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Inference for Stochastic Processes
3. Diffusion Processes
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Brownian Motion

• ω0 ≡ 0, ω1 ∼ No(0, 1)

• ω1/2 ∼ No
(

ω0+ω1

2 , 1/4
)

• ω1/4 ∼ No

(

ω0+ω1/2

2 , 1/16
)

ω3/4 ∼ No

(

ω1/2+ω1

2 , 1/16
)

• ωj/2n ∼ No

(

ω j−1
2n

+ω j+1
2n

2 , 1
22n

)

, j = 1, 3, ..., 2n − 1

• ωt ∼ No(0, t), Cov(ωs, ωt) = s ∧ t
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Brownian Motion

• Ω = C
(

[0, 1]
)

, Continuous Functions w/sup norm

• Mt = ωt and Qt = ωt
2 − t both Martingales

Properties:

• ωt is a Gaussian Markov process

• Independent Increments [ωt − ωs]

• |ωt − ωs| ≈ c|t − s|1/2 log log 1
|t−s| =⇒

Continuous but nondifferentiable at every point

•
∑

i/n≤t |ω(i+1)/n − ωi/n|
2 → t (Quadratic Variation)

• Mφ
t ≡ φ(ωt) − φ(0) −

∫ t

0
1
2φ′′(ωs) ds is a martingale ∀φ ∈ C2

b (R)

(Consider φ(x) = x and φ(x) = x2)
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Brownian Motion Scaling and Reflection: If c ∈ R,

h > 0, and ω is a Wiener process, then so are each of:

• X1(t) = cωt/c

• X2(t) = tω1/t

• X3(t) = ωt+h − ωh

• X4(t) = (t + 1)ω1/(1+t) − ω1

Note that X4(t) is well-defined for all 0 ≤ t < ∞ if ωs is defined for

0 ≤ s ≤ 1; thus, henceforth, we take Ω = C(R+) (with Borel sets B

for the topology of uniform convergence on compact subsets) and

take ωt to be well-defined for all t ≥ 0.
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Stochastic Integration 1: Wiener Integrals
(Deterministic Integrand)

• f =
∑

cn1(an,bn], an, bn, cn ∈ R =⇒
∫ t

0
f(s) dωs ≡

∑

cn[ωbn∧t − ωan∧t]

• E
[

(
∫ t

0
f(s) dωs −

∫ t

0
g(s) dωs)

2
]

=
∫ t

0

(

f(s) − g(s)
)2

ds

• By L2 continuity,
∫ t

0
f(s) dωs for all f ∈ L2

loc

• Mt =
∫ t

0
f(s) dωs is an L2 martingale
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Stochastic Integration 2: Itô Integrals
(Previsible Integrand)

• f =
∑

cn1(an,bn], an, bn ∈ R, cn ∈ L2(Ω,Fan
,P) =⇒

∫ t

0
f(s) dωs ≡

∑

cn[ωbn∧t − ωan∧t]

• E
[

(
∫ t

0
f(s) dωs −

∫ t

0
g(s) dωs)

2
]

=
∫ t

0
E
[

(f(s) − g(s)
]2

ds

• By L2 continuity,
∫

f(s) dωs for L2 closure of left-continuous

step functions f ∈ L2(R+ × Ω)— “previsible processes”.

• Previsible processes are closure in L2(R+ × Ω) of left

continuous adapted processes f(s).

• Mt =
∫ t

0
f(s) dωs is (still) an L2 martingale
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Diffusion Processes
The following are equivalent:

• Path-continuous strong Markov process

• Continuous Markov processes with

E[Xt+ε − Xt] = εat(Xt) + o(ε), V[Xt+ε − Xt] = εb2
t (Xt) + o(ε).

• Process for which

Mφ
t = φ(Xt) − φ(X0) −

∫ t

0

Ls(Xs)φ(Xs) ds

is a martingale for all φ ∈ C2
b (R), where

Ls(x)φ(x) ≡ as(x)φ′(x) +
b2
s(x)

2
φ′′(x)

• Solution to SDE

Xt = X0 +

∫ t

0

as(Xs) ds +

∫ t

0

bs(Xs) dωs
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Stochastic Differential Equations (SDEs)

• Classical:

Xt = X0 +

∫ t

0

as(Xs) ds +

∫ t

0

bs(Xs) dωs

• Modern:

Mφ
t ≡ φ(Xt) − φ(X0) −

∫ t

0

Lsφ(Xs) ds

is a martingale ∀φ ∈ C2
b (R), where

Lsφ(x) ≡ as(x)φ′(x) +
1

2
bs

2(x)φ′′(x)
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Quadratic Variation

[X]t = lim
ε→0

bt/εc
∑

j=0

(X(j+1)ε − Xjε)
2

= lim
ε→0

bt/εc
∑

j=0

(

ajε(Xjε)ε + bjε(Xjε) · [ω(j+1)ε − ωjε]
)2

= lim
ε→0

bt/εc
∑

j=0

b2
jε(Xjε)ε

=

∫ t

0

b2
s(Xs) ds

Fall 2001 STA293: Inference for Stochastic Processes 9 of 16

'

&

$

%

Properties of Diffusions (SDEs)

• Every continuous strong Markov process is of this form

• Both definitions extend to Multidimensional SDEs, i.e.,

R
n-valued diffusions with as(x) ∈ R

n and bs(x) an n×n matrix

• Both definitions extend to Martingale SDEs, where the

Wiener process ωt is replaced by an arbitrary L2 martingale Mt

• Manifold-valued diffusions (on sphere, torus, etc.) are also

possible (easiest with Modern formulation).

• Notation: Common short-hand notation is

dXt = at dt + bt dωt;

meaning is the same as the stochastic integral equations

Xt = X0 +

∫ t

0

as(Xs) ds +

∫ t

0

bs(Xs) dωs
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Examples

• Brownian Motion with Drift:

Xt = X0 + a t + b ωt

as ≡ a and bs ≡ b constant: Xt ∼ No
(

x0 + at, b(s ∧ t)
)

• Brownian Bridge:

Xt = X0 −

∫ t

0

Xs

1 − s
ds + ωt

as = −x
1−s , bs ≡ 1; P[X1 = 0] = 1: Xt ∼ No

(

0, s ∧ t − st)
)

• Orstein-Uhlenbeck Velocity:

Xt = X0 −

∫ t

0

β Xs ds + ωt

as = −βx, bs ≡ 1; stationary Gaussian Markov proc. w/

exponential return to 0: Xt ∼ No
(

0, 1
2β e−β|s−t|

)
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• Geometric Brownian Motion:

Xt = X0 + (a +
b2

2
)

∫ t

0

Xs ds +

∫ t

0

Xs dωs

as = (a + b2

2 )x, bs = x; can be represented Xt = exp(Yt) for

Brownian Motion with Drift Yt = Y0 + at + bωt.

• Gaussian if (and only if) as(x) = as · x, bs(x) = bs

• SDE Notation:

– In General: dXt = at(Xt) dt + bt(Xt) dωt

– Brownian Motion w/Drift: dXt = a dt + b dωt

– Brownian Bridge: dXt = −βXt/(1 − t) dt + dωt

– O-U Velocity: dXt = −βXt dt + dωt

– Geometric BM: dXt = (a + b2

2 )Xt dt + Xt dωt
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Inference for Brownian Motion w/Drift

• Likelihood wrt Lebesgue: For n ∈ N,

Ln(a, b) =
n−1
∏

i=0

[

1
√

2πb2/n
exp

{

(X(i+1)/n − Xi/n − a/n)2

2b2/n

}

]

− logLn(a, b) =
n

2
log

2πb2

n
+

n

2b2

∑

(

X(i+1)/n − Xi/n − a/n
)2

=
n

2
log

2πb2

n
+

n

2b2

∑

(

∆i − a/n
)2

=
n

2
log

2πb2

n
+

n

2b2

∑

∆2
i −

a

b2
X1 +

a2

2b2
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• Relative Likelihood: For n ∈ N, if H0 : Xt ∼ BM(a0, b0),

− log Ln(aj , bj) =
n

2
log

2πb2
j

n
+

n

2b2
j

∑

∆2
i −

aj

b2
j

X1 +
a2

j

2b2
j

log
Ln(a1, b1)

Ln(a0, b0)
=

n

2
log

b2
0

b2
1

+
n

2

(

1

b2
0

−
1

b2
1

)

∑

∆2
i

+

(

a1

b2
1

−
a0

b2
0

)

X1 +
1

2

(

a2
0

b2
0

−
a2
1

b2
1

)

≈
n

2

(

1 −
b2
0

b2
1

+ log
b2
0

b2
1

)

+

(

a1

b2
1

−
a0

b2
0

)

X1

−
1

2

(

a2
1

b2
1

−
a2
0

b2
0

)

→







−∞ if b0 6= b1

a1−a0

b2
0

X1 −
a2
1−a2

0

2 b2
0

if b0 = b1
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Conclusions about Brownian Motion w/Drift

• b1 6= b0 =⇒ log L(a1,b1)
L(a0,b0)

→ −∞ as n → ∞, so we can estimate b

perfectly;

• b1 = b0 =⇒ log L(a1,b1)
L(a0,b0)

= a1−a0

b2
0

[

X1 −
a0+a1

2

]

, so we cannot

estimate a perfectly. Rewriting with a0 = α, b0 = b1 = β,

a1 = a,

log
L(a, β)

L(α, β)
=

a − α

β2

[

X1 −
a + α

2

]

= −
(a − X1)

2

2β2
+

(α − X1)
2

2β2

so a
∣

∣

{Xt}
∼ No(X1, β

2) a posteriori, for a reference analysis

with uniform prior.
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Extensions From the quadratic variation [X]t we can always

identify b2
t (Xt) exactly for any diffusion

Xt = Xt
0 +

∫ t

0

as(Xs) ds +

∫ t

0

bs(Xs) dωs
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