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/Brownian Motion \

e 0 =C([0,1]), Continuous Functions w/sup norm
o M, =w; and Q; = w2 — t both Martingales
Properties:

e w; is a Gaussian Markov process

Independent Increments [w; — ws]

|lw — ws| = |t — s|'/?loglog ﬁ =
Continuous but nondifferentiable at every point

® > et Wity /m — wi/n|* — t (Quadratic Variation)

MY = ¢(wy) — (0) — Ot 19" (ws) ds is a martingale V¢ € CZ(R)
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(Consider ¢(z) = z and ¢(r) = x?)
o /

4 N

Brownian Motion

e wy =0, w; ~No(0,1)
e Wiy ~ No (“oder 1/4)
° N wotwi /2 w1 /2+w1
w1/4~ o 5 ,1/16 W3/4NNO — 5 ,]./].6
® W N (w L) i=1.3 n _ 1
j/2n ™ o 2 s 92n | J =19

e w; ~No(0,#),  Cov(ws,w;) =sAt

- /

Fall 2001 STA293: Inference for Stochastic Processes 2 of 16

4 N

Brownian Motion Scaling and Reflection: If c € R,
h > 0, and w is a Wiener process, then so are each of:

g Xl(t) = CWi/c
o Xy(t) = twiy
o X3(t) = Wipn —wh

o Xu(t)=(01t+ l)wl/(Ht) — w1

Note that X4(t) is well-defined for all 0 < ¢ < oo if w; is defined for
0 < s < 1; thus, henceforth, we take Q = C(Ry) (with Borel sets B
for the topology of uniform convergence on compact subsets) and
take wy to be well-defined for all ¢ > 0.
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Stochastic Integration 2: Ito Integrals

. . . (Previsible Integrand)
Stochastic Integration 1: Wiener Integrals

(Deterministic Integrand) o f =2 cnl(a,b.):0n:bn ER, Cn €LA(Q, T, P) =
d s n - a
° f ch ambn]7ambmcn cR — fo w ZC [wbnAt w n/\t]
fo s) dws =) cplwp, At — Way, At ,
s [ fo s) dws — fo s) dws) ] fo [ (5)] ds
° E[ fo s) dwg — fo s) dw,) ] fo ( ))st e By L? continuity, f f(s) dws for L2 closure of left-continuous

step functions f € L2(R, x Q)— “previsible processes”.
e By L? continuity, fo s) dws for all f € L2

loc

e Previsible processes are closure in L2(R, x Q) of left

2 .
o M= fo §) dw is an L martingale continuous adapted processes f(s).
° fo s) dws is (still) an L? martingale
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/Diffusion Processes \ / \

The following are equivalent:
« Path-continuous strong Markov process Stochastic Differential Equations (SDEs)
e Continuous Markov processes with o Classical:
_ — _ — b2 t t
E[Xt+€ Xt] eat(Xt) + 0(6), V[Xt+€ Xt] Ebt (Xt) + 0(6). Xt _ XO +/ (ZS(XS) ds + / bS(XS) dws
e Process for which 0 0
¢ e Modern:
M = (X))~ 0(X0) ~ [ L(X.)6(X.)ds t
0
MY = ¢(X;) — p(Xo) — | Led(Xs)d
is a martingale for all ¢ € C?(R), where ¢ = o(Xi) — ¢(Xo) /0 P(Xs)ds
b2 . . 2
Ly (2)(z) = as(z)¢' (z) + Séx)¢//(x) is a martingale V¢ € C;/(R), where 1
e Solution to SDE Lo(x) = as(x)¢' () + §bsz(x)¢”($)
t t
thXo—i—/ aS(XS)ds—i—/ bs(Xs) dws
0 0

- / - /
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Quadratic Variation

[t/¢]
Xl = lim > (X(ine =X )?
=0
[t/€] )
= lm (aje(Xje)e + bje(Xje) - [Wii1)e — wie])
=0
[t/¢]
= lim b7 (Xje)e

e—0 4

7=0
t
= / b2 (X,) ds
0

-
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/Examples

e Brownian Motion with Drift:
Xt :Xo+at+bwt
as = a and by = b constant: X; ~ No(aco + at,b(s A t))

e Brownian Bridge:

t
X
Xt:Xo—/l - ds—O—wt
0 — S8

as = 7%, by =1; P[X; =0] = 1: X; ~No(0,s At — st))
e Orstein-Uhlenbeck Velocity:

t
Xt:X()—/ 5ngs+wt
0

as = —fz, bs = 1; stationary Gaussian Markov proc. w/

\ exponential return to 0: X; ~ No(0, %e—ﬁls—t\)

/
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roperties of Diffusions (SDEs)

~

Every continuous strong Markov process is of this form

Both definitions extend to Multidimensional SDEs, i.e.,
R™-valued diffusions with as(z) € R™ and bs(x) an n X n matrix

Both definitions extend to Martingale SDEs, where the
Wiener process wy is replaced by an arbitrary L? martingale M,

Manifold-valued diffusions (on sphere, torus, etc.) are also
possible (easiest with Modern formulation).

Notation: Common short-hand notation is
dXt = Q¢ dt + bt dwt;

meaning is the same as the stochastic integral equations

t t
thXo—i—/ aS(XS)ds—i—/ bs(Xs) dws
0 0

/
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Geometric Brownian Motion:
b2 t t
X =X0+(a+§)/ X5d5+/ X dws
0 0

as = (a+ %)x, bs = x; can be represented X; = exp(Y;) for
Brownian Motion with Drift Y; = Yy + at + bw;.

Gaussian if (and only if) ag(x) = as -, bs(x) = by

SDE Notation:

— In General: dX; = a;(X}) dt + by (Xy) dwy

— Brownian Motion w/Drift: dX; = adt + bdw;

— Brownian Bridge: dX; = —0X;/(1 —t) dt + dw;

— O-U Velocity: dX; = =X dt + dw;

— Geometric BM: dX; = (a + g)Xt dt + X dwy

/
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e Relative Likelihood: For n € N, if Hy : X; ~ BM(ayg, bo),

n 27Tb 2 2
Inference for Brownian Motion w/Drift —logLn(aj,b;) = 3 log 207 ZA Xl + 2b2
e Likelihood wrt Lebesgue: For n € N| Ly (a1,by) n bg
log =2~~~/ — ] _ A2
- , & (a0, bo) 3 8 T b2 b2 Z
L ((Z b) . H |‘¥ exp { (X(z—i-l)/n - Xz/n - a/n> }] ay ao 1 /a2 a2
n 9 - 0 1
i=0 LV 27r1)2/n 2b2/n + <E - b_8> X1+ <b—2 - b—2>
n 21> n 2 2 2
_ - . . _X., _ n b b a a
n 27h> ! ! ! 0
- 2@22 -y RN
2\ b2
— E 1 ﬂ- Z AQ X + = a2 1 0
) P gp2 —0 if by # by
I [T O T
b2 202 0 1
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Conclusions about Brownian Motion w/Drift

L(al,bl)
L(ao,bo)

e b 7é by = log
perfectly;

— —00 as m — 00, SO we can estimate b

_ L(a1,b1) _ ai—ag _ aotai }
o by =by = log 75l = T (X, $91] so we cannot

) o . Extensions From the quadratic variation [X]; we can always
estimate a perfectly. Rewriting with a9 = «, by = b1 = (3,

identify b7 (X;) exactly for any diffusion

a; = a,
t t
log L(a,p) _ a—«a X, - a+ o Xt:Xé—i—/ as(Xs)ds+/ bs(Xs) dws
L(a, ) 7 2 ° ’
- _(a—X1)2 + (Oé—Xl)Q
N 2/32 232
SO a’{Xt} ~ No(X1, %) a posteriori, for a reference analysis

with uniform prior.

- / - /
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