Chapter 5

Numerical Integration

In this section we will discuss methods for evaluation of theintegral of the function f (x) in the interval
[a; bl:
z b
I f (x)dx:

a

The function f (x) is de ned either analytically or on a set of discrete pointsa = xg;X1;:::, Xy = b All
integration formulas, also called quadrature formulas, ae of the form

' w; f(x;);
i=0

wherew; are usually referred to as weights. The speci ¢ choice of thee weights is what distinguishes the
di erent quadrature formulas.

5.1 Newton-Cotes Formulas

One of the easiest ways to obtain quadrature formulas is to us Lagrange interpolation on an evenly
spaced mesh and integrate the result.

Divide the range of integration into N intervals:
_b a
=N
Pass a Lagrange interpolating polynomial of degredN through the points (x;;f (x;)):

Xj = a+ ih; h i=0;1;:::;N:

X
PeO= LM 0f (%)

j=0

Now integrate this polynomial
| Pdx= f(x) LMedx=(b a) CNf(x);
a j=0 a j=0
where
Zy

1
N — (N)
¢ = b a2, Ly (x)dx

are pure numbers, called Cotes numbers, and are given in theable below. Observe that in this case the
weights are

wj =(b aC/:

23



24 CHAPTER 5. NUMERICAL INTEGRATION

It can be easily shown that

N M MCJ MC)} MCY wMCY MC) MCY MCY | Truncation Error
0 1 1 4:2 10 2h3f %

1 2 1 1 83 10 2h3f 00

2 6 1 4 1 35 10 *h°f (V)
3 8 1 3 3 1 1.6 10 4h5f (W)
4 90 7 32 12 32 7 52 10 "h7f (VD
5 288 19 75 50 50 75 19 36 10 "h7f (VD
6 840 41 216 27 272 27 216 416:4 10 10p°f (vii)

Table 5.1: Newton-Cotes coe cients.

Using Table 5.1 we recover some well known formulas:
N =0 - i) Rectangular rule:

I (b af (a);
i) Midpoint rule:
| (b af %b :

N =1 - Trapezoidal rule:
| b At @+ f O]

N =2 - Simpson's rule:

| %(b a) f(a)+4f izb + () ;

etc. Usually the formulas are not applied over the whole interval but at each subinterval, i.e. we
use piecewice Lagrange intepolating polynomials, ratherhan a single interpolation over the complete
integration interval. Subsequently, the error estimates ae for a single interval; it should be summed up
over all intervals to get an overall error estimate.

5.2 Trapezoidal Rule

For one interval, trapezoidal rule is given by
Xi+1 .
li = f (x)dx m(fi + fis):
Xi 2
For the entire interval, [ a; b, the trapezoidal rule is
0 1
K 1 K 1
| = ¥ h@%fo+%fN+ fiA; (5.1)
i=0 j=1

where uniform spacing is assumed.
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5.3 Simpson's Rule

Simpson's rule for uniform intervals is given by
0 1

X 1 X 2
| g%)fo+fN+4 f +2 X (5.2)

i=1 i=2
j = odd j = even

To use Simpson's rule for the entire interval of integration the number of points, (N + 1), must be odd
(even number of panels).

5.4 Error Analysis

Consider the midpoint rule for the interval [ X;; Xj+1 ]

T odx hif (y0):

X

wherey; = (X; + Xj+1 )=2 is the midpoint of the interval. Let's replace the integrand with its Taylor series
about y;:

F00= T+ O I+ 500 W+ 2c v @)+

so that

Xi+1

1 i+1 1 i+l
Fodx = hif (vi)+ 5 (¢ yi)? 07 FU)+ 2 (¢ w)® 7 )+
Xi
All the terms with even powers of (x y;) vanish, and we obtain
VA

Xi+1

1 1 i
FOdx = hif (i) + 20 Qy) + oot M)+ (5.3)

Xi

Thus, for one interval the midpoint rule is third order accur ate.
Now let us perform an error analysis for trapezoidal rule. Caisider Taylor series expansions:

)= Fo) Shf T+ ghT ) i )+

1 1 1
f(Xi+1) = f(yi)+ Ehifo(yi)"' ghizf Qyi) + 4_8hi3f Py, ) +

Add and divide by two

f(xi)+ f(Xi+1) 1 1 ;
— T = )+ ghtr Q)+ gt ) +
Solve forf (y;) and substitute into equation (5.3)
Zy.,
'* )+ (X)) 1 3000 5¢ (V) (v, .
fOOdx = == 2=n - SRy hP () (5.4)

Xi

Thus, for one interval trapezoidal rule is also third order accurate and its leading truncation error is twice
in magnitude but of opposite sign of the truncation error of the midpoint rule.
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To obtain the integral for the entire domain, we sum both sides of equation (5.4); assuming uniform
spacing, we have
2 3

K 12y, h ! e X 1
I = f(x)dx= =4f(a)+ f(b)+2 fj5 — f yi)
o 2 . 2
i=0 i j=1 i=0
hs Xt
a0 o (5.5)

Now, we will apply the mean value theorem to the summations. The mean value theorem states that
there exists a pointX in the interval [ a; b such that

1
fRyi) = Nf Qx):
i=0

Similarly, there is a point in [a; b such that

1
FM (i) = NF OO ()
i=0

Noting that N = (b a)=h, and substituting in equation (5.5), we obtain

2 3
1

4f (a)+ f (b +2 fi5 (b a)?—;fo‘(i) (b a)4h—;()f(iv)() ; (5.6)
j=1

h
2

Thus, the trapezoidal rule for the entire interval is secondorder accurate.
One can easily show that Simpson's formula for one panelx[; Xj+2 ], can be written as

2
3
where M (f ) and T(f ) denote midpoint and trapezoidal rules applied to the function f. Note that the

midpoint of the interval is Xj+1 . Using equations (5.3) and (5.4), and the mean value theoremve see
that Simpson's rule is fourth order accurate for the entire interval [a; b.

S(t)= M (1) + 3T(1);

5.5 Trapezoidal Rule with End-Correction

This rule is easily derived by simply substituting in equation (5.4) the second order central di erence
formula for f Qy;):

i+ fia ihgfi(ll fP

li=h o(h?):
2 12" h (h7)
Let hi = h = const, then
hX* hz X 0 0 4
= 5 (fi + fiva) 12 fisg O(h%):
i=0 i=0
Cancellations in the second summation leads to
" #
h X1 h2

=3 f@+f()+2 ~ fi S %] onh:

Thus, trapezoidal rule with end-correction is fourth order accurate, and can be readily applied provided
that the derivatives of the integrand at the end points are known.
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5.6 Richardson Extrapolation and Romberg Integration

Richardson extrapolation is a powerful technique for obtaning an accurate numerical solution of a quan-
tity ( e.g, integral, derivative, etc.) by combining less accurate solutions. The essential ingdient for
application of the technique is knowledge of the form of the tuncation error of the basic numerical
method used. We shall demonstrate application of Richardsp extrapolation by using it to improve the
accuracy of the integral

Zy

| = f (x)dx
a

with the trapezoidal rule as the basic numerical method.
From our error analysis for trapezoidal rule, we have
2 3

K 1

| = g4f(a)+ f(b)+2 fiS+ cih? + coh* + csh® + (5.7)
j=1
Let 2 3
hy X% s
n=34@+fm+2 15 (5.8)

j=1
The trapezoidal expressions can be written as
=1 C;|_h2 Czh4 Cgh6 . (59)

Now, suppose we evaluate the integral with half the step sizé; = h=2. Let's call this estimate I3

h? h* h®
=1 gy G % : (5.10)

Now we can eliminate O(h?) terms by taking a linear combination of equations (5.9) and (5.10)

ar; I 1 ., 5 &
=1+ =ch*+ —c3h®+ 5.11
3 AT ®-11)
This is a fourth order approximation for |. In fact, equation (5.11) is a rediscovery of Simpson's rule
We have combined two estimates ofl to obtain a more accurate estimate. This procedure is called
Richardson's extrapolation.

We continue with this procedure. Let's evaluate! with h, = h=4:
h?2 h* h®

3=1 C11—6 C22—56 Csm (5.12)
Combining with I, we get
Az o _ 1 2. ® 6 .
3 - I + aczh + mce,h + . (513)

Now, we can eliminate O(h#) terms between equations (5.11) and (5.13). The result willbe sixth order
accurate. This process can be continued inde nitely. The essence ofhe Romberg integration algorithm
just described is illustrated in the following diagram:

O(h?) o(h%) O(h®)
n
&
s ! Eqn: (5:11)
& &
3 ! Eqn: (5:13) !

Note that in each step of calculations, half of the needed fuations have already been used in the preceding
calculation and need not be recalculated. Also, in principé arbitrary accuracy can be achieved. In
practice, we are limited by the particular machine accuracy
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5.7 Adaptive Quadrature

Often it is wasteful to use the same mesh size everywhere in ¢hinterval of integration [a; b]. Ideally, one
would use a ne mesh in the regions of rapid functional variaton and a coarse mesh where the integrand
is varying slowly. Adaptive quadrature techniques automatcally determine panel sizes in various regions
so that the computed result meets some prescribed accuracyequirement supplied by the user. That is,
with minimum number of function evaluations, we would like a numerical estimate I" of the integral such
that
Zy
[ f(x)dx r ;

a

where is the error tolerance provided by the user, but in such a way hat the local error
i I i();

where |; and I7 denote the exact and approximate integrals in the interval K;; Xj+1 ], is uniformly dis-
tributed.

To demonstrate the technique, we will use Simpson's rule asie base method. Let's divide the interval
[a; b into subintervals [X;;Xj+1 ]- Divide this interval into two panels and use Simpson's rue

SO = Mt ooy ratoa s Dy oo hy)
Now, divide the interval into four panels, and obtain another estimate for the integral

SP = () AT (x4 )20 (6 + D)+ AT 0+ )+ 06+ )

The basic idea is to compare the two approximations,Si(l) and Si(z), and obtain an estimate for the

accuracy ofSi(z). If the accuracy is acceptable, we will useSi(z) for the interval; otherwise, the method
further subdivides the interval. From our error analysis, we know that

i s = chPf M (x; + h—2i)+ ; (5.14)

and

3h;

. h, .
F 09 (x; + ZI)+ F 0 + 2t

hi °
I Si(z)zc ?'

Each of the terms in the bracket can be expanded in a Taylor sées about the point (x; + h;=2):

h;

_ h; : hi hi
£ V) (x; + ZI): £ (V) (x; + 7‘) Zf M (x; + 7‘)+ ;

. his . hi . hy h
f O (x; + TI): FO(x; + 7‘)*‘ Zlf M) (x; + 7‘)+

Thus,
5

os®@=2c I open s Ny, (5.15)
2 2
Subtracting (5.15) from (5.14):

15 i h;
S_(l) - 1_6Ch|5f (lv)(xi + ?l)+
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So the error in Si(z) is about 1=15 of the di erence betweenSi(l) and Si(z) :

1
ios? s s

1 hi
15 Si(2) Si(l) b a Ia = i() (5.16)

then Si(z) is su ciently accurate for the interval [ Xj;Xj+1], and we move on to the next interval. If
condition (5.16) is not satis ed, the interval will be subdivided further. We note that condition (5.16)
guarantees that is an upper bound on the total integration error since

1 1 1
X1 oL o s LX'ee oqo X
I I I I I b
i=0 15 i=0 15 i=0 b a i=0
This is the essence of adaptive quadrature algorithms. Sinar methodology can be divised for other
base methods such as the trapezoidal rule. As with Richardso extrapolation, the knowledge of the

truncation error can be used to obtain estimates for the accracy of the numerical solution without
knowing the exact solution.

5.8 Gauss Quadrature

Recall that any quadrature formula can be written as
Z b X\l
| = f (x)dx w; T (x;):
a j=0
If the function f is given analytically or we are at liberty to choose the locatons x; , we have two important
choices to make. We have to select the location of the points; and the weights w;. The main idea
behind Gauss quadrature is to make these choices for best agacy. The criterion for accuracy is the
highest degree polynomial that can be integrated exactly. Rcall that the trapezoidal rule integrates a
straight line exactly and Simpson's rule integrates a cubicexactly. In general, Newton-Cotes algorithms
integrate polynomials up to order N (N even) with N + 1 points exactly. As we will show below, Gauss
guadrature integrates a polynomial of degree Rl + 1 using only N + 1 points.
Let f be a polynomial of degree R +1. Suppose we represent by an N order Lagrange polynomial,

interpolation, we have:

X
Px)= LMf (x):
j=0

This representation is exact iff is a polynomial of degreeN. f (x) P(x) is a polynomial of degree N +1

F(X)=(x Xxo)(x x1) (X Xn):

Thus, we can write the di erence f (x) P(x) in the following form:

X
f(x) P(X)=F(x) oqx*:
k=0
Integrating this equation (for the moment without a xing li  mits):
z z z R
f(x)dx= PXdx+ F(x) qgxXdx:
k=0
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Interchange summation and integration, and suppose we denmal that
z

F()xKdx=0; k=0;1;:::;N:

that this condition is satis ed. Choosing the abscissas in his manner leads to the following expression
for the integral
z z W
f(x)dx = P(x)dx = w; f(x;);
j=0
where
z
w; = Lj(N)(x)dx

are the weights.
F is a polynomial of degreeN + 1 that is orthogonal to all polynomials of degree less than o equal to

N. Xg;X1;:::;Xn are the zeros of this polynomial. These polynomials are cadd Legendre polynomials
when x varies between 1 and +1, and they can be generated by Rodrigues' formula
_ (" 2 N,
POO= e X

where F,, is the Legendre polynomial of degreea (e.g., Fo(X) =1, F1(X) = X, F2(x) = %(3x2 1), ::0).
They are orthogonal to each other, that is
z 1

Fm (X)Fn (xX)dx = 2
1

o+l ™

Their zeros are documented in Table 5.2. Having the zeros, taweightsw; can be readily computed, and
they are also documented in Table 5.2. In the tableN, not N + 1, denotes the number of points. Note
that we can always transform the intervala x binto 1 1 by the tranformation

b+a b a
+ —

2 2
Typically, to use Legendre-Gauss quadrature tables to evalate the integral
Zy
f (x)dx;
a
one rst changes the independent variable to and obtains the weightsw; and the points on the abscissa,
0; 1;::%; N, from the tables (for the chosenN). The integral is then approximated by
b aX W b+a+b a
2 ! 2 2 !

j=0

In addition, if one wishes to improve the accuracy by going toa higher order method, the calculation
must be done from scratch since the abscissas of the variousders are di erent.

5.9 Semi-In nite Intervals

If we have the integral
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rede ne the function so that
f(x)= €g(x);

thus
Z, Z, X X
| = g(x)dx = e *f (x)dx w; f (x;) = w; €9 g(x;):
0 0 j=0 j=0
The abscissas then turn out to be zeros of theN ™ order Laguerre polynomial
e o
n! dx"
(.9, Lo(x)=1, L1(x)= x+1, Lo(x)= x?> 4x+2, :::) and have the orthonormal property
z 1

e "Lm(X)Ln(X)dx = mn:
0

Xy n

Lna(x) = X

The zeros and weights are given in Table 5.3. Note that in the &ble N, not N + 1, denotes the number
of points.

5.10 In nite Intervals

If we have the integral
z 1

I = g(x)dx;
1

rede ne the function so that
f(x)= e g(x);

thus
Z 1 Z 1 ) )(\] )(\] )
| = g(x)dx = e * f(x)dx w; f(xj) = w; €4 g(x; ):
1 1 j=0 j=0

The abscissas then turn out to be zeros of the&N ™ order Hermite polynomial

_ n o2 dn X2
Ho(x)=( 1" e’ 5
(e.g, Ho(x) =1, Hi(x) =2x, Ha(x) =4x? 2,:::) and have the orthogonality property

z 1
e Hu OH()dx = P 7201 o
1

The zeros and weights are given in Table 5.4. Note that in the &ble N, not N + 1, denotes the number
of points.

5.11 Singularities

Two possible methods to remove singularities are presentedy examples:
1. Integration by parts, e.g.
z

VA
Eg%dx= 2p§cosx0+2 pYsinxdx:

0 0

The procedure may have to repeated more than once.
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2. Subtraction, e.g.

z

Z Z
COSX dx cosx 1
$p—dx = p=+ —p——dx:
0 X 0 X 0 X

Now the rst part can be integrated analytically, and the second part is not singular any more.
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n

1 r@den 3 wis e

it

Abscissas— +r; (Zeros of Legendre Polynomials)

0.57735

0,00000
0.77459

0.33998
0.86113

0.00909
0.53846
0.90617

0,23861
0,66120
0.93246

0.00000
0.40584
0.74153
0.94910

*ri

02691

00000
66692

10435
63115

00009
93101
98459

91860
93864
95142

00000
51513
11855
79123

Weight Factors=1w;,

wi B
2 n=8
n 0.18343 46424 95650 0.36268
89626 1.00000 00000 00000  0,52553 24099 16329 0.31370
0.79666 64774 13627 0.22238
n=3 0.96028 98564 97536 0.10122
00000 0.88888 88888 88889
41483 0.55555 55555 55556 n-9 ;
0.00000 00000 00000 0.33023
n=4 0.32425 34234 03809 0.31234
84856 0.65214 51548 62546  0.61337 14327 00590 0.26061
94053 0.34785 48451 37454  0.83603 11073 26636 0.18064
5 0.96816 02395 07626 0.08127
n=
00000 0.56888 88888 88889 n=10
05683 0.47862 86704 99366  0,14887 43389 81631 0.29552
38664 0.23692 68850 56189  0.43339 53941 29247 0.26926
0.67940 95682 99024 0.21908
n=6 0.86506 33666 88985 0.14945
83197 0.46791 39345 72691  0.97390 65285 17172 0.06667
66265 0.36076 15730 48139
03152 0.17132 44923 79170 n=12
0.12523 34085 11469 0,24914
n="7 0.36783 14989 98180 0.23349
00000 0.41795 91836 73469  1.58731 79542 86617 0,20316
77397 0.38183 00505 05119  0,76990 26741 94305 0.16007
99394 0.27970 53914 89277  0.90411 72563 70475 0.10693
42759 0.12948 49661 68870  0.98156 06342 46719 0.04717
i n=16 w;
0.09501 25098 37637 440185 0.18945 06104 55068 496285
0.28160 35507 79258 913230 0.18260 34150 44923 588867
0.45801 67776 57227 386342 0.16915 65193 95002 538189
0.61787 62444 02643 748447 0.14959 59888 16576 732081
0,75540 44083 55003 033895 0.12462 89712 55533 872052
0.86563 12023 87831 743880 0.09515 85116 82492 784810
0.94457 50230 73232 576078 0,06225 35239 38647 892863
0.98940 09349 91649 932596 0.02715 24594 11754 094852
n=20
0.07652 65211 33497 333755 0,15275 33871 30725 850698
0,22778 58511 41645 078080 0.14917 29864 72603 746788
0.37370 60887 15419 560673 0.14209 61093 18382 051329
0.51086 70019 50827 098004 0.13168 86384 49176 626898
0.63605 36807 26515 025453 0.11819 45319 61518 417312
0.74633 19064 60150 792614 0.10193 01198 17240 435037
0.83911 69718 22218 823395 0.08327 67415 76704 748725
0.91223 44282 51325 905868 0.06267 20483 34109 063570
0.96397 19272 77913 791268 0,04060 14298 00386 941331
0,99312 85991 85094 924786 0.01761 40071 39152 118312
n=24
0.06405 68928 62605 626085 0.12793 81953 46752 156974
0.19111 88674 73616 309159 0,12583 74563 46828 296121
0.31504 26796 96163 374387 0,12167 04729 27803 391204
0.43379 35076 26045 138487 0.11550 56680 53725 2&%353
0.54542 14713 B8839 535658 0.10744 42701 15965 634783
0.64809 36519 36975 569252 0.09761 86521 04113 888270
0.74012 41915 78554 364244 0,08619 01615 31953 275917
0.82000 19859 73902 921954 0.07334 64814 11080 305734
0.88641 55270 04401 034213 0.05929 85849 15436 780746
0.93827 45520 02732 758524 0.04427 74388 17419 806169
0,97472 85559 71309 498198 0.02853 13886 28933 663181
0,99518 72199 97021 360180 0.01234 12297 99987 199547

wy

37833
66458
10344
85362

93550
70770
06964
81606
43883

42247
67193
63625
13491
13443

70458
25365
74267
83285
93259
53363

78362
77887
53374
90376

01260
40003
02935
94857
61574

14753
09996
15982
50581
08688

13403
38355
23066
43346
95318
86512

33
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Table 5.3: Abscissas and weight factors for Laguerre integtion.
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Table 5.4: Abscissas and weight factors for Hermite integréon.
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