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Convergence: a.s., i.p., and Lp

Sayan Mukherjee

Why convergence ?

Given a probability space (Ω,F ,Pθ) with θ ∈ Θ given X1, ..., Xn defined on Ω our objective is to
infer θ.

θ̂n(X1, ..., Xn) is a statistic or estimator and θ̂(x1, ..., xn) is the estimate.

Definition 0.0.1 (Weak consistency) An estimator θ̂n is weakly consistent if ∀θ ∈ Θ and ∀ε > 0

lim
n→∞

Pθ(|θn − θ| > ε) = 0.

This is written as θ̂n
Pθ→ θ.

Definition 0.0.2 (Strong consistency) An estimator θ̂n is strongly consistent if ∀θ ∈ Θ and ∀ε > 0

lim
n→∞

Pθ(ω : θn(ω) 6= θ(ω)) = 0.

This is written as θ̂n
a.s.→ θ.

Types of convergence

Given random variables X1, ..., Xn and X defined on the probability space (Ω,F ,P) the following
types of convergence can happen.

Definition 0.0.3 (In probability) Xn
p→ X if ∀ε > 0

lim
n→∞

P(|Xn −X| > ε) = 0.

Definition 0.0.4 (In probability) Xn
a.s.→ X if

lim
n→∞

P(ω : Xn(ω) 6= X(ω)) = 0.

Definition 0.0.5 (In Lp) Xn
Lp→ X if

lim
n→∞

E|Xn −X|p = 0.

Definition 0.0.6 (In distribution) Xn
d→ X if

lim
n→∞

|Ef(Xn)−Ef(X)| = 0,

for every bounded continuous function f . Note this requires convergence at all points of continuity of FX(x) and
not at all points X .

A sequence X1, ..., Xn, ... is a Cauchy sequence if ∀ε there exists n0(ε) such that for m,n > n0

|Xn −Xm| < ε.

The remainder of the lecture relates these different types of convergences to each other.

Almost sure convergenc can be related to convergence in probability of Cauchy sequences.

Theorem 0.0.1 Xn
a.s.→ X iff ∀ε > 0

a) limn→∞P(supk>n |Xk −X| ≥ ε) = 0
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b) {Xn, n ≥ 1} is Cauchy with probability 1 iff

lim
n→∞

P(sup
k>0
|Xn+k −Xn| ≥ ε) = 0.

Corollary 0.0.1

P
(

sup
k≥n
|Xk −X| ≥ ε

)
= P

⋃
k≥n

(|Xk −X| ≥ ε)


≤

∑
k≥n

P(|Xk −X| ≥ ε).

So a sufficient condition for Xn
a.s.→ X is ∀ε > 0

∞∑
k=1

P(|Xk −X| ≥ ε) <∞.

Proof.

Aεn = {ω : |Xn(ω)−X(ω)| ≥ ε}
Aε = lim supAεN .

For all ε > 0

∞∑
k=1

P(|Xk −X| ≥ ε) <∞⇒ P(Aε) = 0⇒ P(ω : Xn(ω) 6→ X(ω)) = 0 �.

Relations between types of convergence

The following theorem summarizes the relation between the different types of convergence.

Theorem 0.0.2 The following implications hold

1) Xn
a.s.→ X ⇒ Xn

p→ X,

2) Xn
Lp→ X ⇒ Xn

p→ X, p > 0,

3) Xn
p→ X ⇒ Xn

d→ X.

Proof. Proof of (1)

0 = P([|Xn −X| > ε]i.o.)
= P(lim sup

n→∞
(|Xn −X| > ε))

= lim
N→∞

P

 ⋃
n≥N

(|Xn −X| > ε)


≥ lim

n→∞
P(|Xn −X| > ε).

Proof of (2)

P(|Xn −X|p ≥ ε) ≤
E|Xn −X|2p

ε2
.

Proof of (3), left to reader. �

The remainder of the lecture illustrates why the converses to the implications do not hold. This also
gives us a hierarchy of the implications.

Example 1. Xn
p→ X 6⇒ Xn

a.s.→ X and Xn
Lp→ X 6⇒ Xn

a.s.→ X
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Ω = [0, 1], F = B([0, 1]),P = λ
Define the sets Ain = [ i−1

n , in ] and the random variables Xi
n = 1Ain(ω), 1, .., n, n ≥ 1.

We now define a sequence
{X1

1 ;X1
2 , X

2
2 ;X1

3 , X
2
3 , X

3
3 ; , ....}.

This sequence converges in probability, it converges in Lp (for 0 < p < ∞ but it does not converge at
any point ω ∈ [0, 1], observe that Xn(ω) = 1 for infinite values of n , again X = 0.

Example 2. Xn
a.s.→ X ⇒ Xn

p→ X 6⇒ Xn
Lp→ X

Ω = [0, 1], F = B([0, 1]),P = λ

Xn(ω) =
{
en 0 ≤ ω ≤ 1

n
0 ω > 1

n .

For this sequence Xn
a.s.→ X , Xn

p→ X but the sequence does not converge in Lp

E|Xn|p =
enp

n
→∞.

Example 3. Xn
Lp→ X 6⇒ Xn

a.s.→ X

{Xn} are iid random variables with

P(Xn = 1) = pn, P(Xn = 0) = 1− pn

the following hold as n→∞

Xn
p→ 0 ⇔ pn → 0

Xn
Lp→ 0 ⇔ pn → 0

Xn
a.s.→ 0 ⇒

∞∑
i=1

pn <∞.

If pn = 1
n then Xn

p→ 0 and Xn
Lp→ 0 but Xn

a.s.

6→ 0.


