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BR OWNIAN MOTION AND RELA TED PR OCESSES
Karlin & Taylor, A First Coursein Stochastic Processesch 7, 15

Bro wnian Motion: De nitions

Brownian motion can be de ned and constructed in many ways. Someof theseinclude:
1. A stochastic processX; with independert, normally distributed incremerts X; X
N (0;t s), cortinuous paths, and initial value Xy = 0;
2. A Gaussianstochastic processwith meanEX; = 0, covariance EXsX; = min(s;t), and
corntinuous paths;
3. A Markov processX; with initial value Xy = 0, transition probability

Zr
i ; d
PIX; rjXs=x]= e0 =29y B
L 2 (t s

and cortinuous paths;

4. A processX; with (a.) independent and (b.) stationary incremerts (i.e., the random vari-
ables[X; X ,] areindependent and have distributions dependingonly on (t; t;i 1)),
with cortinuous paths.

5. A martingale X; sud that X? t is alsoa martingale, with initial value X, = 0 and cortin-
uous paths.

The only tricky part of constructing X is getting cortinuous paths; it's pretty easyto get a
processwith the right joint distribution for all times t. Note that de nitions (4.) and (5.) don't
even mertion the normal distribution; that follows from the other requiremerts as a consequence
of the Central Limit Theorem.

Here's one construction, for 0t 1. The ideais to construct a sequenceof piecewise-
linear approximations Xt(”) to X¢, with exactly the correct distribution on all dyadic rationals of
degreen (those of the form 2'—) The key computation about Brownian motion is that for any
0 a b «c¢< 1,theconditional distribution of Xy given X, and X. is normal with mean

p= (¢ DXa*(d aXe (the inear interpolate) and variance 2 = (20 8. for g = 1 c= XL

and b= 25¢ = 24 ‘wehave ,= 3[X,+ Xcand 2= ()%

Let z be aniid sequenceof N (0; 1) random variables and for each n de ne random variables

x', 1 i 2" by:
Eveni: x3=0 x5 =x! o i 2
oddi: x9=12z x§™ = "+ xM]+ (=) "2z, 1 0 2

Now de ne a sequenceof processesX ("™ by linearly interpolating the Xi(:r'z)n = xI's:

XM= 2! 4+ (@ 0+ 2M)xD: <t 5

By construction Xt(”) is a Gaussianprocesswith cortinuous paths, initial value zero, and the
(n)

right probability distribution at ead n'" -order dyadic rational; it remainsto show that the X
converge uniformly a.s. and that the limit is Brownian motion. We'll turn to that next lecture.

With this de nition the processwill have mean EX; = t and variance E(X; t )2 =1 2
for someconstarts , ?; the rescaledprocess[X; t ]= hasthe usual normalization, = 0 and
2=1.
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Actually, constructing Brownian motion is in somesensevery easy| if Y; is any square-
integrable mean-zerostochastic processstarting at zerowith independert incremerts, the func-

2
tion 2 = E[YZ] must beincreasingsince,for0 s t, 2 = E[ Xs+ (X¢y Xg) ] =
2+ E(Xy Xs)?2  2.0f 21 1 ass! 1,thenforeahin landt O wecanset

sp(t) = inf[s: 2 nt]

and de ne
1

Xt(n) = p_ﬁst(t); ( )
for every n, Xt(”) has independert incremerts with mean zero and approximately the right co-
variance (exactly the right covarianceif 2 is strictly increasing). In the limit asn ! 1, the
covariance becomesexactly correct and moreover the Central Limit Theorem applies: for large n
ead s, (t) becomesarge, and for s < t the incremert [Ys ) Ys,(s)] canbe thought of asthe

sum of very many small and independert incremerts. Thus the time-change( ) makesalmost
any independen-increment processcorvergeto Brownian motion, and in particular we can con-
struct Brownian Motion asa limit of random walks, Markov chains, or Poissonprocesses.For the
simple symmetric random walk starting at zero, s, = dnte and

Xt(n) n 1:2dete

corvergesto Brownian Motion; for the Poissonprocesstakext(”) (Ynt nt)=IO n.

Contin uous Paths

Most things we might want to compute about any random variable X de ned on someprobabil-
ity space( ;F;P) don't really dependon ( ;F;P) at all, but only on the prolability distribution,
the induced measure x = P X ! onthe real line (R;B). The random variable (! )="! onthe
probability space(R;B; x) hasthe sameprobability distribution as X, and sowe can usually
study featuresof X without worrying about ( ;F;P) by using this \canonical probability space"
(R;B; x). If we have not one but seweral random variables X 1, X»,..., X;,, the sameidea works
in n-dimensional space:if x denotesthe joint probability distribution, the canonical spaceis
(R";B"; x) on which the random variables ;(! ) = !; have the samejoint distribution asthe
Xi.
What about in nitely many random variables, especially the uncountable in nit y of random
variables X; for Brownian Motion?
Considerthe set of continuous real-valued functions on the unit interval starting at zero:
= fContinuous! : [0;1]! R; !y = 0g. The supremum givesa natural notion of distance
from one! to anotherin , leadingto the topological notion of open sets;let F be the smallest
-algebra (or Borel Field, BF) containing these open sets,i.e., containing for eadh! ¢ 2  and
> 0 the set

2 :supjl(s) lols)i I
0 s 1

(Don't worry if this seemsobscure). The distribution of Brownian Motion is just the probability
measureP on ( ;F) such that (! ) = 1! (t) is a Brownian Motion on ( ;F;P).

One way to construct P, and with it Brownian Motion, is to look at the distribution P, in-
duced by the processX (") de ned earlier; if we can show that these measuresconverge, we can
de ne P to betheir limit and verify that it hasthe right properties.
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PATH CONTINUITY AND NON-DIFFERENTIABILITY
Richard Durret, Brownian Motion and Martingales in Analysis, pp 1{7

In tro duction

Last time we de ned Brownian Motion in v e ways, including
1. A stochastic processX with initial value X = 0 with

a. Stationary independert incremerts [X; Xs];

b. Normally distributed incremerts [X; Xs] N(O;t s);

c. Continuous paths, almost surely.
Are theseconsisten? If a processX; hasindependert incremerts, canthey also have the speci-
ed Gaussiandistributions? If they do, can the processalso have cortinuous paths? If so,is path
continuity a consequencef a. and b.? As we will see,the answersare Yes Yes and No, respec-
tively. To clarify the issueslet's considerother Sll processesatisfying a. above; three possibili-
ties are: Z

Brownian Motion X;: P[X; Xs2A]= e XAt 9 pd%
A 2 (t s
(t s)dx

A [t s)2+x7]

X t g
PoissonProcess N;: P[N; Ng2A]= e ( S)%
X2 A )
All three distributions are possiblefor Sll processesto seethis it is only necessaryto ched that

for t; < ty < tg, the indicated distribution for [X{, Xi,] is the sameasthat of the sum of in-
dependert random variables with the distributions indicated for [X;, X, ]and [Xi, X,]. It
turns out that this is equivalert to requiring that the characteristic function E[e®* t] be of the
form e t (@: for thesethree distributions the characteristic functions are indeed of that form
with (a) = a’=2, jaj, and [1L €?], respectively.

All three distributions are also almost-surely cortinuous at every point, in the sensethat for
every xed t, P[X; = limg { Xs] = P[C; = limg { Cs] = P[N¢ = limg { Ns] = 1. Note that the
Poissonprocessis constart except for jumps of sizeone, and soits paths are not cortinuous|
they are continuous at each xed t, becausethe jump times have cortinuous distributions, but
any interval of length L will cortain at least one jump with probability 1 e - and sothe path
will not be a.s. continuous on that interval. There is no way to construct a Poissonprocesswith
continuous paths; it turns out that there is no way to construct a Caudhy processwith cortinu-
ous paths, either. What about Brownian Motion?

We have constructed Brownian Motion already on the dyadic rationals Q, from an IID se-
quencezx of N(0; 1) random variables by setting Xo = Q and X1 = z; and, recursively, de ning
X fort = 22 by X¢ = 3[X(i 1y=n + Xjzan + Zis2n= 2"]. Can we extend the de nition to all
0 t 1by cortinuity, i.e., setX; limg,3s t Xs?

Any continuous function f (x) is uniformly cortinuous when restricted to a compact set like
[0; 1], and any uniformly cortinuous function g(x) de ned on a set D can be extendedto a uni-
formly continuous function on the closure D, but in generala function that is merely cortinuous
on a setD cannot be extendedto be cortinuouson D. Pick an irrational ! 2 (0;1) (perhaps )
and think about the function g(x) = 1 .4j(x) de ned on the dyadic rationals x 2 Q,; g(x) is con-
tinuous at every rational x, sincejg(y) 9g(x)j < whenewrjy xj< x = jx !], butisnot
uniformly corntinuous sinceno single will work for all x.

To extend X s cortinuously to Q, = [0; 1] we must show that X s is almost surely uniformly
continuous on Q,, i.e., that fora.e.!,8 9, suththat 0 s<t L;(t s)< ) jX¢()
Xs(V)j < . Note that this is not true for the Poissonprocess,despite the almost-sure cortin uity

Cauchy Process C;: P[C; Cs2A]=
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at ead point. The argumert for Brownian Motion hingeson the Borel-Cantelli lemma and the
routine calculation for normally-distributed random variables X N (0; 2) and real numbers
p> 1,

z 1
- _ d
E[XjP] = xipe = " p=
1 7 2 2
_ 2 > p=2 ! X2 p=2 ¥2=2 2 dx
=p=2 , 52 >3
VA
_ 2 2 p=2 1 X2 (p 1)=2 2.5 2 X dx
=p=2 , 22 57
ptl o 2 P72 B
= P=——=6( ) (?)
and so,forany > Oand > O,
h P i
P jXj=on Xijzgnj > o forsome0 i<j 2", (G i) 2"
2k 1i%" h i [
P jXjzon Xjzpnj> o (by subadditivit y)
i=0 j=i+l
KR EiX o Xiepn P
WXjzor  Xie2nJ) (by Chebychev)
i=0 j=i+l 12n|
. j . P2
XLR" ¢ 77 o
= — (by (?))
i=0 j=i+l 1B
KR 5 ez )
=6
i=0 j=i+l 2"
N pl= )
Cp2n2n 2_n - Cp2 n
where = (1+ )+ (1 )p(= ). For < mand < lwecaninsure > 0 by taking
p> (—1# By the Borel-Cartelli lemma, for a.e.! 9N, 8n N, 8q= i=2",r = j=2" s.t.

jg rj<2n@ ),jXq Xrj (g r) . It follows (seeDurrett) that there exists a number ¢,
such that 8q;r 2 Q,\ [0;1],

Xq X¢j of(q 1)

i.e., that the restriction of X; to Q, is a.s. uniformly Helder cortinuous of index for every <
1. In fact this is about the bestwe can do: X; is a.s. hot Helder continuous of index 1= at any

point t, and in particular is not di erentiable at any point t. In fact, one of the Laws of the Iter-
ated Logarithm gives

: Xy Xs) : Xy Xsj
1=Ilimsupp ; solimsup—p—=+1 as.
st PP 2(t s)loglogl=(t s) st P t s
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BR OWNIAN SCALING AND REFLECTION
Karlin & Taylor, A First Coursein Stochastic Processespp 345{351

In tro duction

We have just constructed a Brownian Motion process,i.e.,
1. A stochastic processX with initial value X = 0 with
a. Stationary independert incremerts [X; Xs];
b. Normally distributed incremerts [X; Xs] N(O;t s);
c. Continuous paths, almost surely.
Now pick any c2 R, ¢c6 0, and h > 0 and de ne four processesX k(t) from X; = X (t) asfollows:
1. X41(t) = cX(t=¢?);
2. Xo(t) = tX (2=t) for t > 0, X2(0) = O;
3. X3(t) = X(t+h) X(h)
4, Xg4(t) = (t+ )X % X (1).
It is straightforward to verify that ead of theseis a Brownian motion satisfying a:, b;, c: above;
by the way, X 4(t) only dependson X (s) for 0< s 1, and yields a Brownian motion for 0 t <
1 from our earlier construction of Brownian motion only for0 s 1.
It turns out that Property 3. above is true, not only for xed h > 0, but also for random
= (!') > Oprovided isaMarkov time (a.k.a. stopping time); in particular, it holds for rst
hitting times , = inf[s > 0 : Xs = a]. Sincea Brownian Motion has probability 1= of being
positive at any time t > 0, it follows that for any time t > O and levela 0,

P[Xy>al =P[Xi>a]\ [a (]
=P[a tJP[Xt>a][a t]
1
=Pla ] 3
so, turning things around,
Pl[a t] =2P [X{> 4]
=2 .p_?

Starting at Xo = 0, let's nd the probability that X,y = Oforanyt 2 [tg;t;]. Oneway to
make this preciseis to think about the Markov time = inf]t to : Xt = 0] and calculate
Pl t1]. If we condition on the value a of X, this is just the probability that, in time t; to,
the Brownian motion X+, X, ever readesthe valuejaj in time [t; tp]: we just calculated

that this is P[ t1j X, = a]l=2 pil—ajto . Thus the desired probability is

Cx
P[ t=g2 p ltl
t1  to
- 2 IB J ZJ e ZZ=2t0 p dZ
t1 to 2 tg
2 to
= Zarccos = (seetext, p.348).

1

Theseare intended to illustrate that many features of Brownian motion are amenableto ana-
Iytic treatment and exact calculation: this isn't true for most other processeshut we can often
use calculations for Brownian motion as approximations for other processes.For example, Levy
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shaved that for any t > 0, the Lebesguemeasureof the set of times s t at which X ¢ is positive
exactly satis es, for 0 1, the relation

h : i
p IS tjtxs > 0] -2 arcsin( );
Kakutani showed that the fraction of k n for which Sy > 0 has approximately that same

distribution, for any sum of i.i.d. rv's with zeromeanand nite variance.

Pro cessesRelated to Bro wnian Motion
1. Brownian Motion with Drift.

Let X; be a Brownian motion and let xo 2 R, 2 R, and 2> 0 be arbitrary; the process
Xl(t): Xot+ t + X

is called Brownian motion with drift. It hasstationary independert incremerts (with the normal

N( (t s); ?(t s)) distribution) and continuous paths starting at X 1(0) = Xo.

2. Geometric Brownian Motion.
Let X,(t) be a Brownian motion with drift and set

Xo(t) = &€1() = glot t+ Xu.

This is called Geometric Brownian motion, and is useful in modeling positive quartities whose
fractional changeis independen over di erent periods; it is often usedin the mathematical the-
ory of nance, and in modeling resenoir levels and related phenomena.

3. Re ected Brownian Motion.
Let X (t) be a Brownian motion and set

X3(t) = jX (1)

This is called Re ected Brownian motion. The processis positive and Markovian: in fact, for any
x>0andy>0andt> s> 0,

PX3(t)  yiXa(s) = x] = P X ()] yI\ [X(s) = x]iXs(s) = X]
PIX@®i yI\ [X(s)= x]iXs(s) = x]

P X)) yliX(s) = x + =P [[X(t)] yliX(s)= x

+

- 4 X oY X
= P P

Zyt S t s
= pos(zix)dz

where the conditional pdf is given by di erentiation as

PuYiX) = Pl W' g g (e
u
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THE BR OWNIAN BRIDGE
In tro duction

Let X bea Brownian Motion processand considertwo processesle ned asfollowsfor 0 t 1:

X1(t) = X (1) tX (1) Xo(t) = (1 )X ﬁ :

Obviously ead of theseis a mean-zeroGaussianprocess,since X is; the nite-dimensional distri-
butions will be determined completely oncewe identify the covariance functions

EX1(s)X1(t)] = E X(s) sX(1) X(t) tX (1)
S EX(S)X () SXMX() X(S)X (1) + stX ()X (1)
= (s™t) s(1™t) t(sM1)+st(dA” 1)
=s™t st
EX2(9X2(0] = (1 9L DEX 7 S _ X Lt
_ S N t
RS IS R
s .
=1 9@ 1) 1 s if, say, st
=s st
=s™t st for any s, t.

Thus both processedave contin uous sample paths and mean-zeroNormal nite-dimensional dis-
tributions with covariances”™ t  st; such a processis called a Brownian Bridge, or sometimes
pinned Brownian motion. It can also be thought of asa Brownian motion conditioned on the
event X (1) = 0. It arises(as we'll seebelow) in nonparametric statistical problems, and it can
be usedin constructing Brownian motion and related processes.From the secondde nition it is
clear that X, is a Markov process,but it doesnot have independert incremerts and it is not a
martingale: E[X,(t) Xa(s)jiFs] = £2X5(9).

The Kolmogoro v-Smirno v Statistic

Let X; beindependert and identically distributed from someunknown distribution x with dis-
tribution function F(t) = P[X; t]= x (1 ;t]. If calleduponto guessF (t) from obsena-
tions of X; we would no doubt considerthe empirical distribution function

F(t) = #i nﬁX| t_ L1 q(X0);
i=1

a random function of t that starts at F,(1 ) = 0and jumps by 15 at ead obsenation X;.
Kolmogorov and Smirnov studied the probability distribution of the quantity
Yo =  sup pﬁ Fn(s) F(s);

1 <s<1

the (normalized) largest deviation of the empirical distribution function from the true distribu-
tion function; it turns out that Y, hasthe sameprobability distribution for any cortinuous dis-
tribution F(t), and in particular is the sameasthat for uniformly distributed random variables
with F(t) = t. What is the limiting distribution, asn! 1 ?

Page7
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Regardedas a stochastic process,F, has mean and covariance functions

X
E[Fn(t)] = = E1(1 ;t](Xi)
i=1
=15 PX; ]
i=1
= F(1)
h i h X i
E Fn(s) F(s) Fn(t) F@) =E = (L1 5(Xi) F(s) = (A2 X)) F(@)
i=1 j=1
X h J i
=n? E L5 X)) F(S) L1 gXi) F(@)
i :

i
=n lEh(l(l s1(X1)  F)L1 q(Xi) F(1)
=n 'E L1 snqg(X1) FO)L1 X1 L1 s (X)F )+ F(S)F (1)

=n YF(s”t) F(S)F(1)
=n YF(s)M"F(t) F(s)F(t)

Thus P n[F,(t) F(t)] hasthe samecovariance function as X ;(F (t)) forpa Brownian Bridge
X 1(s); by the Central Limit Theorem, the nite-dimensional distributions of = n[F,(t) F(t)]
corvergeweakly to the Normal distribution asn! 1 .

It W?)uld be nice to have something stronger| to be able to assertthat any cortinuous func-
tional of ~ n[F,(t) F(t)] corvergesweakly to a similar functional of the Brownian bridge, and
in particular that the Kolmogorov-Smirnov statistic Y,, corvergesto Y = sup, ; 1jX1(t)j in dis-
tribution. For this we needto dewelop the concept of the distribution of a stochastic process,and
study weak corvergenceof thesedistributions.

Distributions

The distribution of an R*-valued random variable X on someprobability space( ;F;P) is just

the induced measure x (B) = P[X 2 B]= P X lon thﬁBoreI setsB of the real line; for

example,X hasthe N(; ?) distribution if x(B) = ps2— . e * )*2 “dx and the Poisson

2 2
distribution with mean if x(B)= [e *=x!:x2 B].
Similarly the (joint) distribution of n random variables X 1;:::; X, is just the occupation

measure x of the vector X 2 R", x (B) = P[X 2 B] on the Borel setsB" in R". But what
about stachastic processeswheren = 1 ? What is the distribution of Brownian motion, or of the
Brownian bridge, or of the Poissonprocessor re ected Brownian motion?
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Path spaces

If areal-valued RV takesvaluesin R and a random vector in R", then a real-valued stochastic
processX; de ned fort 2 T = [0; 1] must take valuesin somesetof paths =[! : T ! R], and
the distribution of X must be a probability measure x on someBorel Field F of subsetsof .
The simplest path spaceto consideris the setof all functions ;=1[' : T ! R], and the cylinder
setsF; generatedby the evaluation functionals{ i.e., the smallest BF cortaining setsof the form
[' :1(t)2B]foreahht2 T and Borel setB.

This works, after a fashion: any consistert set of nite-dimensional distributions doesdeter-
mine a unique measure x on F, and the processX T ! Rdenedby X(;t) =1,
doeshave the right probability distribution at ead time t. Unfortunately someimportant sets
of paths E are missingfrom F1, making it impossibleto calculate x [E]; for example,[! :t 7!
I'¢ is continuoug| is not an evert and even[! :t 7! ! is Lebesguemeasurablg is non-measurable.
We canevaluate ! ; at xed times t, but the quantity Y (! ) = supy ; ;]j!¢j is not a random vari-
able (it's not F;-measurable)and sowe can't calculate its probability distribution. Next time
we'll look at somealternative path spaces.

Contin uous Paths

For Brownian Motion and its relatives, the problem is solved by using the probability spaceof
continuous functions , = C=[! : T ! R;t7!!iscontinuous. This is a metric spacein the
supremum norm
(519 = supjte 1]
0t 1
and sohasa Borel BF B = F, generatedby setsof the form [! : (1;!19 < ]for > Oand
1 02 C. By the distribution of a path-continuous stochastic processX we will meanthe measure
x induced on (C; B).

PATH SPACES

If areal-valued RV takesvaluesin R and a random vector in R", then a real-valued stochas-
tic processX; dened fort 2 T = [0; 1] must take valuesin somesetof paths =[' : T ! R],
and the distribution of X must be a probability measure x on someBorel Field F of subsetsof
Three possiblepath spacesto considerare:
1. =" :T! R] Thesetofall functionsT ! R

Fi= [X; LB)] the cylinder setsgeneratedby the evaluation functionals;

2 =T :R) the set of all continuous functions T ! R
F,=B (T :R) the Borel setsgeneratedby [! °2 C:supy ¢ ;j's !J< ]
3 3=D(T:R) the Skorohod spaceof all right-continuous functions T ! R with left limits

F: = B D(T : R) the Borel setsgeneratedby Skorohod neighborhoods in D.

The simplestoneto useis ;. This works, after a fashion: any consistert set of nite di-
mensional distributions doesdetermine a unique probability measure x on Fi, and the pro-
cessX : T ! Rdenedby X(!;t) = !'{ doeshave the right probability distribution at
ead time t. Unfortunately someimportant setsof paths E are missing from F;, making it im-
possibleto calculate x [E]; for example,[! : t 7! ! is cortinuoug is not an evert and even
[' .t 7! 1 isLebesguemeasurablelis non-measurable.We can evaluate ! ; at xed timest, but
the quantity Y (! ) = sup, ; 1j!tj is not a random variable (it's not F;-measurable)and sowe
can't calculate its probability distribution.
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Contin uous Paths

For Brownian Motion and its relatives, the problem is solved by using the probability spaceof
continuous functions , = C=[! : T ! R;t7!!,iscortinuoug. This is a metric spacein the
supremum norm

(519 = supjte 1

0t 1

and sohas a Borel BF B = F, generatedby setsof the form [l : (! ;19 < Jfor > Oand!°2
C. By the distribution of a path-contin uous stochastic processX we will meanthe measure x
induced on (C,B). The space 3 is suitable for processesvith discortinuous paths including the
Poissonprocess,generalizedPoissonprocess,birth/death processesMarkov chains, the Cauchy
process,and others.

Tigh tness and Weak Convergence

Any in nite sequence , [0;1] hasa limit point 1 in [0;1], and a subsequence ,, ! 1
the proof is the so-calleddiagonal argument Start with i = 0, [ag;kp] = [0;1], and ng; = j;
note that [a;; 3] contains all of the in nite sequencen;; . For ead i let [a;+1;0+1] be[a;; %] if
that cortains in nitely-man y of the n;; , and otherwise let [a;+1 ;341 ] be [@; bl let ni=1; be
the subsequencef n; which lie in [a;+1 ;b +1]. Now the diagonal sequencen; must lie in eah
[3;;b] for i j,» and so must be a Caudhy sequencecorverging to the limit  ; = \[a;B]in
[0; 1].

In R" any closedand boundedset K hasthe property that every in nite sequence , K
hasa limit point ; 2 K;sud asetK is saidto be (sequetially) compact. A set A like (0; 1]
whoseclosure is compact is sometimescalled precompact or conditionally compact; every in nite
sequence , A hasalimit point 1, but it is possiblethat ; 2 A. In R" every bounded set
is precompact, but in other metric spacessimple boundednessmay not be enough;for example
the functions f,(x) = sin(n x) are all elemers of the spaceC = G,(T) of continuous bounded
functions on T = [0; 1] are all boundedby 1, but no subsequenceonvergesuniformly on T =
[0; 1]. The Arzela-Ascoli theorem assertsthat a set A C of cortinuous functions is precompact
if and only if the elemens ! 2 A are uniformly boundedand equicortinuous, i.e., if and only if:

a. ForsomeB <1 ,j! (0)j< B forall! 2A;
b. Forall > Othereisa > Osuchthat 8 2 A,8s;t2 T,js tj< )
it(s) ()<

Now let , be a sequenceof probability measureson the Borel setsB of (0; 1]; the numbers

n = n((0; ==)]) all lie in [0; 1], so along somesubsequencen;; the numbers ,, corverge. Along
a further subsequencen,; the numbers ,((0; =]) and ,((1=; 3=]) also corverge; along subse-

guencesubsequencesj we caninsurethat ,(A) corvergesfor ead interval A = (Zj—k; %—f]. Fi-
nally, along the diagonal sequence ,, (A) corvergesfor every interval with dyadic-rational end-
points. Is the limit 1 a probability measure?

The surprising answer is, maylke not. Think about a sequence , of measureseat giving
probability oneto the singlepoint 2 "; the limit oughtto give probability oneto the limit point
0, but 0 2 (0;1]] and in fact the limit is (A) = Ofor all A (0;1]. This is the only thing that
can go wrong, howewer:

Theorem (Prohoro v). Let , bea sequenceof probability measureson the Borel setsF of a
complete separablemetric space . Then somesubsequence ,,, corvergesweakly to a subprob-
ability measure ; on F satisfying O 1 () 1. If for eadh > O thereis a compact set

K satisfying (K ) 1 for every n, the sequence , is saidto be tight and necessar-
ily 1 () = 1. If every corvergeri subsequenceonvergesto the samelimit point 1 , then the
ertire sequenceconverges.

Page 10



Marc h 97 STA 357. Stochastic Pro cesses R. Wolpert

Theorem. A family P, of probability measureson (C; B) is tight if and only if
a. Foreach > OthereisaB < 1 sud that 8n, P,[! :j! (0)j > B]< ;
b. Forall > 0and > Othereisa > 0 sud that 8n,

Pl = sup jI(s) !'()j> ]<

js tj<

Corollary (Kolmogoro v). A family P, of probability measureson (C, B) is tight if there exist
numbers >0, >0,B<1,andC < 1 sud that 8n,

a. Eajt (0)j  B;

b. Enjl (s) ! (t)j Cjt sjt*

Contin uous Sto chastic Pro cesses

For eadh nite setJ T let ; bea probability measureon jJj-dimensional Euclidean spaceR’
such that, for J  J° the measure ; is the marginal for ;o; call such a collection of measuresa
\consistent nite dimensional distribution.” For examplg, if m(t) is any function on T and (s;t)
is a (positive de nite) covariance function, i.e., satis es ij nZiZ (ti;t;) > O for every integer
sional distribution sudh that for eat s;t 2 T, ¢4 IS bivariate Normal with mean vector and
covariance matrix

m(s) (s;s)  (sit)

m(t) (ts) (tt)

Obviously any measure on ( ;F1) or on (C;B) inducesa consistert family of nite dimen-
sional distributions. Any consistert nite dimensional distribution inducesa uniqgue measureon
( 1;F1), but it's harder to induce a measureon (C,; B); the Poissondistributions won't work, for
example, becausePoissonsample-pathsaren't continuous. By Kolmogorov's Corollary above,

Theorem. Letf ;g bea consistent family of nite dimensionaldistributions. If there exist pos-
itveconstarts > 0, > 0,andC > Osud that EfX(s) X (1) Cjt sj** ,thenf ;g
inducesa unique probability measureon (C, B) and, moreover,

[' 2C: t7!'!,is Holder continuous of index — ]

has -measureonefor eacq > 0.

In particular, a Gaussiandistribution satis es this condition (with = 2 ) if m(t) is Helder
cortinuous of index 1= and if j (t;s)j CYt sj; this condition is satis ed by Brownian motion
(with or without drift) and the Brownian bridge.
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THE BR OWNIAN BRIDGE REVISITED
In tro duction

Last time we preseried Kolmogorov's Theorem, a corollary to a theorem of Prohorov:

Theorem(Kolmogoro v). A family ,, of probability measureson (C; B) is tight if there exist
numbers >0, B0, B<1,andC<1 sud that 8n,
a. gj'()j dn B;
b. jl(s) !'({)j dq Cjt sj'* . In this caseany limit point off ,gis
a probability measuregiving probability oneto the set of Helder cortinuous
functions of index —.

Today we will usethis theorem to preseri another construction of the Brownian Bridge; the
method is quite general,and is an important tool in constructing and studying stochastic pro-
cesses.

Let z, be an iid sequenceof standard N (0; 1) random variables and de ne x3 = x? = 0. For
n Oand0 i< 2" dene

n+l _ o n

X2im =X
o = = X[+ Xy + 2 Pz 0 i<
It's easyto verify that, with this speci cation, the processes
XP =X+ (2% (N X w t<F

have the Brownian Bridge covariance ¢ = (s”™ t) stfors;t 2 2"N, inducing the Gaussian
measures

n(B) = P[X" 2 B]
on the Borel setsB 2 B on C.

For s;t not dyadic rationals in 2"N, the covarianceof X" (or ,) may not quite be 4; a
tedious but straightforward calculation from the de nitions shows that EXI X" = « = (s"t) st
if the integer parts of 25 and 2"t dier (b2"sc 6 b2"tc), for example,if js tj > 21 ", while if
b2"sc= b2"tc=j, EXIX = (s*t) st 2 "(1 (2"t j))(2"s |j) diers from & by no more
than 2 ". It follows that E[(X+ X¢)] = 0and, for small enough , that E[(X+ X1)?] =

(L )1 2 M);in particular, E[jX; Xsj] cjt sj 7 forewery > 0andKolmogorov's
criteria are satis ed.

~Let beany limit point of the family f g forany0 s t @the function (') =
g s*ib ¢« s cortin uous and boundedon C, so c (1)d , convergesto . (!)d ; this is just
the joint characteristic function of X and X, which have the bivariate Normal distribution with

0 . S s
mean and covariance , SO
0 s t
Z Z
gal stibleg gal s+ibl ¢ g
c c

- e lola?s(1 s)+2 abs(1 t)+ bPt(1 t)]

and under , X{(!') = ! is a stochastic processwith
a. cortinuous-paths;
b. normal distribution;
C. mean zero;
d. covariance ¢ = (s™t) st.
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This uniquely determines asthe Brownian Bridge distribution; sincef ,g hasa unique
limit point, necessarily ,) . We have succeededn constructing the Brownian Bridge. By the
way, we can now construct a Brownian Motion (or Wiener process)for all time 0 t< 1 by the
formula

t
W= (1+ )X ——

The technique usedin this construction of the Brownian Bridge is quite powerful; the only
features we used of the Brownian bridge were:
a. It has cortinuous-paths (otherwise, use Skorohod spaceD);
b. We know how to approximate it by a sequenceof processeg2.);
c. It hasnormally-distributed paths whoseincremerts have mean zero (any Helderjj
cortinuous mean function would have beenOK) and variance E[(X; Xs)?] =
Oo(jt  sj);
d. We can identify the limit point: it is characterized by its covariance function,
in this case.
The sametechnique works for many other processegeven for in nite-dimensional ones)
wheneer we can verify tightnessand recognizethe weak limit.

Gaussian Conditional Exp ectations

Let X be a multiv ariate Gaussianrandom vector with expectation vector and covariance ma-
trix | For ead subsetl of indicesdenoteby X, the random vector with componerts X;; i 2 I,

by | the expectation E[X,], and by | |; the covariance matrix | ; = E[(X| DXs )1
| ;5 is nonsingular, a straightforward calculation yields

EXiiXal = 1+ sl iXs o]

VIXijX31 = | ||J|331|J|

(in fact, the sameformulas work even for singular | ;; if we interpret | JJl as the Moore-Penrose
generalizedinverse). For mean-zeroone-dimensionaljointly normal random variablesx and y, we
have Elyjx] = (E[xy]=E[x?]) x and V[yjx] = E[y’] E[xy]*=E[x?].

From theseformulas we can compute the Brownian Bridge's conditional expectation for s
t uas

: 1t
E[X1jXs] = 7——Xs

1 s
) @ t(t s
V[XijXg] = ———~
[XjXs] 1 s
. u t t s
E[XjXs; Xyl = U st"’ U qu
. u t)(t s
V[XIJXS;XU] = ( u)(s )
and, consequetly,
E[(Xt+  Xp)jFi] = ﬁxt
2
VI(Xt+  Xp)jFi] = 11
= +0(?
2
E[(X¢+ X1)%jF] = 1t + [ﬁxt]z
= +0(?
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Semimartingales

From this calculation E[X+ jF] = X¢ 75X¢+ O 2) it follows that X, is not a martingale, but
that the process 7
X
S
o1 s

Wi = X + ds

is a martingale, with cortinuous paths and a Gaussiandistribution. The covariance function
turns out to bes” t, soW; is just Brownian motion and we have the curious represermation

Z

Xs
Xi= Xo+ ds+ W,
t 0 ol S t

X

s ds) and a

R
of X asa semimartingale the sum of a bounded-variation process(here X g + g e

martingale. This is our rst exampleof a di usion and of a stochastic integral.

INTR ODUCTION TO STOCHASTIC INTEGRA TION
Avner Friedman, Stochastic Di erential Equations and Applications, pp.. 55|72

Intro duction to Stochastic Integral Equations

Last time we constructed the distribution  of the Brownian Bridge as a measureon the canoni-
cal space(C, B), and the B.B. itself asthe canonical processX(! ) = ! on (C,B; ). Using nor-
mal distribution theory we calculated the conditional expectations E[X+ jX{] = X; X and

V[Xi+ JX¢] = 1—2t; since X is Markov, theseare the sameas the conditional expectations
given the Borel Field generatedby the ertireRpast of the processup to time t, Fy = [Xs:s t].
This led to the recognition that W; = X; g lxss ds is a cortin uous-path Gaussianmartingale.
We calculated that the covariance function is EWsW; = s” t and sorecognizedW, asthe Wiener

process,leading to the represeniation

Z,

Xs
Xi = ds + W;:
t OlsS t ()

This is our rst example of a Stochastic Integral Equation (SIE); given a Brownian Motion
W, we cantry to \solve" ( ) for the unknown processX;. One way to proceedis to de ne a se-
quenceof processedy X2 0 and

Zt Xn
th+l - S ds + Wty
o1l s
upon subtracting,
Z t Xn 1 Xn
th+l th - S S dS
0 1 s
so ' = sup, (jX0*t XDjsatises Q= sup, ;jWsjand, fort 1
t n 1
n S dS
t ol s
Zt
1 0 lds
ya

2 (t s) P 2ds
0
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Z
s Lt 9?2, 3 ds
S
ZO 2
ot 9"t
o (n 1)
t" o,
npt L

0 .
s ds:

Sincee™ sup, ;jWsj = P to e 9<1, M1 Ouniformly ont 1 and X{ corverges
uniformly on compact setsto a limit X, satisfying ( ).

Sinceit's soeasyto construct the Brownian Bridge by solving ( ), and sinceall we usedwas
the conditional mean and variance of the in nitesimal incremert E[X .+ X¢], maybe we can
usea similar technique for other processesncewe know the so-calledin nitesimal meanand
variance,

EXer XjFt = ¢ +0()  E X  Xo)3Fe = ¢ +0():

Sto chastic Integrals
Stieltjes Integrals
Any nite measure on (0; 1] is determined uniquely by its distribution measureG(t) = (0;t] ,

sincethe Borel setsare generatedby the half-openintervalsand (a;b] = G(b) G(a). For any
bounded and cortin uous function f,

Z, 2% 1 .
I n J j+1 J
, f(s) (ds) = nI!llm 2 | f on G o G on
R R
justifying the (18" -certury) Stieltjes notation ;f (s)dG(ds). If G(t) = g GYs) ds, this is
Z, % 1 . .
— n J 1 o) 1
, f (s) dG(ds) = nI!llrn 2 - f on 2—nG o + 0(2—n
Z t

f (s)GYs) ds;
0

whether or not G(t) is di erentiable, the integration-by-parts formula holds for cortinuously dif-

ferertiable functions f (note G(0) = 0):
Z t Z t

f(s)dG(ds) = f (t)G(t) f Ys)G(s) ds:
0 0
For step functions f (t) with a constart value bj on ead of n intervals (t;;tj+1 ], the integral is
just
Z t D( 1
f (s)dG(ds) = b G(t™tiv) G@™Y) .
0 i=0
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Wiener Integrals

Now let f (t) bea measuraqgéereal -valued function and considerthe problem of de ning the
Stieltjes-like integral M = f (s) dWSRfor Brownian Motion Ws; since W5 is not di erentiable,
we can't usethe represematlon M¢ = “f (s) W2ds as we did for di erentiable functions G(t)
above. The other two alternativesdo work, howewer; for cortinuously di erentiable f (t) we can
de ne
z t z t
f(s)dWs = f (t)W; f Ys)Ws ds:
0 0
or for step functions we can de ne
Z t 9( 1
f (s) dWs
0 i=0

b [Wt"ti+1 Wt"ti ]:

R
In either case S f (s) dWs is a cortinuous-path Gaussianmartingale with mean zero and variance

Z, K L K L
E( f(s)dWs)> =E(  bB[Wy, W D( BW,, W)
0 i=0 j=0
K 1
= BPE[(W:,., W, )?] (by independert incremerts)
i=0
K 1
= tf[tiﬂ til; and hencecovariance
o
Z S Z t sht
E( fudwy)( g(u)dw,) = f (u)g(u) du:
0 0 0

IT © STOCHASTIC INTEGRALS AND DIFFUSIONS
Avner Friedman, Stochastic Di eren tial Equations and Applications, pp.. 55|72

Prop erties of Stochastic Integrals

Last time we constructed the so-calledWiener stochastic integral processM = R o F(s) dWs

for nonrandom square- wtegrabk—i-:{functlons f (s). PWe e ned the integral rst for stepfunctlons
f(t) =  blgg.jasMy = ,f(s)dWs = = ;b Wing,,  Wing, , then extended by L2
cortin ulg\;y For cortinuously di er ntlable functlons f (t) we alsode ned the integral by parts as

Me =, f(s)dWs = f (D)W, f As)Ws ds. For cortinuous functions f (t) we have the L?-
comergert formula

Z, 12% 1 J
M¢ = . f(s)dWs = nI!|1m o i f on W(j+1)=on  Wjoon ()
J -
which makesit easyto seewhy the |ﬁcremerts M: Ms have Gaussiandistributions with mean
zeroand varianceE[(M; M;)?] = f2(u)du
It was Ky oshi Itd's obsenation that the sameconstruction would alsowork for random inte-
grandsf (t), provided that always f (t) is square-irtegrable and independert of [W. W,]; since
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W; hasindependern incremerts, we can assurethat independenceby requiring that f (t) be F¢-
measwablefor eah t. The function f; = W, satis es this condition, as doesthe Brownian Bridge
Xi = S Xs ds+ W; and any function ;= b(X) of t and X;.

1
Call a gtochastic process ; (such asW; or b (X)) adaptal to the family f F,g of BF's if ; is
F¢-measurablefor every t, i.e., if [! : (') r] ZRFt foreahht Oandr 2 R, andlet L2 be

the metric spaceof adapted processesatisfying E[ 01 2dt] < 1 . Any sud process s 2 L3 can

be approximated by an adapted simple function, with a constart F, -measurablevaFgJe b(!) on
t

H;Ie interval (tj;tj+1 ], for which it is easyto calculate the stochastic integral My = | sdWs =
i B [Wirt,,  Winy ], the mean and variance of the (usually non-Gaussian)Itd integral M ; are:
hx i

E[Ml] =E . h[Wti+1 Wti]

E b[Wti+1 Wti] =0

h x N
E bW, Wil

V[M1]

E hz[wtul Wti]2

Etftes ]
Zl
€[ 2]ds

0
R
and, more generally E[]M] = 0 and V[M,] = EM?] = g E[ 2]ds. Possibly more revealing is the

conditional variance; for cortinuous ¢ this is
t+

VM R = E[ iFdds= £+ 0();
so 2 isjust the conditional variance of [M .+ M¢], to rst orderin R
If 2 Ll isaintegrable adapted processthe inde nite integral S sdsis de ned in the
usual (Lebesgueor Riemann) way; for any Fo-measurablerandom variable X o, the sum
z t z t
Xi= Xo+ sds+ s dWs
0 0

is a contin uous-path adapted processwhoseincremerts have conditional mean and variance

E[X ¢+ XijFt] = E[ sjFi]ds
t
= (+o();
V[IXts  XiFd = 2+ o)

If we restrict our attention to Markov processesX, then the conditional mean and vari-
ance and 2 must benot only F;-measurable,but (X)-measurable| so,for somefunctions
a(x) and b (x), = a(Xy) and { = lh(X;). This classof functions is called di usions :

Z t Z t
Xy =Xo+ as(Xs)ds+ bs(X's) dWs:
0 0
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We have already met seweral examples,including:

Bro wnian Bridge: X = 0, a(x) = =, and by(x) = 1.

Bro wnian Motion with Drift: X = Xg, &(X) = , and (x) =

Geometric Brownian Motion: Xg = €%, a;(x) = x( + 72), and b(x) = x .

Re ected Brownian Motion: X = 0, as(x) = (X), and bs(x) = 1. Here (x) denotes
Dirac's delta function, the (formal) derivative of the function 1.1 y(x); re ected Brownian mo-
tion is properly called a di usion with boundary, and is more complicated to study than the other
processesnertioned.

The remarkable and deepfact is that all cortinuous-path strong Markov processesre dif-
fusions; seeKarlin & Taylor, A SecondCoursein Stochastic Processeschapter 15, or Stroock &
Varadhan, Multi-dimension Di usion Processesor It & MC¢Kean, Di usion Processesnd their
Sample Paths (among others).

It"o's Form ula
Forany (x)2 C*2(R, R), Taylor's formula gives

2
wor= 00 24 8L 0 Loy,
and in particular Y; = {(X;) satis es
Yo Y= %+ a(Xy) + BX)We Wi %+ bf(;(t)% + o );

soY; = (Xy) isitself a di usion with starting point Yo = ¢(Xo) and diusion coe cien ts

_ @ @  Kx aé _ Q@
& (x) = @+at(x)@+ 2 @2 and B(x) = bt(x)@-
There is a closeconnection betweenthe di usion X and the di erential operator
@ @
L at(X)@ + lr?kf(x)@;

called the Genemtor of the process;we have just seenthat & (x) = -2 ((x)+ L (x), for example,

@
sofor any (x), 7
t
@ @ @
M; = X — + as(Ys) = + =he(Ys) == ds
t t( t) 0 @ S( S)@ té( S) @2
is a martingale. This, in fact, is the modern de nition of the Di usion Processwith coe cien ts
as(x) and bs(x). Note that Y; = ((X¢) is itself a martingale if satis es the parabolic partial
di erential equation@@ = L ,i.e.,
@+ (x) @+(x) @ (x)
0 + a; (X + b (X :
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Examples
For example,let (x) = x?; then L (x) = 2a;(x)x + Z(x), solt®d's formula gives
z t z t

X% = Xo? + 2a5(Xs)Xs + bs(Xs)? ds+  2Xgbs(X)s dWs:
0 0

An interesting formula for every di usion processX; follows from this:

Z t Z t Z t
0 ZO 0 b
t t
= 2Xsas(Xs)ds+ X2 Xo? 2a5(Xs)Xs + by(Xs)? ds
0 Zt 0
= X2 Xo? bs(Xs)? ds; ()
0

R
for ordinary integrals we have, of course, g 2f (s)d (s) = f(t)2 f(0)?, but for stochastic inte-
grals there is an additional term.

Inference

Supposewe obsene X for0 s t, and beliewe that X is a di usion process;of course
we can obsene the initial value X, but what can we infer about the coe cien ts as(x) and bs(x)?
First let's considerthe di usion coe cient bs(x). There is no hope of inferring anything about
bs(x) away from the obsened path (unlesswe make additional assumptionsabout the form of
bs(x), but if we know ag(x) and bs(x) to be su cien tly smooth in both s and x, then for small

> 0 the quadmtic variation betweens and s+ is

X 1 2
:+ (X) = nlli{n Xs+(i+1) - Xs+in—
' i=0
X 1 2
= nl!ilm as(xs)(ﬁ) + Bs(Xs)(Ws(i+ 1) Ws+in—) +0()

i=0 x .
bs(xs)z nlli{n (Ws+( i+1) + Ws+in—)2 + O( )
by (Xs)? im (=) 2+ 0() = bs(Xs)? lm 2=n+ o)
T =0 n'
bs(Xs)?+ o( );

sohs(Xs)? is observableaslim | ¢ QS* (X)=. Sincehs(x) is obsenable, considerdi usions with
constart di usion coe cien t:

Z,

0

What can we learn from the path on0 s t about as(x)? Let's try to compute the likelihood
for a. For large n set = t=n and note that

Xy =Xi + @i + Wiayy W +0():
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The log likelihood for a upon observingonly X; ,i = 0;:::;n,is
. n 1 X 2
n(a) = Cn §|09(2 %) > 2 Xiry Xi o ai (Xi) +o();
0 i<n
for alr:;y constart c,; it's corwenlert to choosec, sothat *,(0) = 0,i.e.,c, = %5log(2 2) +
27 0 in X+ X Whereupon

X

. 1 2 2
n(@) = 52 Xy X Xisy Xi @i (X5) " +o0o()
0 i<n
_ 1 X 2 2
=52 2 Xivyy Xioa& (X)) a (Xi)° +o)
0 i<n
Zt Zt
= 7 ag(Xs)dXs 537 as(Xs)?ds+ of )
0 2 0
- \ R R,
Now we passto the limit n! 1 (and ! 0), (@)= 2 [as(Xs)dXs I3 ;as(Xs)?ds.

Example 1: Wiener Process

For example,if X; = Xo+ t + W, is Brownian motion with constart drift and di usion rate
2. then ag(x) and the log likelihood becomes

()= Xe Xo=? =2 %

the MLE estimateis " = (X; Xjg)=t, while the Bayesian posterior distribution for a at prior is

2
fXs:0 s tg N Xt Xo. °
t t
Example 2: Ornste['_\gn -Uhlenbeck
Now if X; = Xg X ds+ W;, ordX; = X¢dt+ dW;, then ag(x) x and
z t 2 z t
()= —  XsdXs 522 (Xs)?ds
0 0
2 Zt
= 33 X2 Xo® t 27 (Xs)?ds; (by (1))

so for a uniform prior we would have

X2 Xo? 2
R ;R
2 ,(Xs)2ds " (Xs)2ds

fXs:0 s tg

Testing Hyp otheses

The likelihood function provides the basisfor testing hypotheseslike Ho : X is Bro wian mo-
tion (with no drift) against alternativeslike H, : X is a Wiener pro cess (with constart drift)
or H, : X is an O-U pro cess (with linear drift), by nding either P-valuesor posterior proba-
bilities.
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RANDOM MEASURES
Nonparametric  Statistics and Random Measures

Let (X;B) be a measurablespaceand ( ;F;P) a probability space;denoteby M = M (X;B)
the vector spaceof - nite signedmeasureson (X;B). If we obsene a random variable X 2 X,
what can we say about its probability distribution yx 2 M ? The fundamenrtal problem of statis-
tics is making inferenceabout x on the basisof obsenation of X . In a parametric analysiswe
postulate that x liesin a small family of distributions x 2 fP : 2 g(e.g,if X = R",
we might postulate that x liesin the multiv ariate normal family with constart mean vector
and covariancematrix | = ?1) indexed by a parameter lying in a low-dimensional space
(e.g, = f(; g R?. If some -nite measure (dx) dominatesall the P (dx), then the
Radon-Nikodym derivative (or density) L( ;x) = P (dx)= (dx) is called the likelihood function
and inferenceoften proceedseither by
1. seekingthe value of 2 that maximizesL( ;X), and studying its properties (the Frequen-
tist approad); or by
2. specifying a \prior" probability measure (d ) on , calculating the conditional \p osterior"
distribution (d jX), and studying its properties (the Bayesian approad).
In the nonparametric approac no nite-dimensional is postulated: all probability measures
2 M are regardedas possibledistributions for X, and analysis proceedseither by
1. seekingthe value of 2 M that maximizes someanalogueof the likelihood like (dx)= (dx)
for a referencemeasure on X, and studying its properties (the Frequertist approad); or by
2. specifying a \prior" probability measureon the possibledistributions 2 M, calculating
the conditional \p osterior" distribution, and studying its properties (the Bayesianapproad).
We canthink of asa\random measure," rst under a prior distribution and later under a
posterior. We now turn to the study of random measures.
A random measure can be thought of in at least three di erent ways:
1. A function :B I R, mapping(B;!)7! (B;!)2R;
2. Afunction : ! M, mapping! 7! (;!')2M;
3. A function :B! L( ;F;P), mappingB 7! (B;)2LY( ;F;P).
We omit the ! and denotethe valueby (B) in all three cases.The secondperspective repre-
serts simply asa random variable, taking valuesin someabstract spaceM ; sometimesthat's
useful in technical argumerts, but it is usually easierto think about random measuresfrom the
third perspective, asa family of ordinary random variablesindexed by the Borel setsB 2 B.

Examples
Example 1: Wiener Measure

For any setT, any meanfunction : T ! R, and any real positive-de nite covariance function
T T ! R,there exists a probability space( ;F;P) and a GaussianprocessX indexed by

t 2 T with E[X{] = ¢ and E[(X5 s) (Xt t)] = st. In particular we cantake T = B, the

Borel setsin X = Ry; g = OforallB 2 B;and as = (A\ B), the Lebesguemeasureof the

intersection. In this casethe \cumulativ e distribution function” (or Stieltjes function) W (t) =

R (0;t] asseiated with the random measure is just the standard Wiener procgss,and integrals
f (t) (dt) of simple or even L? functions are just the sameas Wiener integrals  f (t) dW;. The

construction is not limited to R, however, and just as easily leadsto n-dimensional Gaussian

measuresand Wiener integrals, and the n-parameter analogueof the Wiener processsometimes

called the \Bro wnian Sheet."
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Example 2: Brownian Bridge

If we now take T = B((0; 1]), the Borel setsin the unit interval X = (0;1]; g = Ofor all B 2 B;
and g = (A\ B) (A) (B), the cumulativ e distribution function B(t) =  (O;t] is just
the standard Brownian Bridge ggocess,and intggrals of simple gf L 2 functions can be written
in terms of Wiener integralsas f(t) (dt) = f(t)dw, W; f(t)dt for any Wiener process
W;=B¢+1tZ,Z N(0;1) independert of B;.
Example 3: The Gamma Process
Preliminaries;: Gamma, Beta, and Dirichlet Distributions

If X Ga(; )andyY Ga( ;1) are independert Gamma random variables,then X and Y
have joint density function

x ‘leX le y
fOay) dxdy = “ = TS Ta, () Tn, (v) dedy
sOW = X +Y and Z = %< have joint distribution

(ZW) lg zw ((1 Z)W) lg @ 2)w
() ()

(+) Wt e
m(z) 1(1 v4) 11[0;1](Z)d2ﬁ

It followsthat W and Z are independert with Ga( + ;1) and Be(; ) distributions, respec-
tively; thus the conditional distribution of X, given X + Y = W, is that of W times an indepen-
dert Be(; ) variable. We will needthis for = = 1=2".

f (w;z)dwdz 1r, (W) wdw 1p.15(2) dz

1g, (W) dw

The Construction
Let bea -nite nonnegative measureon the space(X;B), and let ( ;F;P) be a probability

space;the Gamma Processwith mean is a random measure : B I R which assignsinde-
pendent Gamma random variables ( ;) ( i;1) to disjoint sets ; 2 B with nite measures
( i) = i< 1. Hereis an explicit construction of for X = Ry :

Let z!' be a doubly-indexed independert family of random variables with the Beta distribu-
tion Be(zin; zin); the z° are independert with uniform distributions, the z! have the Be(1=; 1),
etc. De ne a stochastic processX; at integertimest 2 N by X; = x{ where

x¢ = log(z”);
i=1
so X hasindependert incremerts [X; Xg] with the (t s;1) distribution for integerss, t. For

successie n de ne X; at dyadic rational times recursively by X = x', t = i=2", where
n+l _ n
X2im =X

o = X[+ (b xD)z™™

This de nes X, for all dyadic rational t; by our preliminary obsenation above, the incre-
mernts [X; Xs] areindependert with the Ga(t s;1) distribution. The processX; is nonnega-
tive and nondecreasing,so we can extend the de nition to all of R+ by requiring right-contin uity:
Xt = inf[x! : t i=2"]. We will seebelow that right-continuity is the bestwe can hope for, i.e.,
that the processX; doesnot have continuous samplepaths (in fact, it hasin nitely many jumps
in every openinterval (t;t + ) almost surely!) For both rational and irrational s < t, the incre-
mernts [X; Xs] are independert with the Gamma (t s);1 distributions, and hencewith
nite meansg[X; Xg]= (t s)andvariancesV[X; Xs]=(t 5s).
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Givenany -nite measure onR., de ne a right-continuous function A(x) = (0;x] and
a random measure by:

(sit] = Xay Xags)

for the standard Gamma processX; de ned above; we extend by additivit y to the eld generated
by the half-open intervals (s;t], and by cortinuity to the Borel setswith nite -measure,upon
noting that

E (sit] =[A®t) A@)]= (sit]

Vo(sitl = [A() Al = (sit];
so (by L2 continuity) E[ (B)] = V[ (B)] = (B) for all B 2 B. We will seebelow that, almost
surely, is a discrete measureconcertrated on a (random) countable set of points (! ).

Example4: The Dirichlet Process

Now let bea nite nonnegative measureon (X;B) and let (dx) be a Gamma processrandom
measurewith meanE[ (dx)] = (dx); since (R+)< 1, (R:) isawell-de ned random variable
and we can construct

(A)
A) =
(A) R.)
for all A 2 B. Each random variable (A) hasa Beta Be( (A); (A°€)) distribution, and for any
partition ; of X into n disjoint sets,the n-variate random variables X; = ( ;) have the Dirich-
let D( 1; ; n) distribution with parameters ; = ( ). Just asthe Gamma process was

almost-surely concenrrated on a countable set of points i, sotoo is the Dirichlet process ... in
fact, it is the samesetf ;g! The Dirichlet processis, almost surely, a discrete distribution.

The Dirichlet Processis an important example, becauseof its usein nonparametric Bayesian
statistics. The principal result is this:

Theorem. Let Dir( o) for some nite measure o andlet X1;X5;:::; X, beindependen
obsenations all with di%ribution 1 . Then, conditional on X 1;:::; Xn, Dir( ) for the mea-
sure ,(dx) = (dx)+ inzl (x Xj)dx equalto o(dx) plus a unit point massat eat obsened
X;.

Corollary . Under the sameconditions, the predictive distribution for X 1 assignsmassmil(m
(dx)

tox=X; foreahh1 i n and the rest of the mass —FL_ to the prior mean, R

n+ (R)

Note that, from the corollary, the probability of a tie amongthe rst n variablesis

Yio®m . R R,
BT R B O F

arbitrarily closeto 1 for large enoughn; if the X; \really" comefrom any cortinuous distribu-
tion, no ties will be obsened no matter how large n might be. If f (x) is any density at all and
> 0, the posterior for a Bayesian prior giving probability to x (dx) = f(x)dxand1l to
Dir( o) will evertually be concertrated on f (x). This provesthat Bayesiananalysiscan be
inconsistert. Seeme for more referencesf you're interestedin this point.
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Path Discontin uity and Sll Pro cesses

A celebratedtheorem of Levy and Khinchine assertsthat every stationary, independert incre-
mert (SlIl) processX; hasa log characteristic function of the form:

2 2
logE[e* t]=ix o+ itm t——+t e’ 1 (du)
R
for someinitial value xg, drift m, diusion constart 2, and jump rate (\L evy") measure . If
(du) 0 then X is simply Brownian motion with drift, X; = xg + mt + W;; (E) isthe
rate at which the pgpcessjumps by amourts u 2 E. The total jump rate (R) neednot be nite ,
but must satisfy [1” juj] (du) < 1 ;it's OK to havein nitely many tiny jumps if they're
small enoughto have a nite sum, almost surely. If (R) < 1 then we caninterpret the pro-
cessas one with exponertially distributed waiting times (with means1= (R)) betweensuccessie
jumps, which are randomly distributed with distribution (du)= (R). With a little more work
lbs possibleto make senseof processesith jump measuressatisfying only the wealker condition
[1~ u?] (du) < 1, but the argumert gets more subtle. Ask if you needreferences.
A standard PoissonprocessN (t), for example, has characteristic function
. % A
E[eIX ‘]: et_elk
k=0
— et(e‘ 1).

correspondingto xo = 0,m=0, 2= 0,and (du)= (u 1)du. A generlized Poisson processis
asumX¢ = UuN;(rit) of;,re—scaledindependert Poissons,which takesjumps of sizeu; at rate
ri; it hasmeasure (du) = ;r; (u; u)du. Any Sl processcan be approximated by the sum
of Brownian motion with drift and a generalizedPoissonProcess.In particular, its paths will be
continuous if and only if it is Brownian, and if not we can nd the rate of jumps by identifying
the Levy measure .

For example,the characteristic function of the standard Gamma ProcessX ; Ga(t; 1) is
E[€X t]=( i ) ' it hasno drift or di usionZ part, and has Levy measure (du) satisfying

tlogl i)=t €' 1 (du)
R
or, after di erentiating with respectto ~
% =t iueV (du)

Ry . o ®

Butit , e '@ ")du=it(1 i) % so
ite “1o.1)(u)du = tiu (du)
(du) = u e “du (u> 0):

This is not a nite measure,so thgzGamma processjumps in nitely often in every time interval;
the rate of jumps bi&gerthan is e Y=udu, nite for every > 0, and the meansum of all

jumpsintimetist 01 ue Y=udu=t.
As interesting exercisestry to nd:

1. The Levy measure (du) for the Cauchy processwith characteristic function E[e/ X t] =
et

2. The joint distribution for the largest jump of the Gamma processX ; Ga( dt) inthe
time interval (0;t] and the time at which it occurs (hint: do (dt) = dt rst);

3. The joint distribution for the largest jump of the Dirichlet processX Dir( dt) in the

time interval (0;t], and the time at which it occurs.
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