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9.1HistoryNote

PascalandFermatlaidoutthebasicrulesofprobabilityinaseriesof

letters.Oneofthemostfamousconsequencesofthatdiscussionwas

Pascal’sWager.

Pascal’sWagerdefinedtwoevents:

•A={Godexists}

•A
c
={Goddoesnotexist}

A
c

isthecomplementofA,whichistheeventthatAdoesnothappen.

FromKolmogorov’sAxioms,itiseasytoseethatforanyeventA,

P[A
c

]=1−P[A].
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Pascalalsodefinedapayoffmatrix:

BetonABetonA
c

Atrue∞reward∞loss

A
c
truefinitemiseryfinitereward

Pascalarguedthatintermsofgambling,theoptimalstrategyforthis

gameistobelieveinGod,nomatterhowsmallthe(Bayesiansubjective)

valueforP[A]mightbe.

ModerngametheorydoesnotquiteagreewithPascal,buttheissuesare

rathertechnical;e.g.,infinitepayoffsareproblematic.
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9.2Review

RecallKolmogorov’sAxioms:

•0≤P[A]≤1

•P[somepossibleeventhappens]=1(oneofthepossibleoutcomes

mustoccur).

•IfAandBareincompatibleevents,thenP[AorB]=P[A]+P[B].

Fromthis,notethatP[A
c
]=1−P[A].Why?

Alsorecalltherulesofconditionalprobability:

P[A|B]=
P[AandB]

P[B]
;P[AandB]=P[A|B]∗P[B].
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Consideronedrawfromadeckofcards.LetA={drawaking}and

B={drawaqueen}.WhatisP[AorB]?

Thesearemutuallyexclusiveevents,so

P[AorB]=P[A]+P[B]=4/52+4/52=2/13.

Considertwodrawsfromadeck,withoutreplacement.Let

A={secondaking}andB={firstaqueen}.WhatisP[AandB]?

P[AandB]=P[A|B]∗P[B]=4/51+4/52=.0060331.
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RecallthatAandBareindependentifP[A|B]=P[A]∗P[B].This

impliesthatP[B|A]=P[A]∗P[B].Why?

ItalsoimpliesthatAandBareindependentiffP[AandB]=P[A]∗P[B].

Why?

Whatistheprobabilityofrollingfirsta1,thena2,thena3on

consecutiverollsofafairdie?Sincerollsareindependent,

P[1onfirst,2onsecond,3onthird]=P[1onfirst]∗

P[2onsecond]∗

P[3onthird]

=1/6∗1/6∗1/6

=1/216.
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Whatistheprobabilityofrollinga1,2,and3inanyorderinthree

consecutiverollsofafairdie?

P[1,2,3inanyorder]=P[(1,2,3)or(2,1,3)or···or(3,2,1)]

=P[(1,2,3)]+P[(2,1,3)]+···+P[(3,2,1)]

=6×(
1

6
×

1

6
×

1

6
)

whichisjust1/36.

Thefirststeplistsallsixpossibleorders,thesecondstepusesthe

factthatdifferentordersaremutuallyexclusive,andthethirduses

independenceandthefactthatdieisfair.

7



Anotherwaytogetthesameansweristonotethat

P[1,2,3inanyorder]is

P[1,2,or3onfirst]×

P[oneofremainingtwoonsecond|resultoffirstroll]×

P[singleremainingnumber|resultoffirsttworolls]=

3

6
×

2

6
×

1

6

andthisisalso1/36.

Notethatinordertogetthissolution,onehadtobeabletocountallthe

waystorearrangethenumbers(1,2,3).Thesedifferentarrangements

arecalledpermutations.
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Anotherusefultrickistousecomplementaryevents.Forexample,what

istheprobabilityofgettingatleaston6inthreeconsecutiverolls?

P[atleastone6inthreerolls]=

1−P[no6inthreerolls]=

1−P[no6onfirst;no6onsecond;no6onthird]=

1−P[no6onfirst]×P[no6onsecond]×P[no6onthird]=

1−
5

6
×

5

6
×

5

6
=

91

216
.
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9.3PermutationsandCombinations

Thenumberofwaystoarrangendistinctobjectsinalineis

n!=n×(n−1)×(n−2)×···×1.

Heren!iscallednfactorialanditisthenumberofpermutationsofn

distinctobjects.

Therearenchoicesforthefirstposition,thenn−1forthesecond,and

soforth;multiplicationgivesthenumberofdistinctarrangments.
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Byconvention,0!=1.Fortheotherpositiveintegers,

1!=1,2!=2,3!=6,4!=24,...

Inhowmanywayscan8peoplelineup?8!=40320.

Inhowmanywayscan4marriedcouplesstandinapoliceline-up,if

couplesmuststandtogether?

Thereare4!=24waysthatthecouplescanbearranged,andeachcouple

canbearrangedin2!=2ways.Sotheansweris

(4!)×(2!)×(2!)×(2!)×(2!)=384.
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Thenumberofwaystoarrangerredmarblesandn−rbluemarblesin

alineis:

(

n

r

)

=
n!

r!×(n−r)!

Forexample,thenumberofwaystoarrangetworedmarblesandtwo

greenmarblesis:

••••

••••

••••

••••

••••

••••
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Thisisjust

(

4

2

)

=
4!

2!×2!=
24

2×2=6.

Note:Thenumber

(

n

r

)

isalsothenumberofwaystopickrobjects

fromasetofndistinctobjects.Why?

Whenshewasfouryearsold,mydaughterhad20stuffedanimals.Her

bedcouldonlyhold7.Beingperfectlypromiscuous,shechoseadifferent

seteachnight.Howlongbeforeshemustrepeataset?
(

20

7

)

=
20!

7!×13!
=77520.

Thisisabout212years.
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9.4BinomialProbability

Thebinomialformulagivestheprobabilityofexactlyrsuccessesinn

tries,whereeachtryhasthesameprbabilityofsuccesspandeachtryis

independent.

P[exactlyrsuccesses]=

(

n

r

)

p
r

(1−p)
n−r

.

Thisisexactlythesituationonehaswhentryingtofindtheprobability

ofrheadsinntossesofacointhathasprobabilitypofcomingupheads.
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Whydoesthisformulawork?

1.Howmanyarrangementsaretherethatgiverheadsinntries?From

theprevioussection,weknowtheansweris

(

n

r

)

.

2.Eacharrangementisincompatiblewiththeotherarrangements.

Thustheprobabilityofexactlyrsuccessesisthesumoverallpossible

arrangements,andthereare

(

n

r

)

ofthose.

3.Eacharrangementhasthesameprobability:p
r
(1−p)

n−r
.Toseethis,

considerthesequencesHTHTandTHTH.Thefirsthasprobability

p∗(1−p)∗p(1−p)=p
2
(1−p)

2
.Thesecondarrangementhas

probability(1−p)∗p∗(1−p)∗p=p
2
(1−p)

2
.

15



Thusthebinomialformulais

P[exactlyrsuccesses]=

(

n

r

)

p
r

(1−p)
n−r

.

Findtheprobabilityofexactlytwosixesinfiverollsofafairdie.

P[exactly2successes]=

(

n

r

)

p
r

(1−p)
n−r

=

(

5

2

)

(
1

6
)
2
(1−

1

6
)
5−2

=10×(
1

6
)
2
×(

5

6
)
3

=.16075.
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