular rule:

I � (b� a)f (a) ;

ii) Midpoint rule:

I � (b� a)f
�

a + b
2

�
;

N = 1 - Trapezoidal rule:

I �
1
2

(b� a) [f (a) + f (b)] ;

N = 2 - Simpson's rule:

I �
1
6

(b� a)
�
f (a) + 4 f

�
a + b

2

�
+ f (b)

�
;

etc. Usually the formulas are not applied over the whole interval, but at each subinterval, i.e. we
use piecewice Lagrange intepolating polynomials, rather than a single interpolation over the complete
integration interval. Subsequently, the error estimates are for a single interval; it should be summed up
over all intervals to get an overall error estimate.

5.2 Trapezoidal Rule

For one interval, trapezoidal rule is given by

I i =
Z x i +1

x i

f (x)dx �
hi

2
(f i + f i +1 ):

For the entire interval, [ a; b], the trapezoidal rule is

I =
N � 1X

i =0

I i � h

0

@1
2

f 0 +
1
2

f N +
N � 1X

j =1

f j

1

A ; (5.1)

where uniform spacing is assumed.
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5.3 Simpson's Rule

Simpson's rule for uniform intervals is given by

I �
h
3

0

B
@f 0 + f N + 4

N � 1X

j =1
j = odd

f j + 2
N � 2X

j =2
j = even

f j

1

C
A : (5.2)

To use Simpson's rule for the entire interval of integration the number of points, (N + 1), must be odd
(even number of panels).

5.4 Error Analysis

Consider the midpoint rule for the interval [ x i ; x i +1 ]

Z x i +1

x i

f (x)dx � hi f (yi );

whereyi = ( x i + x i +1 )=2 is the midpoint of the interval. Let's replace the integrand with its Taylor series
about yi :

f (x) = f (yi ) + ( x � yi )f 0(yi ) +
1
2

(x � yi )2f 00(yi ) +
1
6

(x � yi )3f 000(yi ) + � � � ;

so that
Z x i +1

x i

f (x)dx = hi f (yi ) +
1
2

(x � yi )2
�
�x i +1

x i
f 0(yi ) +

1
6

(x � yi )3
�
�x i +1

x i
f 00(yi ) + � � � :

All the terms with even powers of (x � yi ) vanish, and we obtain

Z x i +1

x i

f (x)dx = hi f (yi ) +
1
24

h3
i f 00(yi ) +

1
1920

h5
i f ( iv ) (yi ) + � � � : (5.3)

Thus, for one interval the midpoint rule is third order accur ate.
Now let us perform an error analysis for trapezoidal rule. Consider Taylor series expansions:

f (x i ) = f (yi ) �
1
2

hi f 0(yi ) +
1
8

h2
i f 00(yi ) �

1
48

h3
i f 000(yi ) + � � � ;

f (x i +1 ) = f (yi ) +
1
2

hi f 0(yi ) +
1
8

h2
i f 00(yi ) +

1
48

h3
i f 000(yi ) + � � � :

Add and divide by two

f (x i ) + f (x i +1 )
2

= f (yi ) +
1
8

h2
i f 00(yi ) +

1
384

h4
i f ( iv ) (yi ) + � � � :

Solve for f (yi ) and substitute into equation (5.3)

Z x i +1

x i

f (x)dx = hi
f (x i ) + f (x i +1 )

2
�

1
12

h3
i f 00(yi ) �

1
480

h5
i f ( iv ) (yi ) � � � � : (5.4)

Thus, for one interval trapezoidal rule is also third order accurate and its leading truncation error is twice
in magnitude but of opposite sign of the truncation error of the midpoint rule.
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To obtain the integral for the entire domain, we sum both sides of equation (5.4); assuming uniform
spacing, we have

I =
N � 1X

i =0

Z x i +1

x i

f (x)dx =
h
2

2

4f (a) + f (b) + 2
N � 1X

j =1

f j

3

5 �
h3

12

N � 1X

i =0

f 00(yi ) �

h5

480

N � 1X

i =0

f ( iv ) (yi ) � � � � : (5.5)

Now, we will apply the mean value theorem to the summations. The mean value theorem states that
there exists a point x in the interval [ a; b] such that

N � 1X

i =0

f 00(yi ) = Nf 00(x):

Similarly, there is a point � in [a; b] such that

N � 1X

i =0

f ( iv ) (yi ) = Nf ( iv ) (� ):

Noting that N = ( b� a)=h, and substituting in equation (5.5), we obtain

I =
h
2

2

4f (a) + f (b) + 2
N � 1X

j =1

f j

3

5 � (b� a)
h2

12
f 00(x) � (b� a)

h4

480
f ( iv ) (� ) � � � � : (5.6)

Thus, the trapezoidal rule for the entire interval is secondorder accurate.
One can easily show that Simpson's formula for one panel, [x i ; x i +2 ], can be written as

S(f ) =
2
3

M (f ) +
1
3

T(f );

where M (f ) and T(f ) denote midpoint and trapezoidal rules applied to the function f . Note that the
midpoint of the interval is x i +1 . Using equations (5.3) and (5.4), and the mean value theoremwe see
that Simpson's rule is fourth order accurate for the entire interval [a; b].

5.5 Trapezoidal Rule with End-Correction

This rule is easily derived by simply substituting in equation (5.4) the second order central di�erence
formula for f 00(yi ):

I i = hi
f i + f i +1

2
�

1
12

h3
i

f 0
i +1 � f 0

i

hi
� O(h5

i ):

Let hi = h = const, then

I =
h
2

N � 1X

i =0

(f i + f i +1 ) �
h2

12

N � 1X

i =0

�
f 0

i +1 � f 0
i

�
� O(h4):

Cancellations in the second summation leads to

I =
h
2

"

f (a) + f (b) + 2
N � 1X

i =1

f i

#

�
h2

12
[f 0(b) � f 0(a)] � O(h4):

Thus, trapezoidal rule with end-correction is fourth order accurate, and can be readily applied provided
that the derivatives of the integrand at the end points are known.
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5.6 Richardson Extrapolation and Romberg Integration

Richardson extrapolation is a powerful technique for obtaining an accurate numerical solution of a quan-
tity ( e.g., integral, derivative, etc.) by combining less accurate solutions. The essential ingredient for
application of the technique is knowledge of the form of the truncation error of the basic numerical
method used. We shall demonstrate application of Richardson extrapolation by using it to improve the
accuracy of the integral

I =
Z b

a
f (x)dx

with the trapezoidal rule as the basic numerical method.
From our error analysis for trapezoidal rule, we have

I =
h
2

2

4f (a) + f (b) + 2
N � 1X

j =1

f j

3

5 + c1h2 + c2h4 + c3h6 + � � � : (5.7)

Let

~I 1 =
h
2

2

4f (a) + f (b) + 2
N � 1X

j =1

f j

3

5 : (5.8)

The trapezoidal expressions can be written as

~I 1 = I � c1h2 � c2h4 � c3h6 � � � � : (5.9)

Now, suppose we evaluate the integral with half the step sizeh1 = h=2. Let's call this estimate ~I 2

~I 2 = I � c1
h2

4
� c2

h4

16
� c3

h6

64
� � � � : (5.10)

Now we can eliminateO(h2) terms by taking a linear combination of equations (5.9) and(5.10)

4~I 2 � ~I 1

3
= I +

1
4

c2h4 +
5
16

c3h6 + � � � : (5.11)

This is a fourth order approximation for I . In fact, equation (5.11) is a rediscovery of Simpson's rule.
We have combined two estimates ofI to obtain a more accurate estimate. This procedure is called
Richardson's extrapolation.

We continue with this procedure. Let's evaluate I with h2 = h=4:

~I 3 = I � c1
h2

16
� c2

h4

256
� c3

h6

4096
� � � � : (5.12)

Combining with ~I 2, we get
4~I 3 � ~I 2

3
= I +

1
64

c2h4 +
5

1024
c3h6 + � � � : (5.13)

Now, we can eliminateO(h4) terms between equations (5.11) and (5.13). The result willbe sixth order
accurate. This process can be continued inde�nitely. The essence of the Romberg integration algorithm
just described is illustrated in the following diagram:

O(h2) O(h4) O(h6)

~I 1

&
~I 2 �! Eqn: (5:11)

& &
~I 3 �! Eqn: (5:13) �! �

Note that in each step of calculations, half of the needed functions have already been used in the preceding
calculation and need not be recalculated. Also, in principle arbitrary accuracy can be achieved. In
practice, we are limited by the particular machine accuracy.
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5.7 Adaptive Quadrature

Often it is wasteful to use the same mesh size everywhere in the interval of integration [a; b]. Ideally, one
would use a �ne mesh in the regions of rapid functional variation and a coarse mesh where the integrand
is varying slowly. Adaptive quadrature techniques automatically determine panel sizes in various regions
so that the computed result meets some prescribed accuracy requirement supplied by the user. That is,
with minimum number of function evaluations, we would like a numerical estimate ~I of the integral such
that

�
�
� I � ~I

�
�
� =

�
�
�
�
�

Z b

a
f (x)dx � ~I

�
�
�
�
�

� �;

where � is the error tolerance provided by the user, but in such a way that the local error
�
�
�I i � ~I i

�
�
� � � i (� );

where I i and ~I i denote the exact and approximate integrals in the interval [x i ; x i +1 ], is uniformly dis-
tributed.

To demonstrate the technique, we will use Simpson's rule as the base method. Let's divide the interval
[a; b] into subintervals [x i ; x i +1 ]. Divide this interval into two panels and use Simpson's rule

S(1)
i =

hi

6

�
f (x i ) + 4 f (x i +

hi

2
) + f (x i + hi )

�
:

Now, divide the interval into four panels, and obtain another estimate for the integral

S(2)
i =

hi

12

�
f (x i ) + 4 f (x i +

hi

4
) + 2 f (x i +

hi

2
) + 4 f (x i +

3hi

4
) + f (x i + hi )

�
:

The basic idea is to compare the two approximations,S(1)
i and S(2)

i , and obtain an estimate for the
accuracy ofS(2)

i . If the accuracy is acceptable, we will useS(2)
i for the interval; otherwise, the method

further subdivides the interval. From our error analysis, we know that

I i � S(1)
i = ch5

i f ( iv ) (x i +
hi

2
) + � � � ; (5.14)

and

I i � S(2)
i = c

�
hi

2

� 5 �
f ( iv ) (x i +

hi

4
) + f ( iv ) (x i +

3hi

4
)
�

+ � � � :

Each of the terms in the bracket can be expanded in a Taylor series about the point (x i + hi =2):

f ( iv ) (x i +
hi

4
) = f ( iv ) (x i +

hi

2
) �

hi

4
f (v) (x i +

hi

2
) + � � � ;

f ( iv ) (x i +
3hi

4
) = f ( iv ) (x i +

hi

2
) +

hi

4
f (v) (x i +

hi

2
) + � � � :

Thus,

I i � S(2)
i = 2 c

�
hi

2

� 5

f ( iv ) (x i +
hi

2
) + � � � : (5.15)

Subtracting (5.15) from (5.14):

S(2)
i � S(1)

i =
15
16

ch5
i f ( iv ) (x i +

hi

2
) + � � � :
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So the error in S(2)
i is about 1=15 of the di�erence betweenS(1)

i and S(2)
i :

�
�
�I i � S(2)

i

�
�
� �

1
15

�
�
�S

(2)
i � S(1)

i

�
�
� :

If
1
15

�
�
�S(2)

i � S(1)
i

�
�
� �

hi

b� a
� = � i (� ); (5.16)

then S(2)
i is su�ciently accurate for the interval [ x i ; x i +1 ], and we move on to the next interval. If

condition (5.16) is not satis�ed, the interval will be subdi vided further. We note that condition (5.16)
guarantees that � is an upper bound on the total integration error since

�
�
�I � ~I

�
�
� =

�
�
�
�
�

N � 1X

i =0

�
I i � S(2)

i

�
�
�
�
�
�

=
1
15

�
�
�
�
�

N � 1X

i =0

�
S(2)

i � S(1)
i

�
�
�
�
�
�

�
1
15

N � 1X

i =0

�
�
�S(2)

i � S(1)
i

�
�
� �

�
b� a

N � 1X

i =0

hi = �:

This is the essence of adaptive quadrature algorithms. Similar methodology can be divised for other
base methods such as the trapezoidal rule. As with Richardson extrapolation, the knowledge of the
truncation error can be used to obtain estimates for the accuracy of the numerical solution without
knowing the exact solution.

5.8 Gauss Quadrature

Recall that any quadrature formula can be written as

I =
Z b

a
f (x)dx �

NX

j =0

wj f (x j ):

If the function f is given analytically or we are at liberty to choose the locationsx j , we have two important
choices to make. We have to select the location of the pointsx j and the weights wj . The main idea
behind Gauss quadrature is to make these choices for best accuracy. The criterion for accuracy is the
highest degree polynomial that can be integrated exactly. Recall that the trapezoidal rule integrates a
straight line exactly and Simpson's rule integrates a cubicexactly. In general, Newton-Cotes algorithms
integrate polynomials up to order N (N even) with N + 1 points exactly. As we will show below, Gauss
quadrature integrates a polynomial of degree 2N + 1 using only N + 1 points.

Let f be a polynomial of degree 2N +1. Suppose we representf by an N th order Lagrange polynomial,
P . Let x0; x1; : : : ; xN be the points on the x axis where the function f is evaluated. Using Lagrange
interpolation, we have:

P(x) =
NX

j =0

L (N )
j (x)f (x j ):

This representation is exact if f is a polynomial of degreeN . f (x) � P(x) is a polynomial of degree 2N +1
which vanishes atx0; x1; : : : ; xN , becauseP was constructed to pass throughf (x0); f (x1); : : : ; f (xN ) at
x0; x1; : : : ; xN . Let

F (x) = ( x � x0)(x � x1) � � � (x � xN ):

Thus, we can write the di�erence f (x) � P(x) in the following form:

f (x) � P(x) = F (x)
NX

k=0

qk xk :

Integrating this equation (for the moment without a�xing li mits):

Z
f (x)dx =

Z
P(x)dx +

Z
F (x)

NX

k=0

qk xk dx:
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Interchange summation and integration, and suppose we demand that
Z

F (x)xk dx = 0 ; k = 0 ; 1; : : : ; N:

This corresponds to a system ofN + 1 equations for x0; x1; : : : ; xN . We will choosex0; x1; : : : ; xN such
that this condition is satis�ed. Choosing the abscissas in this manner leads to the following expression
for the integral

Z
f (x)dx =

Z
P(x)dx =

NX

j =0

wj f (x j );

where

wj =
Z

L (N )
j (x)dx

are the weights.
F is a polynomial of degreeN + 1 that is orthogonal to all polynomials of degree less than or equal to

N . x0; x1; : : : ; xN are the zeros of this polynomial. These polynomials are called Legendre polynomials
when x varies between� 1 and +1, and they can be generated by Rodrigues' formula

Fn (x) =
(� 1)n

2n n!
dn

dxn

�
1 � x2� n

;

where Fn is the Legendre polynomial of degreen (e.g., F0(x) = 1, F1(x) = x, F2(x) = 1
2 (3x2 � 1), : : :).

They are orthogonal to each other, that is
Z 1

� 1
Fm (x)Fn (x)dx =

2
2n + 1

� mn :

Their zeros are documented in Table 5.2. Having the zeros, the weightswj can be readily computed, and
they are also documented in Table 5.2. In the tableN , not N + 1, denotes the number of points. Note
that we can always transform the interval a � x � b into � 1 � � � 1 by the tranformation

x =
b+ a

2
+

b� a
2

�:

Typically, to use Legendre-Gauss quadrature tables to evaluate the integral

Z b

a
f (x)dx;

one �rst changes the independent variable to� and obtains the weightswj and the points on the abscissa,
� 0; � 1; : : : ; � N , from the tables (for the chosenN ). The integral is then approximated by

b� a
2

NX

j =0

wj f
�

b+ a
2

+
b� a

2
� j

�
:

In addition, if one wishes to improve the accuracy by going toa higher order method, the calculation
must be done from scratch since the abscissas of the various orders are di�erent.

5.9 Semi-In�nite Intervals

If we have the integral

I =
Z 1

0
g(x)dx;



5.10. INFINITE INTERVALS 31

rede�ne the function so that

f (x) = ex g(x);

thus

I =
Z 1

0
g(x)dx =

Z 1

0
e� x f (x)dx �

NX

j =0

wj f (x j ) =
NX

j =0

wj ex j g(x j ):

The abscissas then turn out to be zeros of theN th order Laguerre polynomial

L n (x) =
ex

n!
dn

dxn

�
e� x xn �

(e.g., L 0(x) = 1, L 1(x) = � x + 1, L 2(x) = x2 � 4x + 2, : : :) and have the orthonormal property
Z 1

0
e� x L m (x)L n (x)dx = � mn :

The zeros and weights are given in Table 5.3. Note that in the table N , not N + 1, denotes the number
of points.

5.10 In�nite Intervals

If we have the integral

I =
Z 1

�1
g(x)dx;

rede�ne the function so that

f (x) = ex 2
g(x);

thus

I =
Z 1

�1
g(x)dx =

Z 1

�1
e� x 2

f (x)dx �
NX

j =0

wj f (x j ) =
NX

j =0

wj ex 2
j g(x j ):

The abscissas then turn out to be zeros of theN th order Hermite polynomial

Hn (x) = ( � 1)n ex 2 dn

dxn

�
e� x 2

�

(e.g., H0(x) = 1, H1(x) = 2 x, H2(x) = 4 x2 � 2, : : :) and have the orthogonality property
Z 1

�1
e� x 2

Hm (x)Hn (x)dx =
p

� 2n n!� mn :

The zeros and weights are given in Table 5.4. Note that in the table N , not N + 1, denotes the number
of points.

5.11 Singularities

Two possible methods to remove singularities are presentedby examples:

1. Integration by parts, e.g.
Z �

0

cosx
p

x
dx = 2

p
x cosx

�
� �
0 + 2

Z �

0

p
x sinxdx:

The procedure may have to repeated more than once.
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2. Subtraction, e.g.
Z �

0

cosx
p

x
dx =

Z �

0

dx
p

x
+

Z �

0

cosx � 1
p

x
dx:

Now the �rst part can be integrated analytically, and the second part is not singular any more.
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Table 5.3: Abscissas and weight factors for Laguerre integration.
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Table 5.4: Abscissas and weight factors for Hermite integration.


